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Preface

These Lecture Series in Computational Science and Engineering include the pro-
ceedings of a Summer Program in Multi-Scale Modelling and Simulation held in
Lugano, Switzerland, between August 4th and 30th, 2003. The workshop was or-
ganized by the ETHZ Computational Laboratory (CoLab) together with the Swiss
Center for Scientific Computing in Manno (CSCS) and the Universit della Svizzera
Italiana (USI) in the context of the ETHZ initiative in Computational Science and
Engineering.

Computational Science and Engineering entails interdisciplinary research, by a
sustained interaction of a critical mass of researchers, tackling complex problems of
scientific and engineering interest under the unifying concept of computation. Multi-
scale modeling and Simulations is a fundamental research topic in CSE exemplifying
its interdisciplinary aspects and its unique character as a scientific discipline.

A broad range of scientific and engineering problems involve multi-scale phe-
nomena. The computational study of these problems demands an ever increasing
development of novel computational tools and mathematical methods. This Summer
Program provided the opportunity to scientists from different scientific fields, faced
with multiscaling problems, to exchange ideas and to pursue research in an interdis-
ciplinary fashion. The workshop strengthened existing collaborations and developed
new contacts between the participants that we believe will help in defining new sci-
entific frontiers.

The scientific interactions, the weekly lectures and the working sessions showed
that scientific cross fertilization can lead to significant advances in the specialized
fields as well as in the unifying computational methodologies. The proceedings of
this workshop serve as an attestation of this spirit of interdisciplinarity that charac-
terises research in multiscale modeling and simulation.

Zurich, Sabine Attinger
February 2004 Petros Koumoutsakos
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Part I

Mathematical Methods





Some Recent Progress in Multiscale Modeling

Weinan E1,2, Xiantao Li2, and Eric Vanden-Eijnden3

1 Mathematic Department, Princeton University, Princeton,NJ 08544
2 PACM, Princeton University, Princeton, NJ 08544
3 Courant Institute, New York University, New York, NY 10012

Summary. Some existing multiscale techniques for the modeling of solids and fluids are
reviewed. The framework of the heterogeneous multiscale method (HMM) is illustrated with
two examples. Finally, time scale issues are discussed.

1 Introduction

In recent years we have seen an explosive growth of activities in multiscale modeling
and computation, with applications in many areas including material science, fluid
mechanics, chemistry, and biology. It is widely recognized that multiscale techniques
will become an essential part of computational science and engineering. The main
purpose of the present paper is to review some (not all) of these progresses, with a
view toward building systematic, reliable and controlled multiscale techniques for a
variety of applications.

The basic set-up will be the following. We are given a system whose microscopic
behavior, with state variable u, is described by a given microscopic model. This
microscopic model is too inefficient to be used in full detail. On the other hand, we
are only interested in the macroscopic behavior of the system, described by the state
variable U . U and u are linked together by a compression operator Q:

U = Qu.

The difficulty stems from the fact that the macroscopic model for U is either not
explicitly available or it is invalid in some parts of the computational domain. Our
basic strategy is to use the microscopic model as a supplement to provide the neces-
sary information for extracting the macroscale behavior of the system. Our hope is
that if this is done properly, the combined macro-micro modeling technique will be
much more efficient than solving the full microscopic model in detail [EEN03].

T. J. Barth et al. (eds.), Multiscale Modelling and Simulation
© Springer-Verlag Berlin Heidelberg 2004
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2 Examples of Multiscale Methods

For the purpose of a systematic study, it is useful to divide multiscale problems into
several different types according to some common features. These features are used
in designing efficient modeling strategies. Here we will concentrate on two types of
problems [EE03]. Other types of problems can also be conceived, but currently they
are less exploited.

2.1 Type A Problems – Dealing with Isolated Defects

Type A problems are problems that have isolated defects near which the macro-
scopic models are invalid. Elsewhere explicitly given macroscale models are suffi-
cient. Such defects can be shocks and contact lines in fluids, cracks, dislocations and
triple junctions in solids or enzymatic reaction regions in biopolymers. Numerous
computational techniques have been developed for such problems. An incomplete
list includes

1. The nonlocal quasicontinuum method (QC) [TOP96] for simulating isolated de-
fects such as dislocations and cracks in single crystals. In this case the microscale
model is molecular mechanics. The macroscale model, which is not explicitly used
in QC, is nonlinear elasticity. An adaptive mesh refinement procedure allows QC to
identify where the defects are and refine locally to the atomistic scale in order to
resolve the full details around the defects.

2. DSMC-gas dynamics [GBCA99]. This is a very elegant extension of the adaptive
mesh refinement procedure developed through the years by Bell, Berger, Colella et
al. that incorporates the kinetic model at the finest level near shocks or other regions
of special interest. The kinetic model is solved using discrete simulation Monte Carlo
(DSMC). The continuum model and DSMC are coupled together through exchanges
of fluxes at the cell boundaries.

3. MAAD-Macro Atomistic Ab initio Dynamics [ABBK98, ABBK99]. This highly
publicized calculation was responsible for inspiring numerous subsequent work on
multiscale modeling. Crack propagation in silicon was simulated using a seamless
coupling procedure between finite elements away from the crack tip, molecular dy-
namics around the crack tip and tight-binding at the crack tip. Tight-binding was
chosen as the simplest model for describing bond breaking at the crack tip. Molec-
ular dynamics (MD) around the crack tip is capable of modeling processes such as
dislocation loop emission. Finally finite element calculation away from the crack tip
serves as boundary conditions for MD and at the same time carries the macroscopic
deformation.

4. Coupled continuum - MD models for fluids [LLY99, FWF00, OC95, Ha99,
NCER]. Numerous attempts have been made to couple continuum models with MD
for the modeling of fluids, with potential applications to micro-fluidics. The basic
idea is that of heterogeneous domain decomposition: The computational domain is
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divided into overlapping regions on which continuum and MD calculations are car-
ried out. The results are matched in the overlapping region to ensure continuity of
the overall calculation.

5. Coupled continuum - MD methods for solids [CKBY00, EH02, BX03, WL03].
These are methods that couple continuum models with MD for the simulation of
the dynamic behavior of solids. The main issue is the matching condition at the
continuum-MD interface. Cai et al. proposed exact boundary condition for lin-
ear problems, which provides a conceptual starting point but is too expensive in
practice[CKBY00]. E and Huang [EH02] extended the absorbing boundary condi-
tions, traditionally designed for continuum calculations of waves [EM79], to the dis-
crete models of MD. This seems to be a good compromise between exact boundary
conditions of Cai et al. and the straightforward extensions of the absorbing bound-
ary conditions for continuum models. At low temperature when no thermal energy is
supplied to the system, this method works quite well.

6. Coupled quantum mechanics - molecular dynamics (QM-MM) methods [WL76,
ZLY99]. This is a popular method that uses quantum mechanical models in regions
of chemical reaction, and classical molecular mechanics models elsewhere.

2.2 Type B Problems – Constitutive Modeling Based on the Microscopic
Models

Type B problems are those for which the macroscopic model is not explicitly avail-
able, instead it should be indirectly inferred from the underlying microscopic model.
Such problems occur in molecular dynamics when the atomistic potential is not ex-
plicitly known (which is often the case), or in continuum simulations of solids and
fluids when the constitutive relations are not explicitly given. This class of prob-
lems are referred to as “equation-free computation”, or “solving equations without
equations” in [TQK00]. Examples include:

1. Artificial compressibility method for computing incompressible flows [Chr67].
The motivation in this case is to simulate incompressible flows without using the
equations for incompressible flows, but rather using the compressible flow equations.
Even though the equations for incompressible flows, the Navier-Stokes equations,
are explicitly known, solving them numerically is a non-trivial matter. The idea of
Chorin’s artificial compressibility method is to use instead the compressible flow
equations with suitably chosen Mach number. The optimal choice of Mach number
is a compromise between accuracy, which favors choosing small Mach number, and
computational cost, which favors choosing a larger Mach number. Note that stability
constraints the size of the time step in accordance with the Mach number.

2. The Car-Parrinello method [CP85]. One of the key questions in MD simulations
is how to get accurate interaction potential between atoms. For many problems the
right potential is the Born-Oppenheimer potential obtained by calculating the ground
state energy of the electrons when the positions of the nuclei are fixed. However
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computing the Born-Oppenheimer potential for realistic systems is a rather daunting
task.

In 1985, Car and Parrinello devised a strategy for probing the relevant part of
the Born-Oppenheimer surface on the fly during MD simulations. Their method is
formulated in the framework of density functional theory. The Lagrangian for the
system of nuclei is augmented with new degrees of freedom associated with the
Kohn-Sham orbitals with fictitious mass. The new nuclei-orbital system evolves just
as any classical system would do, but with energy computed from density functional
theory. This method has become a popular tool and has found wide application in
material science, chemistry and biology.

The time step size is controlled by the fictitious mass associated with the Kohn-
Sham orbitals. On physical grounds, one might be tempted to use electron mass as
the fictitious mass, but since we are only interested in the dynamics of the nuclei, it
is more efficient to choose a larger fictitious mass so that larger time steps can be
used, as long as the desired accuracy for the dynamics of the nuclei is retained. This
is in the spirit of the artificial compressibility method [Chr02].

3. Quasi-continuum method (QC) [TOP96, STK00, KO01]. QC can also be used as a
way of simulating the macroscopic deformation of a material without using empirical
stored energy functional, but using directly the atomic potential. Compared with full
atom calculation, the savings come from the fact that the energy for a small cluster
of atoms can be used to represent the average energy over a macroscopic cell (Figure
1). Therefore the atoms in the large voids do not have to be visited.

Fig. 1. Schematic illustration of QC (courtesy of M. Ortiz). Only atoms in the small cluster
need to be visited during the computation. (See Plate 1 on Page 269)
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4. Gas-kinetic scheme [Xu94]. Even though originally it was not designed for the
purpose of multiscale modeling, the gas-kinetic scheme provides one of the best
examples of multiscale methods. Here the motivation is to compute the macroscopic
behavior of gases without using Euler’s equation of gas dynamics but using directly
the kinetic equations. Starting from a finite volume framework, hydrodynamic fluxes
at cell boundaries are computed locally near the cell boundaries at each macro time
step from the kinetic models, using a reconstruction-evolution-averaging procedure.
This scheme served as the starting point for the heterogeneous multiscale method
discussed later.

5. Stochastic ODEs [VE03]. This is discussed in Section 4 where we concentrate on
time-scale issues.

6. Gap-Tooth scheme [TQK00]. Gap-Tooth scheme [TQK00] is an attempt to extend
the philosophy illustrated in Figure 1 to a larger class of problems. Starting with
a macroscopic initial data, the microscopic model is solved to the new macroscopic
time step in small boxes (the tooth) centered around macroscale grid points, with suit-
able boundary conditions that are obtained from the macroscale data. The microscale
solutions are then averaged in the boxes, and the macro state at the new time step is
obtained by interpolating these averaged data. Gap-tooth scheme has been success-
fully applied to the one-dimensional heat equation, using the heat equation itself
as the microscale model [TQK00]. More recently it has been extended to solving
the one-dimensional parabolic periodic homogenization problem [Giov]. However,
it seems that this method is not suited for problems for which the macroscale dynam-
ics is hyperbolic, e.g. convection equations, inviscid Burgers equations or equations
of gas dynamics.

In connection with the quasi-continuum method, the clusters at the centers of the
elements in Figure 1 would be the teeth, the voids would be the gaps.

2.3 Other Methods

We discuss briefly several other methods that are relevant to multiscale modeling.

1. Coarse-grained MD (CGMD) [RB99, RB98]. This procedure works as follows.
Starting with the microscopic Hamiltonian and after defining a set of coarse-grained
degrees of freedom, one obtains a reduced Hamiltonian for the coarse-grained vari-
ables by averaging out the microscopic Hamiltonian with respect to the conditional
equilibrium distribution. The coarse-grained MD is defined with respect to this re-
duced Hamiltonian.

2. Optimal prediction [Chr98, Chr02]. In many complex systems we often have the
problem that either the model or part of the data are not explicitly given. The idea of
optimal prediction is to look for the best approximate solution with given information
on the model and the data. A key technical aspect of this scheme is the norm used
in defining the best approximation. In [Chr98, Chr02] Chorin et al. use the L2 norm
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with respect to the equilibrium distribution. This requires knowing some information
about the equilibrium distribution which can then be obtained perturbatively.

In general this procedure may result in an effective dynamics that is memory­
dependent, as in the Zwanzig -Mori procedure. But the procedure simplifies if the
problem has certain special features such as scale separation.

This philosophy is quite general. Indeed , coarse-grained MD, for example, can
be viewed as a special case of optimal prediction.

3. Projective dynamics for kinetic Monte Carlo models [KNR98, NovOI] . This is
a procedure for accelerating kinetic Monte Carlo simulations that involve disparate
rates. The idea is to reduce the dynamics to a Markov chain that involves only the
slow rates, by projecting out the fast processes.

4. Coarse-grained Monte Carlo [KMV I, KMV2]. This is a semi-analytical and
semi-numerical multiscale technique that systematically coarse grains Monte Carlo
models with long range interaction [KMVI] . Interaction parameters for the coarse­
grained model were calculated analytically by suitably averaging the parameters in
the microscopic model. Detailed balance is enforced at the coarse-grained level. Self­
consistency is guaranteed by the fact that the microscopic model and the coarse­
grained model share the same mesoscopic limit .

2.4 The Heterogeneous Multiscale Method

The heterogeneous multiscale method (HMM) [EE03] is an attempt to construct a
unified framework for designing efficient simulation methods that couple the macro
and microscale models. The framework should apply for both type A and type B
problems. The basic principle of HMM is that one should start with a macroscale
solver, taking into account as much as possible what is known about the macroscale
process , and use the microscale model to provide the missing macroscale data that are
necessary for implementing the macroscale solver. When measuring the macroscale
data, the microscale model should be constrained by the (local) macro state of the
system .

One distinct feature of HMM is its emphasis on selecting the right macroscale
solver. This is especially important for problems whose macroscale behavior con­
tains singularities. In general the principles for selecting the macroscale solver are
the following : (I) It should be stable. (2) It should facilitate coupling with the mi­
croscale model.

3 Selecting the Macroscale Solvers

The emphasis on selecting the appropriate macro solver is motivated by the fact that
for many problems of interest, the macroscale processes are also quite complicated
and they may contain singularities, instabilities or phase transitions. The numerical
problems can be very non-trivial even if a valid macroscale model is explicitly avail­
able.
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To illustrate the selection of macro solvers, we will discuss two examples from
gas dynamics. The first example is continuum gas dynamics locally corrected near
shocks by the kinetic model. This is a type A problem. For this problem, the macro-
scopic process is gas dynamics, the microscopic process is described by a kinetic
model. Therefore we will choose the kinetic scheme for gas dynamics.

Recall the Euler equations for ideal gases,⎧⎪⎧⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎨⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩⎪⎪
dρt +∇ · (ρu) = 0,
d(ρu)t +∇ · (ρu⊗ u+ ρθI) = 0,

dEt +∇ · (ρu(|u|2 + 5
2
θ)) = 0,

E = ρ( 1
2
|u|2 + 3

2
θ),

(1)

where θ = RT with T being the temperature. A more detailed model is the Boltz-
mann equation,

ftff + ξ · ∇f =
1
ε

C(f). (2)

The function f(x, ξ, t) is the one particle phase-space distribution function. The
variable ξ dictates velocity distribution. When the mean free path ε� 1, the system
is close to local equilibrium states, or the local Maxwellians,

M(x, ξ, t) =
ρ(x, t)

(2πθ(x, t))3/2
exp

(
− (ξ − u(x, t))2

2θ(x, t)

)
. (3)

with θ being the absolute temperature. In this regime, (1) can be derived using
Chapman-Enskog expansion and moment closure with

ρ =
∫

fdξ, ρu =
∫

fξdξ, E =
∫

f
|ξ|2
2

dξ. (4)

Since we are interested in coupling the macroscale solver with the kinetic equa-
tion around the shock, we will choose a kinetic scheme as the macroscopic solver.
Kinetic schemes take advantage of the fact that the solution of the Boltzmann equa-
tion is close to the local Maxwellian. We denote the grid points for the macro-mesh
by xj , the cell interface by xj+1/2 and the time steps by tn. For simplicity we only
present the one dimensional version of the method. Extension to higher dimension
is straightforward. For first order method, we represent the solution as piece-wise
constant, i.e.

(ρ, ρu, E) = (ρj , ρjuj , EjE ), x ∈ (xj−1/2, xj+1/2],

and the grid values are the cell averages of the corresponding variables.
The derivation of the kinetic schemes consists of two steps. In the first step, we

‘solve’ the transport equation,

ftff + ξfxff = 0.
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Specifically we multiply the transport equation by ξ, ξ2, ξ3/2 and integrate within
one grid cell and one time step, and also over the velocity space, to get⎧⎪⎧⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎨⎨⎪⎪⎪⎪⎪⎪⎩⎪⎪

dρn+1
j − ρn

j +
Δt
Δx

(
F
(1)
jF +1/2 − F

(1)
jF −1/2

)
= 0,

d(ρu)n+1
j − (ρu)nj +

Δt
Δx

(
F
(2)
jF +1/2 − F

(2)
jF −1/2

)
= 0,

dEn+1
jE − En

jE + Δt
Δx

(
F
(3)
jF +1/2 − F

(3)
jF −1/2

)
= 0.

(5)

where

ρn
j =

1
Δx

∫ xj+1/2

x

∫∫
j−1/2

ρ(x, tn)dx,

is the average of the solution within one cell, and

F j+1/2 =
1

Δt

∫ tn+1

t

∫∫
n

∫∫ ∫
R

∫∫
f(xj+1/2, ξ, t)

⎛⎝⎛⎛ ξ
ξ2
1
2
ξ3

⎞⎠⎞⎞ dξdt

is the numerical fluxes across the cell interfaces.
The distribution function f can be decomposed into two parts: a left-moving part

and a right-moving part. This gives rise to a natural splitting of the numerical fluxes:

F = F+ + F−, with F± =
∫
R

∫∫
±

f(x∓j+1/2, ξ, t)

⎛⎝⎛⎛ ξ
ξ2
1
2ξ3

⎞⎠⎞⎞ dξ. (6)

Assume that f(x, ξ, t) can be approximated by M(x− ξt, ξ, tn). By direct com-
putation we get,

F± =

⎛⎜⎛⎛⎝⎜⎜ dρuA±(S)± ρ
2
√√

πβ
B(S)

d(p+ ρu2)A±(S)± ρu
2
√√

πβ
B(S)

d(pu+ ρue)A±(S)± ρ
2
√√

πβ
( p
2ρ
+ e)B(S)

⎞⎟⎞⎞⎠⎟⎟ (7)

where

A± =
1 + erf(S)

2
, B(S) = e−S2 , S =

u√
2RT

, p = ρRT.

In the second step, we include the collision term,

ftff =
1
ε

C(f).

Since the solution is close to the local Maxwellian, we include the effect of collision
by simply setting f(x, ξ, tn+1) = M(x, ξ, tn+1). Also by doing this, one can con-
tinue to compute the numerical flux as in the previous time step. Despite the fact that
the scheme is derived from kinetic models, the method only involves the computa-
tion of the numerical fluxes, and operates in the physical space. To achieve second
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order accuracy, one can use piecewise linear representation of the solutions. For other
types of kinetic schemes see [P92, Xu94].

In regions of large gradients where the local equilibrium approximation is inac-
curate, we use directly the kinetic model. The transport part of the kinetic equation
is solved using an upwind scheme:

vfjf +1/2 = v+fjff + v−fjff +1 (8)

with v+ = 1
2
(v + |v|) and v− = 1

2
(v − |v|). The collision part is added afterwards,

which is usually done by particle method. The coupling of these two models in differ-
ent regions is done as follows. Suppose that the interface between the kinetic region
and the fluid domain is at xk+1/2, with the fluid region on the left and the kinetic
region on the right. Since we are using upwind scheme to solve the transport part of
the Boltzmann equation, we only need the boundary condition for ξ > 0. For this we
impose

f(x, ξ, t) = M(x−k+1/2, ξ, t), ξ > 0

where the right hand side is the local Maxwellian from the fluid side. On the other
hand, in order to update the fluid equations to the next time step, we need to compute
the fluxes at the interface. The splitting of the fluxes will automatically incorporate
the contribution from the kinetic domain,

F k+1/2 =
1

Δt

∫ tn+1

t

∫∫
n

∫∫
dt

{ ∫
R

∫∫
+

M(x−k+1/2, ξ, t)

⎛⎝⎛⎛ ξ
ξ2
1
2ξ3

⎞⎠⎞⎞ dξ

+
∫
R

∫∫
−

f(x+k+1/2, ξ, t)

⎛⎝⎛⎛ ξ
ξ2
1
2ξ3

⎞⎠⎞⎞ dξ
}

.

(9)

The coupling procedure will have to be more complicated if other macroscopic
solvers were used. With all the needed components ready, we can write the com-
putational procedure within one loop fort ∈ [tn, tn+1):

1. In the continuum region, with (ρ, ρu, E) known at tn, compute the macroscopic
fluxes using (7) and (9), and evolve the macroscopic variables using the kinetic
scheme(5);

2. In the kinetic region, compute the fluxes using (8) to evolve the kinetic equation
and then include the collision effect by e.g. Monte Carlo method;

3. Measure the gradient of the macroscale variables to determine the new kinetic
and continuum regions;

4. For cells that change character, say from continuum to kinetic, reconstruct the
microstate using local Maxwellian; Otherwise reduce the microscale distribution
to continuum variables by integrating out the phase space variable.

This procedure is repeated until the desired computational goal is reached.
Our second example is aiming at more general continuum models at macroscale

including fluid and solid mechanics, and this time we assume that the equation of
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state is not given to us, instead we need to extract it from an underlying atomistic
model of molecular dynamics. The macro solver in this case should be a conservative
shock capturing scheme. Such schemes can be divided into two types, depending on
whether a characteristic decomposition is used [LeV90]. Since the nonlinear flux
functions are not explicitly given to us, it is much easier to use a central type of
scheme that does not use characteristic decomposition, the simplest of which is the
Lax-Friedrichs scheme. Comparing with the Godunov scheme, central scheme uses
the flux function at the cell center, which makes the coupling with MD simulation
much easier.

The macroscopic equations are the usual conservation law of density (deforma-
tion for solids), momentum and energy. We use the generic form of conservation
laws in one dimension:

ut + f(u)x = 0. (10)

The first order central scheme [NT90] constructs the solutions as piece-wise con-
stants, which are the averaged values over each cell:

un
j =

1
Δx

∫ xj+1/2

x

∫∫
j−1/2

u(x, tn)dx.

Integration over [xj , xj+1]× [tn, tn+1) leads to the following scheme:

un+1
j+1/2 =

un
j + u

n
j+1

2
− Δt

Δx

(
f(un

j+1)− f(un
j )

)
. (11)

U
U

U

x x

j+1/2

j
j+1

j j+1x x

F(U )jU 
j+1F(U    )j+1

Fig. 2. Central scheme: starting with piecewise constant solution, one computes fluxes at xj

and xj+1, and integrates the conservation laws to the next time step, where the grid points are
shifted to the midpoints xj+1/2.

At time tn+1 the numerical solutions are defined on a different set of grid points,
as show in Figure 2. By applying the procedure again, one returns back to the original
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grid. The use of staggered grids has been shown to have less numerical viscosity than
the usual Lax-Friedrichs scheme. Time steps have to be chosen to ensure stability.
Let A = ∇f and λ be the largest among the absolute values of the eigenvalues for
A. Then it can be shown [NT90] that the central scheme is stable if

λ
Δt

Δx
≤ 1
2

.

In our model, the fluxes are computed from local MD simulations: using the macro-
scale variables u we invoke the molecular system. For example, one can first arrange
the atom positions according to some lattice structure corresponding to local density
or deformation, and compute the potential energy afterwards. Subtracting the kinetic
and potential energy from the total energy gives temperature. The velocity can thus
be initialized by Gaussian distribution with the right mean velocity and temperature.
We then evolve the system to local equilibrium, and estimate the fluxes via time and
ensemble averaging. HMM stresses that the initialization and evolution of the molec-
ular system should be consistent with the macroscale states. This is discussed in full
detail in [LE03], including how to maintain deformation and temperature gradients.
Given macroscale variables uj at time tn the overall algorithm goes as follows:

1. Initialize the MD system at the cell centers;
2. Evolve the MD system using appropriate boundary conditions;
3. As the system equilibrates, estimate the needed fluxes via time/ensemble aver-

aging;
4. Use the conservative scheme (11) to update the macro variables to next time

step;

For a discussion of the MD boundary condition, see [LE03].

4 Time-Scale Problems in ODEs and Stochastic ODEs

We will distinguish four different types of multiple time-scale problems.

1. The first type, perhaps the simplest, is associated with the existence of a slow
manifold, onto which the system is very rapidly attracted to. An example of this kind
is the system {

dẋ = − 1
ε
(x− f(y)),

ẏ = g(x, y).
(12)

In this example the slow manifold is given by the graph {(x, y) : x = f(y)}. Starting
from any initial condition, the system is attracted to this manifold in O(ε) time-scale.
x is the fast variable and y is the slow variable. On the slow manifold, y evolves
according to an effective equation

ẏ = G(y) = g(f(y), y). (13)

This class of problems are discussed in the context of stiff ODEs.
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2. The second class of problems are often discussed in the context of averaging meth-
ods. In these problems, the slow variables feel the average effect of the fast variables.
One simplest example is {

dϕ̇ = 1
ε
ω(I) + f(ϕ, I)

İ = g(ϕ, I)
(14)

where f and g are periodic functions of ϕ, here the fast variable. The averaged system
for the slow variable I is given by

İ =
1
2π

∫ 2π

0

∫∫
g(ϕ, I)dϕ = G(I). (15)

Both (12) and (14) are special cases of{
dẋ = 1

εf(x, y),
ẏ = g(x, y).

(16)

Assume that for fixed y, the dynamics given by equation ẋ = f(x, y)/ε is ergodic
and denote by μy(dx) the unique invariant measure for x. The effective dynamics
for the slow variable y is then given by

ẏ = G(y) with G(y) =
∫

g(x, y)μy(dx) (17)

(12) corresponds to the case when μy(dx) = δ(x − f(y)) and (13) corresponds to
the case when μI(dϕ) = Lebesgue measure on the circle. The first class of problems
are characterized by the fact that μ is dirac measure. (16) can be far more general. In
particular, it can be a system of stochastic ODEs.

3. Effective stochastic dynamics. In these problems, the fast scale dynamics act ef-
fectively as noise on the slow dynamics. This is believed to be the case for example
in molecular dynamics, which after coarse graining, may result in Brownian dynam-
ics. Consider (16) in a special situation where the equation ẋ = f(x, y) is ergodic
but ∫

g(x, y)μy(dx) = 0. (18)

In this case, the dynamics on the O(1) time-scale is trivial, ẏ = 0, and the evolution
of the slow variable arises on the longer, O(ε−1) time-scale. On this time-scale,
fluctuations becomes important, and the effective equation for the slow variable is an
SDE:

ẏ = b(y) + σ(y)Ẇ . (19)

Here Ẇ is a white-noise process, and the coefficients b(y) and σ(y) satisfy{
db(y) =

∫∞
0

∫∫ ∫
(g(x, y) · ∇x)g(ϕt(x), y)μy(dx)dt,

dσ(y)σT (y) =
∫∞
0

∫∫ ∫
g(x, y)gT (ϕt(x), y)μy(dx)dt,

(20)
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where ϕt(x) denotes the solution of ẋ = f(x, y) at fixed y with initial condition
ϕ0(x) = x. Besides ergodicity, (19) requires enough mixing for the dynamics of the
fast variable x in order that the time-integrals in (20) be finite. When the dynamics
of the fast variables is governed by an SDE, this criterion is usually met, but explicit
examples when y satisfies an ODE are rare, see for example [Bun00].

It is also interesting to note that even if the expectation in (18) is non-zero, the
effective equation (17) may only be valid on finite time intervals, and the small ran-
dom perturbations that arise on the O(ε−1) time scale are essential to describe the
long-time behavior of the system. Here is an example. Consider{

dẋ = − 1
ε (y − x) + 1√

ε
Ẇ

ẏ = x− y3.
(21)

For this system the effective equation (17) reads

ẏ = y − y3, (22)

according to which the motion of y converges to the stable fixed points+1 or−1 de-
pending on the sign of the initial y. However, accounting for the next order correction
in ε as in (19), the effective equation for y becomes

ẏ = y − y3 +
√

ε Ẇ . (23)

The additional noise term in this equation eventually drives the system back and
forth between the two positions y = ±1. Note that this happens on the Arrhenius
time-scale which is O(exp(1/ε)) because the switching from −1 to +1 involves a
barrier crossing event. In this case, the effective equation (22) can be further reduced
to that of a two-state Markov chain on {−1,+1}. This type of effective dynamics is
discussed next.

4. Activated dynamics. In these examples the system spends most of its time in con-
fined metastable sets, but occasionally hops from one metastable state to another. A
simple example is (23) which can be rewritten as

dy

dt
= −∂V

∂y
(y) +

√
ε Ẇ

where V (y) = 1
4(1 − y2)2. Here the metastable states are around y = ±1. These

examples are characterized by the exponentially long (in ε) time-scales that separate
the individual hopping (transition) events between different metastable states.

Different techniques are required for these different problems. Stiff solvers are
developed for problems of the first kind. These solvers are often implicit. But the
work of Lebedev et al. makes an important exception. Lebedev et al. developed ex-
plicit Runge-Kutta methods, whose stage parameters are chosen to optimize their
stability regions according to certain given distribution of the spectrum, which are
assumed to be close to the real axis. For the special case of (12), the spectrum has a
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Fig. 3. Multistage Runge-Kutta: each step of the method consists of many small stages fol-
lowed by a few big stages. Horizontal axis shows the time steps and internal stages within a
time step. Vertical axis shows the computed solutions in a reaction-diffusion problem. (Cour-
tesy of A. Abdulle)

large gap. In this case, each step of the optimized Runge-Kutta method consists of
many small stages followed by a few big stages, as shown in Figure 3.

In Lebedev’s work only second order methods were discussed. Fourth order ac-
curate Chebychev methods were constructed in [Ab02].

The recent work of Gear et al. [GK03] can be considered as a simplified version
of Chebychev methods that also uses a combination of small and large time steps but
is otherwise unoptimized, in contrast to the Chebychev methods.

Chebyshev methods do not apply when the spectrum of the problem is far away
from the real axis, as in the second kind of problems discussed above. However, these
problems can be readily treated using HMM [E03, ET]. The accuracy of HMM for
these problems are greatly affected by the averaging procedure in the force estimator
in HMM. These issues are discussed in [E03, ELV, ET] (see also [FV]).

For stochastic ODEs, [VE03] proposed methods that use a combination of macro-
and micro-solvers. The basic idea is to estimate the drift and diffusion coefficients in
the macroscopic dynamics directly from solutions of the microscale model. Further
analysis of these methods are presented in [ELV].

Even though Brownian dynamics has been used as a standard tool in the modeling
of complex fluids, at the present time, there still lacks a systematic coarse graining
procedure for producing Brownian dynamics from more detailed models such as
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molecular dynamics. This is an area that deserves much more attention in the near
future.

Activated dynamics can be considered as a sequence of transition events between
metastable regions in the configuration space. Each event has an initial state and a fi-
nal state. There has been two different approaches to activated dynamics, depending
on whether the final state in the transition is assumed to be known. If the final state
in a transition event is known, then the only remaining issue is to find the transition
pathways and transition rates. Numerous numerical strategies have been proposed for
this purpose. We refer to the papers [EV, Jon] in this volume for discussions on this
class of methods. Several methods have been proposed to deal with the case when the
final state is not assumed to be known. The best known among this class of methods
are the hyperdynamics [Vot97] and metadynamics [LP02, ILP03]. Hyperdynamics
follows the dynamics in a modified potential energy surface and recovers informa-
tion for the original dynamics using transition state theory. A related work is TAD
(temperature accelerated dynamics) [SV00]. Metadynamics proceeds by first con-
structing the free energy surface associated with some judiciously chosen reaction
coordinates, and then sample efficiently that free energy surface. Both the hyperdy-
namics and metadynamics are very promising ideas that should be exploited in the
future.

5 Conclusions and Outlook

To conclude, let us ask the question: What is the current status of multiscale mod-
eling? One thing that can be said about it is that it is now very popular. There are
popular methods, such as the Car-Parrinello method and more recently the quasi-
continuum method. There are popular ideas, such as hybrid atomistic-continuum
methods, and macroscopic methods that use input obtained from pre-computed re-
sults using the microscopic models. There are also commonly realized issues, such
as matching conditions between different levels of physical models.

As is the case for any fashionable subject, there is also the need for processing
the rapidly generated information in this area with great care. With few exceptions,
most of the recently proposed multiscale modeling techniques have not been tested
on truly challenging problem. Most work remains at the level of testing concepts.
Few have gone through the rigorous procedure of verifying the results. Instead, most
seem to be content with producing reasonably looking pictures. Analytical results
on error control are very rare. Moreover, some of the proposed multiscale methods
are more expensive than solving directly the original microscale problem (see for
example the discussions in [MY]).

From a mathematical perspective, it is desirable to have a unified framework
for studying multiscale methods. So far HMM seems to be a reasonable candidate.
Several classes of problems are solved using this framework, including atomistic-
continuum modeling for the dynamics of solids [LE03] and fluids [Ren], interface
dynamics [Ch03], and homogenization problems [AE03, MY]. In addition, several
class of methods, including HMM for the homogenization problems [AE03, EMZ,
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MZ], ODEs [E03, ET], multiscale method for stochastic ODEs [VE03, ELV], and the
quasi-continuum methods [EM03], have been analyzed using this framework. But it
should be emphasized that HMM provides only a starting point, for most problems
of interest, highly non-trivial practical issues still remain. While HMM facilitates
macro-micro coupling, it does not solve all the problems of macro-micro coupling.
This is illustrated clearly in [Ren, LE03]. Solutions to the remaining coupling issues
are useful not only in the context of HMM, but also for other coupling strategies such
as sequential coupling.

Finally it should be mentioned that most multiscale modeling work deals with al-
most homogeneous systems such as fluids. There is relatively little work for strongly
heterogeneous systems such as macromolecules. The latter will undoubtedly be an
area of great interest in the near future.
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In this paper we study the large scale transport of the DNA particles through a het-
erogeneous micro array in the framework of homogenization theory. We derive the
macro scale particle transport equation and show that for transport of particles in
a divergence free electric field as proposed by Duke and Austin [Du98] and Ertas
[Er98] separation according to particle mass or size cannot been achieved. Our re-
sults explain the experimental findings of Duke and Austin [Du98] and Ertas [Er98]
and thus close the gap between theory and experiment.

1 Introduction

Separation of large biomolecules such as DNA and proteins is of high interest for
biological research and biomedical application. A technique currently used is the
separation through gel electrophoresis in which different molecules of different size
migrate at different speed through the gel. A new approach has been suggested by
Duke and Austin [Du98] and Ertas [Er98] only recently. The authors proposed to
sort molecules by injecting them in an electric field modified by an array of spatially
asymmetric obstacles. In their articles, the authors claim that due to the asymmetry
of the array only, particles are deflected away from the mean direction of the elec-
tric field. Since this effect depends on diffusive motion, the macromolecules should
be sorted in transverse direction according to their size. The authors consider their
approach as a simple realization of a ”thermal ratchet” [Ma93, Pr94]. These later
devices separate diffusive particles by switching on and off an asymmetric potential.

However, the experimental setup in [Hu02] showed that particles much smaller
than the barrier gap follow individual flow lines through narrow gaps and are poorly
fractionated. In contrast, particles comparable to the gap size can be fractionated with
high resolution. Austin et al. [Au02] give qualitative arguments that in a divergence
free flow field no separation occurs. Only if there are additional forces acting on the
particles as it is the case for the larger particles that are strongly interacting with the
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impervious obstacles fractionation might be achieved. A closed theory is still missing
in order to explain this behaviour and we aim at closing this gap.

Since the conductivity of the sorting array can be modeled as being periodic,
with period given by the gap between two obstacles, the particle transport equation
is a partial differential equation of two-scale nature, with a microscopic length and
a macroscopic length. A natural framework to treat well separated multi-scale equa-
tions is the homogenization theory which describes the replacement of a two-scale
equation by a homogenized equation where small scales have been averaged out.

In this paper we study the transport of the DNA particles in the framework of
homogenization theory. We will show that with a divergence free flow field, the
macroscopic drift of the homogenized equation is independent of the diffusion of the
macromolecules and proper separation based on different diffusion constant seems
unlikely to happen. We believe that this gives the explanation why the small macro-
molecules can not be well separated by a microarray sieve. In a future work, we will
study the case of a non divergence free electrical flow field, which would allow to
find a drift depending on the diffusion coefficients of the macro molecules.

2 The fine scale particle transport

We first constitute the conservation law for electrically charged particles that move
in an electrical field E, the gradient of the electrical potential φ and E = ∇φ. The
electrical potential is determined by

∇ · (k∇φ) = 0 (1)

where k is the electrical conductivity. The flux of DNA particles JEJ due to the elec-
trical field E is given by JEJ = ĉμEˆ where ĉ denotes the DNA particle concentration
and μ is the mobility. The mobility μ is related to the electrical conductivity by
μ = ρk with ρ the charge density of the electrical array which we assume to be
constant. In contrast to standard electrophoresis where separation is achieved due to
particle size dependent mobility values, here the mobility is assumed to depend only
on the geometry of the micro array. To obtain the total particle flux, a diffusive flux
is added

J = ĉμEˆ −D∇ĉ, (2)

so that the mass conservation law for the particle concentration reads

∂ĉ

∂t̂
= −∇(ĉμEˆ ) +∇(D∇)ĉ. (3)

Assuming a divergence free electrical field and an isotropic diffusion tensor D and
defining a velocity field û as û ≡ μE, we finally obtain a conservation law in the
form of an advection diffusion equation

∂ĉ

∂t̂
= −û∇ĉ+D∇2ĉ. (4)
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There are two typical length scales involved in our problem. A small length scale
l which represents the distance between neighbouring obstacles of the device and a
large length scale L at which the transport behavior is observed. We therefore intro-
duce two different spatial variables: x̂ for large scale and ŷ for small scale variations.
A non-dimensional representation of equation (4) follows by scaling the x̂, ŷ, t̂ vari-
ables according to x = x/L, yˆ = y/l, tˆ = t̂D/Lˆ 2. c denotes the non-dimensional
concentration. By scaling the velocity field û as u/Uˆ := u, where U is the norm of
a characteristic macroscopic velocity, we obtain

∂c

∂t
= −PLP u∇c+∇2c, (5)

where the dimensionless parameter PLP (the Péclet number), defined as´ PLP = UL/D,
sets the diffusion coefficient into relation with transport velocity and the large length
scale of the problem. The capital subscript L stands for the scaling with respect
to the macro scale length L. The ratio between the characteristic macroscopic and
microscopic length scales will be denoted by ε = l/L. Thus, we have the relation
y = x/ε.

We will use in the sequel the relation

PLP =
UL

D
=

Ul

D

L

l
= PlPP

1
ε

, (6)

depending wether we rescale with respect to the macro length L or the micro length
l. Moreover, we will add a superscript ε to the concentration c and the velocity field
u to emphasize the dependence on ε. Thus the nondimensional multiscale equation
(5) reads

∂cε

∂t
= −PLP uε∇cε +∇2cε, (7)

3 Homogenization of particle transport

In this section we will derive the homogenized solution of equation (5). Homogeniza-
tion theory is able to extract the macroscopic system behaviour from a system that
is governed by microscopic heterogeneities. For our problem, the heterogeneities at
the microscopic level are the obstacles of the periodic asymmetric array, the macro-
scopic transport behaviour originates from the transport equation (5) but describes
the transport of the particles on a macro length scale where the array appears homo-
geneous. We assume that the concentration cε and the velocity field uε depend on
both the macro and micro scale x, y respectively and that there are 1-periodic (for
simplicity) with respect to the y variable. By Y = (0, 1)2 we will denote the y do-
main. Note that by setting y = x/ε the above functions are ε periodic with respect
to the second variable.

We first split the velocity field uε into a large scale part u0 and a fluctuating part
ũ,

uε(x) = u(x, y) = u0(x) + ũ(x, y), (8)
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where u0(x) =
∫
Y

∫∫
u(x, y)dy and y = x/ε. A consequence is that the fluctuating part

satisfies
∫
Y

∫∫
ũ(x, y)dy = 0. Since the concentration depends on both scales x, y =

x/ε, application of the chain rule yields

∇ = ∇x + 1/ε∇y. (9)

We obtain then for equation (5)

∂cε

∂t
= −PLP u0∇xcε+∇2

xcε− 1
ε

PlPP ũ∇xcε− 1
ε2

PlPP uε∇ycε+2
1
ε
∇x∇ycε+

1
ε2
∇2

ycε,

(10)
where the first two terms of the right-hand side represent macroscopic drift and dif-
fusive flux terms scaled with the macroscopic length L. All other terms describe
microscopic processes and are scaled with the microscopic length l.

Remark 1. The above scaling motivated by physical considerations can be also justi-
fied by perturbation theory arguments, which demonstrates that the scaling described
above is the only one to obtain the correct homogenized equation [De00].

Next, we assume a two scale expansion for the concentration

cε(t, x) = c(t, x, y) = c0(t, x) + εc1(t, x, y) + ε2c2(t, x, y) + . . . , (11)

where c0 is the homogenized solution we are looking for (and thus does not depend
on the micro scale y = x/ε) and where we assume that cj are periodic in the y
variable. The above ansatz is a formal expansion, the interest in it stems from the
fact that it allows to derive formally an equation for the homogenized solution (the
coarse description). The procedure is now to introduce (11) into (10) and to collect
the terms with the same power in ε. We then obtain the following set of equations

ε−1 : −∇2
yc1 + PlPP uε∇yc1 = −PlPP ũ∇xc0, (12)

ε0 : −∇2
yc2 + PlPP uε∇yc2 = −PLP u0∇xc0 +∇2

xc0 − PlPP ũ∇xc1 (13)

+2∇x∇yc1 − ∂c0
∂t

. (14)

The equation for ε−1 determines c1 in terms of c0 in the following way: let χi(y), i =
1, 2 be the solution of the so called cell problem

∇2
yχi − PlPP uε∇yχi = PlPP ũi (15)

in the domain Y with periodic boundary conditions then by linearity and variable
separation of equation (15), the solution of (12) is given by

c1 = χ · ∇xc0, (16)

where χ = (χ1, χ2). The equation (13) can be considered as an equation for the
unknown c2 in the domain Y with periodic boundary conditions. A necessary con-
dition for this equation to have a solution is that the average of the remainder term
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(which do not involve c2) vanishes (see [Ev98] for details). This condition together
with inserting the expression (16) for c1 gives the homogenized equation

∂c0
∂t

= −PLP u0∇xc0 +∇x · I0II ∇xc0, (17)

where I0II is an effective diffusion coefficient and defined by

I0II = I +
∫

Y

∫∫
PlPP ũ⊗ χdy (18)

and where I is the identity matrix and

ũ⊗ χ =
(

ũ1χ1 ũ1χ2

ũ2χ1 ũ2χ2

)
. (19)

To solve the homogenized equation one has to solve first the cell problems (15) and
then the macro equation (17). If one goes back to a dimensional characterization,
and substitute x̂ = xL, t̂ = tL2/D for x, t and û = uU for u we obtain for the
homogenized equation

∂ĉ0

∂t̂
= −û0∇x̂ĉ0 +∇x̂ · Î0II ∇x̂ĉ0, (20)

where Î0II now is defined by

Î0II = D +
∫

Y

∫∫
ˆ̃u⊗ χdy. (21)

Thus we have transferred the heterogeneous fine scale model (5) into a homo-
geneous large scale model (20) which describes the macroscopic behaviour of the
particles through the micro array (microscopically heterogeneous due to the micro-
scopic obstacles). We see in equation (20) the large scale drift û0 does not depend on
the diffusion constant or the molecular weight of the particles. Thus particles with
different weight, i.e. different diffusion coefficients, will move with the same drift.
The heterogeneous micro array does have an impact but only in form of an effective
diffusivity.

We conclude that for particle transport in heterogeneous divergence free flow
fields, no diffusion dependent deflection of particles from the mean flow direction
exists and thus no particle separation can occur. It explains the experimental findings
presented in [Hu02].

3.1 Solution of the cell problem in perturbation theory

There is no simple closed solution for the cell problem (15) which we need to solve
before evaluating the macrodiffusion tensor (18). However, for the micro array with
system parameters chosen according to Duke [Du98] and Ertas [Er98] the Peclet
number PlPP is large and the variance of the electric conductivity fluctuations is small.t
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Thus, a perturbation theory expansion with respect to small conductivity fluctuations
and small inverse peclet numbers will yield a reliable approximate solution for the
cell problem. In lowest order approximation the cell problems reduces to

−PlPP u0∇yχi = PlPP ũi (22)

Following the lines of [Lu02], we explicitly compute the entries of the macrod-
iffusion tensor by evaluating the integral expressions in

Î0II ηi,ηj = D + u0

∫ ∞

0

∫∫
Ruηi

uηj
(η′)dη′ (23)

in a curved coordinate system η with coordinate axes aligned in mean flow direction
η1 and transverse to it, η2. Ruηi

uηj
is the dimensionless velocity correlation function.

It is determined by the statistics of the electric conductivity via Ohm’s law (27). In a
uniform flow field, the curved coordinate system reduces to the Cartesian coordinate
system and the macrodiffusion coefficients (23) reduce to the formulae known since
the pioneering work of Gelhar and Axness [Ge83] and Dagan [Da89].

The macrodiffusivity (23) depends on the angle between the mean drift and the
principal axes of the heterogeneous structure of the medium. The macrodiffusion
tensor becomes diagonal in a coordinate system along the streamlines, but its en-
tries are not isotropic. The component parallel to the mean flow direction increases
through interaction with the heterogeneities whereas the component transverse to it
is approximately given by the microscopic diffusion coefficient D.

The explicit evaluation of the macrodiffusion coefficient yields

Î0II η1,η1 = D + u0

∫ ∞

0

∫∫
Ruη1uη1

(η′1)dη′1 = D + u0σ
2
klη1 = D + 0.00035 (24)

Î0II η2,η2 = D (25)

where lη1 is the integral scale of the micro array in mean flow direction [Lu02] and
where σk is the variance of the electric conductivity (27).

4 Numerical Simulations

In this section, we confirm our theoretical results by numerical computations. The
direct solution of equation (5) is costly due to dependence of the problem on the
small length scale. For standard methods, the mesh has to be sufficiently fine to cap-
ture the heterogeneities of the micro array, leading to a large number of unknowns.
Furthermore, the velocity field uε (see (8)), which is computed from the electrostatic
potential φε (see equation (27) below) via an elliptic equation, also exhibits multiple
scales. Here also a fine mesh is needed to gain full resolution. Replacing the hetero-
geneous micro array by the homogenized one and computing the particle transport
on it makes it possible to reduce the computational resolution by choosing a coarser
mesh.
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However, to test the reliability of homogenization in our case we will determine
in a first step the fine scale solution and compare it afterwards with the homogenized
solution.

4.1 Numerical Parametrization

We recall that the transport equation for the concentration is given by (see (4))

∂cε

∂t
= −uε∇cε +D∇2cε, (26)

where the velocity uε = ρ kε∇φε is the solution of a Darcy type equation for the
electrical potential φ in Ω = (0, 1)2

∇ · (kε∇φε) = 0 in Ω (27)

φε(0, x2) = φε(x1, 1) = 1, (28)

φε(x1, 0) = φε(1, x2) = 0. (29)

As usual we add a superscript ε to the concentration c, the velocity field u, the po-
tential φ and the conductivity k to indicate the dependence of these quantities on the
micro array parameters (see Figure 1 below).

Fig. 1. Sample of the microarray. (See Plate 2 on Page 269)

We discretize Ω in 400 equidistant steps in each spatial direction x1, x2. A sam-
ple of the asymmetric periodic array is sketched below, where the periodic unit cell
is indicated by the shaded area. It is a rectangle of size 2ε× ε. Thus for our example,
ε 	 0.0150. We chose kε = 0.1 inside and kε = 0 outside the obstacles and set
ρ = 1.

In order to minimize the influence of artificial boundaries conditions (which
we take as zero Dirichlet), we perform the transport simulation on a subdomain
Ωs = [0.375, 0.625]× [0.375, 0.625]with 100 steps in each spatial direction x1, x2.
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4.2 Numerical Methods

The elliptic equation is solved with a standard finite element method in order to
compute the fine scale reference solution for the velocity field uε = kε∇φε. The ad-
vection diffusion equation (26) is solved by the method of lines. In this method, the
spatial variables are discretized by finite difference, and the resulting equations are
then a system of ordinary differential equations (ODEs). It is known that standard ex-
plicit solvers for such system arising from reaction-diffusion equations exhibit time
step restrictions due to stability problems. A possibility is then to use an implicit
solver with the drawback of having to solve large linear systems [Ha96]. In some
situations, as for diffusion dominated problems, a class of methods called Cheby-
shev methods can be very efficient. These methods are explicit and at the same time
possess large stability domains along the negative real axis. Recently, a Chebyshev
method of high order, ROCK4 has been proposed in [Ab02]. This method is used in
the numerical experiments.

For homogenizing the elliptic equation (27) and thus for determining the large
scale drift, we used the finite element heterogeneous multiscale method (FE-HMM)
described in [Ab03], based on a methodology introduced in [We02]. We used it as a
procedure to calculate the homogenized conductivity values without deriving analyt-
ically the homogenized equations. Heterogeneous multiscale method (HMM) intro-
duced in [We02] is a general framework for the numerical computation of solutions
to problems with multiple scales. For homogenization problems, its main objective
is to avoid the precomputation of fine scale shape functions as well as of the coef-
ficients of the homogenized equation. It can in this context be seen as a numerical
homogenization procedure where in addition, it is possible to recover fine scale in-
formation.

5 Results

Fine Scale Simulation
In the fine scale simulation, we compute the fine scale particle transport (26) through
a heterogeneous array (kε given above) and compare it with the solution for particle
transport through a fictitious isotropic homogeneous array (k = 0.1).

We see in Figures 2 and 3 that the flow lines are distracted from the 45o diagonal,
i.e., the effective conductivity tensor is anisotropic. It implies that an homogeneous
array can not capture this effect. We also see that for two different microscopic diffu-
sion coefficients the large scale center of mass of the particle cloud does not depend
on them. This implies that there is no separation of particles based on diffusion co-
efficient in this way.

Large Scale Simulation
In this simulation, we compare the heterogeneous transport simulation with the ho-
mogenized transport simulation with the effective conductivity tensor k0 derived by
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Fig. 2. Transport simulation in a homogeneous array versus heterogeneous array, k =
0.1, D = 0.0005. (See Plate 3 on Page 270)

Fig. 3. Transport simulation in a homogeneous array versus heterogeneous array, k =
0.1, D = 0.001. (See Plate 4 on Page 270)

homogenization of the elliptic equation for the potential (see [Be78] for the deriva-
tion of the homogenized equations). The computation of k0 is done with the FE
HMM implementation given in [Ab03]. We obtain for the effective conductivity ten-
sor (

0.08074 0
0 0.04588

)
As observed in the above numerical computations, the micro array induces an
anisotropic effective conductivity tensor. The anisotropy ratio is given by 0.5682.

We gave the formula for the effective diffusion coefficients in a coordinate system
aligned parallel to the mean flow direction in (24). The transverse effective diffusion
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coefficient is D = 0.0001 or D = 0.005 respectively. Its rotation in Cartesian coor-
dinates yields the diffusion matrices(

0.00109(0.00059) 0.00015
0.00015 0.00127(0.00077)

)
The values without brackets belong to the effective diffusion matrix with the largerff
microscopic diffusion D = 0.005 whereas the values in brackets belong to the
smaller microscopic diffusion D = 0.0001.

The anisotropic homogeneous array captures now the distraction from the 450

diagonal. We see in Figures 4 and 5 that flow lines of the homogenized array are
a slightly more distracted than those of the heterogeneous array. The reason is that
the particles first need to sample some correlation lengths of the heterogeneous array

Fig. 4. Transport simulation for the homogenized array versus heterogeneous array, D =
0.0005. (See Plate 5 on Page 270)

Fig. 5. Transport simulation for the homogenized array versus heterogeneous array, D =
0.001. (See Plate 6 on Page 271)
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in order to approach their asymptotic distraction angle. Therefore, the path of the
moving particle cloud in the heterogeneous array is shifted against the path in the
equivalent homogeneous array. However, in the asymptotic regime the distraction
angle is the same and the shift is a constant indicating that homogenization yields
reliable results.

Moreover, we see again that the center of mass of the particle cloud does not
depend on the diffusion coefficient and that there is no separation of particles based
on diffusion coefficient in this way.
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Summary. We present a systematic introduction to the basic concepts and techniques for de-
termining transition pathways and transition rates in systems with multiple metastable states.
After discussing the classical transition state theory and its limitations, we derive a new set of
equations for the optimal dividing surfaces. We then discuss transition path sampling, which
is the most general technique currently available for determining transition regions and rates.
This is followed by a discussion on minimal energy path for systems with smooth energy
landscapes. For systems with rough energy landscapes, our presentation is centered around
the notion of reaction coordinates. We discuss the two related notions of free energies associ-
ated with a reaction coordinate, and show that at least in the high friction limit, there does exist
an optimal reaction coordinate that gives asymptotically the correct prediction for the transi-
tion rates. Variational principles associated with the optimal reaction coordinates are exploited
under the assumption that the transition paths are restricted to tubes, and this provides a theo-
retical justification for the finite temperature string method. Blue moon sampling techniques,
metadynamics and a new form of accelerated dynamics are also discussed.

1 Introduction

The evolution of complex systems often involves widely separated time-scales. Well-
known examples include nucleation events during phase transition, conformational
changes of molecules, and chemical reactions. The appearance of long time-scales is
related to the existence of energy barriers or entropic bottlenecks which partition the
system into metastable basins. A dynamical trajectory may spend a very long time in
one basin before finding its way to another. The separation of time-scales is typically
so pronounced that it is difficult to observe a single transition event, let alone gather
enough statistical information about the transitions, by using conventional dynamical
simulations. Several techniques have been introduced to tackle the numerical diffi-
culty of determining the transition pathways and transition rates in systems of this
kind. The purpose of the present paper is to review some (not all) of these techniques
and the underlying theoretical framework. In doing so, we find it sometimes more
convenient to take a point of view that is slightly different from that of the original
papers. In addition, we will make an attempt to put frequently used notions such as
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reaction coordinates, optimal reaction coordinates and optimal dividing surfaces on
a solid footing.

We shall mostly focus on methods which assume the knowledge of the initial
and final states for the transition that we are interested in. The transition may pro-
ceed through additional metastable states that are not identified beforehand. We will
understand metastability in the following way. Suppose that the system admits a
unique equilibrium distribution such as the Gibbs distribution

ρ(x) = Z−1e−βV (x), Z =
∫
R

∫∫
n

e−βV (x)dx (1)

where x ∈ Rn is the configuration space, V (x) is some given potential, and β =
1/kBT is the inverse temperature. Then the regions {Bj}J

j=1 will be metastable if

J∑
j=1

NjN ≈ 1 where NjN =
∫

B

∫∫
j

ρ(x)dx, (2)

i.e. with very high probability, the system at equilibrium is found in one of the sets
Bj . Assuming ergodicity, NjN is also the fraction of time that the system spends in
Bj . In addition to (2) one must also require that the regions Bj be well separated so
that the transitions between these regions are quasi-Markov events. We shall come
back to this requirement later. Note that the Gibbs distribution in (1) is consistent
with the Langevin dynamics{

ẋ = v

Mv̇ = −∇V (x)− γv +
√
2γβ−1 η

(3)

where η(t) is a white-noise, γ is the friction coefficient, and M is the diagonal mass
matrix. Two limiting cases of (3) are the overdamped (high friction) dynamics ob-
tained as γ →∞

γẋ = −∇V (x) +
√
2γβ−1 η (4)

and the Hamiltonian dynamics which arises when γ = 0

Mẍ = −∇V (x). (5)

2 Transition state theory and the Bennett-Chandler procedure

Transition state theory is the oldest attempt to describe metastability in ergodic sys-
tems [Wig38, Eyr35]. Consider a system governed by the Hamiltonian dynamics (5),
and let us partition the configuration space into two sets, A and its complement Ac.
Define the mean residence time in A and Ac as

tA = lim
T→∞

2
NT

∫ T

0

∫∫
χA(x(t))dt, (6)
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and similarly for tAc . Here x(t) is the instantaneous position of a generic trajectory,
NTNN is the number of times this trajectory crosses the boundary between A and Ac

before time T , and χA denotes the indicator function of A, i.e. χA(x) = 1 if x ∈ A
and χA(x) = 0 otherwise. (6) can be rewritten as

tA = NAN /νTST, tAc = NAN c/νTST (7)

where

NAN = lim
T→∞

1
T

∫ T

0

∫∫
χA(x(t))dt =

∫
A

∫∫
ρ(x)dx, (8)

is the proportion of time that the trajectory x(t) spends in A, i.e. the equilibrium
population density in A assuming ergodicity, NAN c = 1−NAN , and

νTST = lim
T→∞

NTNN

2T
, (9)

is the (half) mean frequency of crossing the boundary ∂A. This mean frequency can
be estimated upon noting that |χ̇A(x(t))| is a sum of delta functions concentrated at
the times when x(t) crosses ∂A. Therefore

νTST = lim
T→∞

1
2T

∫ T

0

∫∫
|χ̇A(x(t))|dt

=
1
2

∫
R

∫∫
n

∫
∂A

∫∫
|n̂ · v|ρ(x, v)dσ(x)dv

(10)

Here ρ(x, v) is the joint equilibrium density of (x, v) and dσ(x) is the surface el-
ement on the boundary ∂A. Assuming that the number of degrees of freedom is
large, ρ(x, v) can be approximated by the Gibbs distribution Z−1H e−β(|v|2/2+V (x)),
and (10) reduces to

νTST =
√
2

πβ
Z−1

∫
∂A

∫∫
e−βV (x)dσ(x). (11)

Transition state theory is exact for the computation of the mean residence time.
But the mean residence time may not be very relevant as far as description of transi-
tion events is concerned. Indeed, since a trajectory that has just crossed the boundary
∂A may have a high probability of re-crossing it right away, the successive transition
times between A and Ac are correlated in general. Therefore, the symbolic dynamics
on these two sets is usually poorly approximated by a two-state Markov chain with
rates

kAAc = t−1A = νTST/NAN , kAcA = t−1Ac = νTST/NAN c (12)

Quasi-Markov transitions will only arise between sets that are sufficiently separated,
i.e. there exists a buffer region between them that has a large volume but negligi-
ble probability. How to correct transition state theory to handle this situation was
explained by Bennett [Ben77] and Chandler [Chan78] (see also [Yam60]). These au-
thors base their considerations on response functions. Here we take a slightly differ-
ent viewpoint. Consider a system with two metastable sets, B1 and B2, satisfying (2)
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with J = 2, and define A such that ∂A belongs to the buffer region (B1 ∪B2)c (i.e.
B1 ⊂ A and B2 ⊂ Ac). Then the rates between B1 and B2 can be expressed as

k12 = ν/N1, k21 = ν/N2NN , (13)

where N1 ≈ NAN and N2NN ≈ NAN c are the population densities in B1 and B2, respec-
tively, and ν is the corrected frequency

ν =
1
2

∫
R

∫∫
n

∫
∂A

∫∫
|n̂ · v|ρ(x, v)χ(x, v)dσ(x)dv. (14)

The factor χ(x, v) is included so that only trajectories passing through (x, v) which
correspond to transition events, i.e. they go from ∂B1 to ∂B2, or ∂B2 to ∂B1, are
accounted for. Thus, if NRN (x, v) is the number of crossings of ∂A between the times
the trajectory exit B1 and enters B2 or conversely, one has

χ(x, v) = 1
2

(
1− (−1)NR(x,v)

)
/NRN (x, v). (15)

The first factor 1
2(1 − (−1)NR) is 1 if NRN is odd (i.e. if the trajectory connects

B1 to B2 or B2 to B1) and zero otherwise; the second factor N−1
RN accounts for

over-counting since NRN starting points on ∂A are contained in the same transition
trajectory. The ratio ν/νTST, which is necessarily smaller or equal to one, is called
the transmission coefficient κ of the surface ∂A.

The Bennett-Chandler approach in principle offers a way of identifying the tran-
sition paths and computing the mean transition times in a two-step procedure. First
choose a dividing surface ∂A and compute the expectation in (10) or (11) using
e.g. umbrella or blue-moon sampling techniques and thermodynamic integration (see
section 8). Then evaluate the transmission coefficient of ∂A using

κ = 1
2

〈(
1− (−1)NR(x,v)

)
/NRN (x, v)

〉
∂A

(16)

where 〈·〉∂A denotes expectation with respect to the density proportional to |n̂ ·
v|ρ(x, v) after proper normalization. Evaluating (16) amounts to initiating trajec-
tories from ∂A based on this density, running them both forward and backward in
time, observing if they correspond to transition trajectories and counting the number
of times they re-cross ∂A. Unfortunately, this procedure suffers from the following
practical difficulties.

1. ∂A might be a poor dividing surface in the sense that very few trajectories ini-
tiated on ∂A give rise to switching and, hence, are statistically significant in the
Bennett-Chandler procedure. A good dividing surface should have the property that
trajectories initiated on it have about half probability to reach either B1 or B2.

2. Even if ∂A is a good dividing surface, it will be difficult to compute accurately the
transmission coefficient κ if the transition trajectories tend to re-cross many times
∂A before reaching either B1 or B2. The main reason is that the initial conditions
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generated on ∂A by sampling are correlated when the number of re-crossings is large.
A set of N transition trajectories that on the average re-cross NRN times the surface
∂A contains only N/NRN statistically significant transition trajectories [Str01]. In
situations when NRN is large, the transition is said to be diffusive (as opposed to
being ballistic when recrossing is rare). This may mean that the transition state is in
reality a rather wide region.

3 Optimizing TST

Since TST necessarily overestimate the rate, it is natural to look for the dividing
surface with minimum TST rate. Using (7) and (11) this is the dividing surface that
minimizes

I0II =
∫

∂A

∫∫
e−βV dσ(x). (17)

It is shown in Appendix A that the minimizer of (17) satisfies

0 = −∇V · n̂+ β−1κ, (18)

where n̂(x) is the unit normal to ∂A at point x and κ = ∇ · n̂ is the local mean
curvature of this surface.

In general, optimizing ∂A by solving (18) will be too formidable a task to be
practical. More realistically, one can minimize the functional (17) over restricted
classes of surfaces. The simplest choice is to assume that ∂A is planar, in which case
it is specified by the equation

0 = n̂ · x− b (19)

where b is a scalar and n̂ is the unit normal to the plane. Using the planar ansatz
in (17) gives

I0II =
∫
R

∫∫
n

e−βV δ(n̂ · x− b)dx. (20)

As shown in Appendix A, the minimizers of (20) satisfy⎧⎪⎧⎧⎨⎪⎪⎪⎨⎨⎩⎪⎪
0 =

∫
R

∫∫
n

n̂ · ∇V e−βV x⊥ δ(n̂ · x− b)dx

0 = −
∫
R

∫∫
n

n̂ · ∇V e−βV δ(n̂ · x− b)dx,
(21)

where x⊥ = x − (x · n̂)n̂ is the in-plane projection of x. These equations are the
steady state solutions of the gradient flow{

˙̂n = −〈(n̂ · ∇V )x⊥〉P
ḃ = 〈n̂ · ∇V 〉P ,

(22)

where 〈·〉P denotes the expectation with respect to e−βV δ(n̂ · x − b) properly nor-
malized. Therefore (22) can be solved by evaluating the right hand-sides using blue
moon sampling technique discussed in section 8.



40 Weinan E and Eric Vanden-Eijnden

Johannesson and J´´ onsson [JJ01] were the first to suggest optimizing the TST´
dividing surface among planes. However, their derivation is different from ours, and
they arrive at different equations for n̂ and b.

Whether the optimal TST dividing surface can be approximated by a plane is not
a priori clear. However a more serious limitation of the procedure is that the optimal
TST dividing surface may not solve either one of the two problems in the Bennett-
Chandler procedure. Clearly the transition process may be such that the trajectories
re-cross the optimal TST surface many times, i.e. the procedure does not solve the
second problem in the Bennett-Chandler procedure. But it is important to realize that
for such diffusive crossings the procedure may not solve the first problem either: the
optimal TST surface may not be a good dividing surface, i.e. trajectories initiated
from this surface may not have half-half probability to reach the metastable sets B1

or B2.
This indicates that the very concept of a dividing surface for the transition may

be flawed. Therefore there is a need for techniques that, besides evaluating transi-
tion rates, give a more global insight about the mechanism of transition than a mere
dividing surface. Techniques of this kind are discussed next.

4 Transition path sampling

In [Pra86], Pratt suggested a strategy for dealing with the rarity of transition tra-
jectories by sampling precisely these trajectories via Monte-Carlo techniques in
path space. The Transition Path Sampling (TPS) method, developed by Bolhuis,
Chandler, Dellago, and Geissler, is a practical way of implementing such a strategy
[DBG02, BCDG02].

We first explain TPS in the overdamped limit. The statistical weight of a tra-
jectory x(t) on t ∈ [0, T ] with x(0) = x0 is, after rescaling of time by t/γ → t,
proportional to

exp
(
−1

4
β

∫ T

0

∫∫
|ẋ+∇V |2dt

)
. (23)

In other words, any average of a functional of x(t), t ∈ [0, T ], can in principle be
evaluated via the path integral of this functional with the weight (23) over all paths
x(t) satisfying x(0) = x0. There are some technical difficulties in properly normal-
izing (23) but since a Metropolis Monte-Carlo algorithm would only require (23)
and not the normalization factor, we will leave these difficulties aside. Suppose that
instead of the constraint x(0) = x0 one uses x(0) ∈ B1, x(T ) ∈ B2, then such
a Monte-Carlo scheme will sample precisely the transition paths (or at least the
ones that switch in less that T ) with the proper weight. How to implement such a
procedure in practice after time-discretization of (23) – i.e. how to generate new
paths with reasonable acceptance rate in a Metropolis algorithm, etc – is explained
in [DBG02, BCDG02].

In principle, TPS removes all pre-assumptions about the mechanism of transi-
tion by sampling all the paths that may be involved in such transitions. It is a brute
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force calculation of the true dynamical trajectories, except that the method cleverly
manages to observe these trajectories precisely during the windows of time when a
transition happens. Proper analysis of the paths sampled by TPS (which is a nontriv-
ial operation beyond TPS) may lead to better choices for potential dividing surfaces
to be used in the Bennett-Chandler procedure. This removes the first difficulty men-
tioned in section 2. In principle, the second can also be removed by abandoning the
Bennett-Chandler procedure altogether and using TPS combined with umbrella sam-
pling in which the volume of B2 is artificially increased until this set intersects with
B1 to compute the rate directly from TPS. This procedure is necessary because the
transition rate is expressed in terms of average over path constrained on their initial
position only, x(0) ∈ B1.

TPS can be easily generalized to dynamics with arbitrary finite friction by re-
placing (23) by

exp
(
− 1

4
βγ−1

∫ T

0

∫∫
|Mẍ+ γẋ+∇V |2dt

)
. (24)

The Hamiltonian situation is more delicate. In this case, the statistical weight on any
path connecting B1 and B2 is either one or zero; depending on whether this path
solves (5), in which case it is as good as any other such path and must be accepted,
or it does not solve (5), in which case it must be rejected. Procedures have been
developed to sample paths with such a weight [BDC98]. But it is not a priori clear
how to estimate the quality of the sampling since the “energy” surface for the paths
is so degenerate (constant and flat, or infinity).

As we mentioned earlier, TPS has the advantage that it makes no assumptions on
the mechanism of transition. But it may be very demanding when the transition takes
a relatively long time (e.g. for diffusive crossings) or when several well-separated
channels for the transition exist, in which case there is also metastability in path
space. In addition, analyzing the data provided by TPS, e.g. to determine a few re-
action coordinates governing the transition, is nontrivial. The techniques we will
discuss next provide insight about these reaction coordinates, often (but not always)
at the expense of making additional approximations. These techniques are in general
less expensive than TPS.

5 Identifying the minimal energy path
for smooth energy landscapes

If the potential energy landscape is smooth, i.e. has no features on the thermal energy
scale, and the critical points are isolated, the metastable states are the local minima
and the transition states between local minima are the saddle points along the mini-
mum energy paths (MEP) between these minima. In this section, we discuss methods
for identifying MEPs.

Analytically a MEP is a heteroclinic orbit, i.e. it is a curve connecting the two
minima with the property that the component of ∇V perpendicular to the curve is
zero,
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∇V ⊥ = 0. (25)

One way of finding solutions of (25) is to use the gradient flow of curves in configu-
ration space:

vn = −∇V ⊥, (26)

where vn is the normal velocity of the curve. There are several different ways of im-
plementing this dynamics of curves, according to how the curves are parameterized.
If ϕ(α, t) is a curve parameterized by α ∈ [0, 1], then the most direct implementation
of (26) (proposed originally in [UE89]),

∂ϕ

∂t
= −∇V ⊥(ϕ) = −∇V (ϕ) + (∇V (ϕ) · t̂)t̂, t̂ = ϕα/|ϕα|, (27)

will in general not preserve the parameterization of ϕ(α, t) during the evolution.
This may lead to computational instabilities if the discretization points along ϕ(α, t)
happen to cluster in certain parts of the curve and leave other parts under-resolved. In
[JMJ98], Jonnson, Mills, and Jacobson gave a solution to this problem by modifying´
(27) to

∂ϕ

∂t
= −∇V (ϕ) + (∇V (ϕ) · t̂)t̂+ λ(ϕαα · t̂)t̂, (28)

where λ > 0 is an adjustable parameter. The new term at the right hand-side is a
penalty term which helps to distribute the points uniformly along the curve after it is
discretized. Note that both the potential and the spring forces are nudged in (28), re-
spectively in the directions perpendicular and tangential to the curve. For this reason,
the method is referred to as the Nudged Elastic Band (NEB) method [JMJ98].

On the other hand, the broader perspective of evolving curves with intrinsic pa-
rameterization is useful to remember since it offers possibilities different from (28)
which may lead to more efficient numerical schemes. For instance instead of (28),
one can use

∂ϕ

∂t
= −∇V (ϕ) + (∇V (ϕ) · t̂)t̂+ rt̂, (29)

where r is now a Lagrange multiplier for enforcing some specific parameterization
of ϕ(α, t). A simple example is to use the equal arclength parameterization, i.e. |ϕα|
is constant. But other choices are possible. A method based on (29) was introduced
in [ERVE02a] under the name of the (zero-temperature) string method. The string
method turns out to have several advantages. (29) is free of adjustable parameter
and it naturally leads to very flexible time-splitting schemes where ϕ is evolved by
the term −∇V ⊥ alone for a couple of time steps, then a re-parameterization step
is performed to re-enforce proper parameterization. This makes it very simple to
use any constraint on the parameterization – such as arc-length weighted by energy
or curvature which put more discretization point where needed – or to change the
number of discretization points at the re-parameterization step if necessary. Note that
for both (28) and (29) upwind scheme for the derivative with respect to α must be
used to guarantee stability of the scheme [HJ00, Ren02]. Also, higher order schemes
in α can be constructed [Ren03], and convergence rate can be improved by changing
the steepest descent dynamics to Broyden-like dynamics [Ren02].
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Once the MEPs have been identified, the transition rate can be estimated for
instance by

k12 = (4π)−1
(√

γ
√√

2 + |λs| − γ
)√

|det(HmHH H−1
s )|e−βΔV , (30)

where λs is the unstable eigenvalue of the Hessian of V (x) evaluated at the saddle
point between the two minima, Hs and HmHH are the Hessians of V evaluated at the
starting minimum and the saddle point, respectively, and ΔV is the energy differ-
ence between the saddle point and the starting minimum. At nonzero friction, these
statements follow from the theory of large deviation and extensions thereof to ac-
count for the prefactor [FW98]. In the Hamiltonian case, (30) follows by evaluation
of (11) in the harmonic approximation.

The assumptions underlying these results are very restrictive since, in many in-
teresting situations, the energy has too many critical points. In addition these critical
points are mostly irrelevant for the transitions because the saddle point(s) are not,
in general, a fair approximation of the transition state. One may think that this can
be checked a posteriori by initiating trajectories from these saddle points. But in
practice this will be undoable if the number of saddle points is so large that it is
impossible to identify them all.

6 Finite temperature string method

Another advantage of the (zero-temperature) string method is that it can be naturally
generalized to problems with rough energy landscapes by coupling the dynamics of
the string with some sampling procedure [ERVE02b]. This allows to move the string
in a thermally averaged potential whose irrelevant details on the thermal scale have
been smoothed out. Instead of (29) it was proposed in [ERVE02b] to use

∂ϕ

∂t
= −〈∇V (ϕ̃)〉+ (〈∇V (ϕ̃)〉 · t̂)t̂+ rt̂. (31)

Here 〈∇V (ϕ̃)〉 denotes some suitably defined statistical average. A seamless way of
defining such statistical averages and moving the string at the same time is given by

∂ϕ̃

∂t
= −∇V (ϕ̃) + (∇V (ϕ̃) · t̂)t̂+

√√
2β−1

(
ξ − (ξ · t̂)t̂)+ rt̂. (32)

Here ϕ̃(α, t) is a stochastic process whose mean is the string defined earlier in (31):
ϕ = 〈ϕ̃〉. t̂ is the unit tangent along this curve, r is a Lagrange multiplier term to en-
force some constraint on the parameterization of ϕ, and η is a white-noise satisfying

〈ξ(α, t)ξ(α′, t′)〉 =
{

δ(t− t′) if α = α′

0 otherwise
(33)

Because of the resemblance of (32) with (29), the method based on (32) was called
the finite temperature string method in [ERVE02b]. Notice that (31) can be obtained
from averaging (32).
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It is a simple matter to show that, for each α, the equilibrium density function for
(32) is

ρ(x, α) = Z−1(α)e−βV δ(t̂ · (x− ϕ)), (34)

i.e. it is the restriction of e−βV in the plane perpendicular to the curve ϕ containing
the point x = ϕ(α), which can be parameterized as 0 = t̂ · (x − ϕ). We will refer
to this plane as P (α); note that by definition the unit normal n̂ to this plane coincide
with the unit tangent along the string, i.e.

n̂ = t̂. (35)

From (34) it follows that at statistical steady state, the string ϕ satisfies

ϕ(α) = 〈x〉P (α), (36)

where 〈·〉P (α) denotes the expectation with respect to (34). Together with (35), (36)
specifies completely the string ϕ and the associated planes P . These equations will
actually be derived in section 12 in the context of adaptive sampling techniques
where it will be shown that the family of planes defined by (36) emerges as a re-
action coordinate to describe the transition which is optimal within a certain class.
Here let us simply note that (36) is a natural finite temperature generalization of
the concept of MEP. Note first that, letting β → ∞ in (36) and assuming that the
potential V is smooth, this equation reduces to

ϕ(α) = arg min V (x) in P (α). (37)

This equation is equivalent to (25), i.e. ϕ converges to a MEP as β → ∞. At finite
temperature, the path satisfying (36) can be thought of as a MEP in some thermally
averaged potential in which the small features of the energy below the thermal scale
have been smoothed out. This is apparent from (31). In fact, ϕ defines the center of
a tube in configuration space whose width may for instance be characterized by the
covariance matrix of ϕ̃:

cov(ϕ̃) =
〈
(x− ϕ)(x− ϕ)T

〉
P (α)

. (38)

The finite temperature string method averages over details of the potential within this
tube and thereby accounts for entropic effects. The free energy along the path can be
defined as

F (α) = −β−1 log
∫

P

∫∫
(α)

e−βV dσ(x)

= −β−1 log
∫
R

∫∫
n

e−βV δ(t̂ · (x− ϕ))dx.

(39)

How to interpret this free energy and derive from it the rates for the transition will
be explained in sections 11 and 12.

In practice, (32) is solved similarly as (29) except that a collection of replica of
ϕ̃ must be evolved on each plane P (α), and the string ϕ has to be approximated by
arithmetic average over these replicas. These calculations can be easily parallelized.
Finally, note that in (32) the average force on the string is computed using the re-
stricted Gibbs ensemble on the hyperplanes normal to the string. One may think of
other ways of computing the averaged forces.
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7 Reaction coordinates and free energy

The traditional belief in the study of rare events is that a transition between two
metastable sets, B1 and B2, can be described by a well-chosen reaction coordinate
and the free energy associated with it. In this section we give a first discussion of
these concepts and we will revisit them in section 11.

A reaction coordinate is a function q(x) whose level sets q(x) = cst foliate
the configuration space and specify the advancement of the transitions between B1

and B2. In the simplest setting q(x) is a scalar-valued function and we will focus
on this case first. The generalization to vector-valued functions is straightforward
and will be discussed in the next sections. Given a reaction coordinate q(x), there
are two natural ways to define a free energy associated with it. The first is based
on the marginal probability density in the variable q. This is the most standard free
energy, and it is the one that will prove to have the right dynamical content provided
that the right reaction coordinate is chosen. The second free energy is based on the
probability density of the surface q(x) = q. This free energy is more relevant in the
context of TST. Since it is important to understand the differences between them, we
discuss both.

Given q(x), the first natural way to define a free energy is as

F (q) = −β−1 log ρ̄(q), (40)

where

ρ̄(q) = Z−1
∫
R

∫∫
n

e−βV (x)δ(q(x)− q)dx. (41)

ρ̄ is the marginal of the equilibrium density ρ in the variable q and (40) implies that
it can also be written as ρ̄(q) = e−βF (q). The introduction of F and ρ̄ allows us
to factorize the expectation of A(x) with respect to Z−1e−βV . Indeed, 〈A〉 can be
expressed as

〈A〉 = Z−1
∫
R

∫∫
n

A(x)e−βV (x)dx

=
∫
R

∫∫
〈A〉q(x)=qe−βF (q)dq,

(42)

where 〈A〉q(x)=q is average of A(x) in the surface q(x) = q, with respect to
e−βV δ(q(x)−q) properly normalized. Quite remarkably, the derivative of F can ex-
pressed in terms of an average over the density Z−1e−βV (x) restricted in the surface
q(x) = q. To see this differentiate (40) with respect to q, use |∇q(x)|2δ′(q(x)−q) =
∇q · ∇δ(q(x)− q), and integrate by parts in x to obtain

F ′(q) =
〈∇q · ∇V

|∇q|2 − β−1∇ ·
( ∇q

|∇q|2
)〉

q(x)=q
. (43)

F ′(q) is usually referred to as the mean force.
We will see below that the free energy in (40) is the one with the right dynamical

content provided that one uses the right reaction coordinate q(x). Indeed if x(t) is a
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trajectory in the system, the dynamics of the coarse variable q(x(t)) is driven by the
mean force plus appropriate thermal noise. We stress however that this interpretation
of F (q) is different from the most direct (and also most common) one where F is
mostly used to identify a good dividing surface as the surface q(x) = q� where
F (q) reaches a maximum (i.e. such that the mean force vanishes on it, F ′(q�) = 0).
This direct interpretation is in fact incorrect, as can be seen as follows. Suppose that
q(x) is a reaction coordinate and let f(z) be a scalar function, strictly monotonous,
f ′(z) �= 0�� . Then

q̄(x) = f(q(x)) (44)

is as good a reaction coordinate as q(x) since the level sets of both functions coincide
– we shall refer to (44) as a gauge transformation. However, if one denotes by F̄ ( )̄
the free energy in q̄, it is easy to see that

F̄ (f(q)) = −β−1 log
∫
R

∫∫
n

e−βV (x)δ( (̄x)− f(q))dx + β−1 logZ

= −β−1 log
∫
R

∫∫
n

e−βV (x)(f ′(q(x)))−1δ(q(x)− q)dx+ β−1 logZ

= F (q) + β−1 log f ′(q),

(45)

i.e. F̄ (f(q)) �=�� F (q), the free energy is not left invariant by the gauge transformation
in (44). In particular, if q� is a critical point (minimum or maximum) of F (q), i.e.
F ′(q�) = 0, one has

F̄ ′(f(q�)) = β−1f ′′(q�)/(f ′(q�))2 �= 0�� , (46)

which is not equal to zero in general. This is a serious flaw of the argument which
identifies the critical points of the free energy in (40) as metastable sets or transition
states.

The second natural way of defining a free energy is as follows (compare (40))

G(q) = −β−1 logZ−1
∫

q

∫∫
(x)=q

e−βV (x)dσ(x)

= −β−1 logZ−1
∫
R

∫∫
n

e−βV (x)|∇q(x)|δ(q(x) − q)dx.

(47)

With this definition e−βG(q) is the probability density of the surface q(x) = q, and
G(q) is indeed gauge invariant: Ḡ(f(q)) = G(q) if q̄ = f(q) and Ḡ is the free
energy in q̄. G(q) is related to the standard free energy F (q) defined in (40) via the
relation

e−βG(q) = 〈|∇q|〉q(x)=qe−βF (q) (48)

Therefore it is easy to see that with this choice one has (compare (42))

〈A〉 =
∫ 〈A〉q(x)=q

〈|∇q|〉q(x)=q
e−βG(q)dq. (49)
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Also the mean force associated with G can be expressed as the following conditional
average:

G′(q) =
〈
n̂ · ∇V − β−1κ

〉
q(x)=q

, (50)

where n̂ = ∇q/|∇q| is the unit normal to the surface q(x) = q, and κ = ∇ · n̂ is
the local mean curvature of this surface. Quite interestingly, this formula implies that
G′(q�) = 0 if

0 =
〈
n̂ · ∇V − β−1κ

〉
q(x)=q�

(51)

This equality is an averaged version of equation (18) for the optimal TST surface. In
fact it is easy to show that if one optimizes the object function in (17) over the level
sets of a given reaction coordinate q(x), then the optimal TST dividing surface is the
level set of q(x) where (51) is satisfied, i.e. it is a critical point of the free energy
G(q) (actually it can be shown that it is a maximum by checking that G′′(q�) < 0).
This indicates that the definition in (47) for the free energy is the natural one in the
context of TST.

We conclude this section by a severe warning. As mentioned before, one usually
hopes that the reaction coordinate describes the advancement of the transitions be-
tween B1 and B2, i.e. that it has some dynamical meaning which can be deduced by
analyzing the properties of the free energy F (q) or G(q). But clearly this requires to
pick the right reaction coordinate since the characteristics of F (q) and G(q) depend
sensitively on q(x). The results in this section leave completely open the question of
how to choose q(x). This question is highly nontrivial, particularly since the order
parameter used to distinguish the metastable basins may be a bad reaction coordinate
for the transition between these states. It is also particularly important since knowing
the right reaction coordinate often means that we have a good intuitive understanding
of how the reaction proceeds. How to choose q(x) will be discussed in section 11.

8 Blue-moon sampling technique

It is remarkable that one can actually compute rather efficiently the free energy
in (40) and the conditional expectation in (42) by using constrained simulations.
This was first noted by Carter, Ciccotti, Hynes, and Kapral in [CCHK89] (see also
[SC98]) where the blue-moon sampling technique was introduced. The idea is to use
ergodicity and evaluate the conditional average in (43) for F ′(q) by time-averaging
over a trajectory whose dynamics is constrained such that q(x) = q and has as its
equilibrium density Z−1e−βV (x) restricted in this surface. F can then be estimated
by integration of F ′ – a step referred to as thermodynamic integration [FS01]. In
[CCHK89], it was proposed to compute the expectation in (43) via Hamiltonian dy-
namics simulations subject to proper constraint. Another possibility is to use

ż = −(∇V (z))⊥ − β−1∇ · (n̂⊗ n̂) +
√
2β−1 η⊥ (52)

where η is a white-noise, a⊥ = a−(a·n̂)n̂ with n̂ = ∇q/|∇q| denotes the projection
of a into the hypersurface defined by q(x) = q. The term −β−1∇ · (n̂ ⊗ n̂) is a
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spurious drift term that arises since the products in η⊥ are interpreted in Itô sense. Itˆ
is easy to check that (52) has the right equilibrium density, i.e. if q(z(0)) = q, then

〈A〉q(x)=q = lim
T→∞

1
T

∫ T

0

∫∫
A(z(t))dt, (53)

offers a practical way to evaluate the conditional expectations in (42) and (43). (52)
can be solved using a time-splitting scheme such as

z� = zn − (∇V (zn))⊥Δt +
√√
2β−1 (ηn)⊥

zn+1 = z� + λ∇ · (n̂(zn)⊗ n̂(zn)).
(54)

Here Δt is the time-step, the ηn’s are independent identically distributed Gaussian
random variables with mean zero and variance Δt , and λ is a scalar quantity such
that

q(zn+1) = q(zn). (55)

A scheme based on (54) and (55) is very much in the spirit of the method SHAKE
introduced in [RCB77] (see also [WCH01]).

It is also interesting to note that the blue moon procedure can be generalized
to multi-dimensional reaction coordinates where one uses a set of function q1(x),
. . . , qm(x) instead of a single q(x). The associated free energy F (q1, . . . qm) is the
multidimensional analog of (40)

F (q1, . . . qm) = −β−1 logZ−1
∫
R

∫∫
n

eβV (x)δ(q1(x)−q1) · · · δ(qm(x)−qm)dx (56)

If the functions q1(x),. . . , qm(x) satisfy

∇qjq · ∇qk = 0 if j �=�� k, (57)

i.e. they form an orthogonal set of curvilinear coordinates, then the gradient of the
free energy in q1, . . . , qm can be expressed as

∂F

∂qjq
=

〈∇qjq · ∇V

|∇qjq |2 − β−1∇ ·
( ∇qjq

|∇qjq |2
)〉

q1(x)=q1,...,qm(x)=qm
. (58)

This average can be obtained via constrained simulations, e.g. similar to (52). Of
course, retrieving F (q1, . . . , qm) from its gradient (58) will be more complicated
than in the one-dimensional case. One possibility is to use methods such as NEB
or the zero-temperature string method that only requires (58) as its input to at least
determine saddle points and heteroclinic orbits on the free energy surface (that is, the
minimum free energy paths, MFEPs). Since the free energy surface will in general
be much smoother than the original potential, it will have much less critical points,
and MFEPs may be relevant even in situations where MEPs are not.
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9 Metadynamics

At the end of section 8 we suggested how to determine the MFEPs in a two-step
procedure that would combine the blue moon sampling technique with methods like
NEB or the zero temperature string method. Recently in [ILP03] (see also [LP02]),
Iannuzzi, Laio, and Parrinello proposed an alternative technique, termed metady-
namics, which permits to sample in a seamless way the free energy surface in a
set of prescribed reaction coordinates q1(x), . . . , qm(x). The idea is to extend the
phase-space so as to include the reaction coordinates as additional dynamical vari-
ables. [ILP03] works in the Hamiltonian context, but we will consider the case of
overdamped dynamics which is better suited for analysis.

Metadynamics amounts to considering the thermally perturbed gradient flow on
the extended energy

U (x, Q) = V (x) + 1
2μ|Q− q(x)|2, (59)

where μ > 0 is a parameter to be prescribed later, and Q = (Q1, . . . , Qm) are the
additional variables corresponding to the reaction coordinates. Associated with (59)
we take the following equations of motion:{

ẋ = −δ∇V (x) + δμ(Q− q(x))∇q(x) +
√
2β−1δ η,

Q̇ = −μ(Q− q(x)) +
√
2β−1 ηq ,

(60)

where ηq is a white-noise independent of η, and δ > 0 is another adjustable parame-
ter. We will consider the case when δ > 1 corresponding to situations where there is
more friction on Q(t) than on x(t) – i.e. Q(t) are slower variables than x(t).

For all δ > 0, the equilibrium density function for (60) is

ρμ(x, Q) = Z−1(μβ/2π)m/2e−βV (x)− 12μβ|Q−q(x)|2 , (61)

where Z is the normalization factor of e−βV (x) alone, Z =
∫
R

∫∫
n e−βV (x)dx. The

corresponding marginal density on Q is

ρ̄μ(Q) = Z−1(μβ/2π)m/2

∫
R

∫∫
n

e−βV (x)− 12μβ|Q−q(x)|2dx (62)

Viewed as a function of Q, (μβ/2π)m/2e−
1
2μβ|Q−q(x)|2 converges weakly towards

δ(Q− q(x)) as μ →∞. Therefore

ρ̄μ(q)→ ρ̄(q) as μ →∞, (63)

where ρ̄(q) is the multi-dimensional analog of the marginal density in the variables
q that we defined in (41). A similar argument shows that (62) is also the reduced
density for the extended Hamiltonian system{

Mẍ = −∇V (x) + μ(Q− q(x))∇q(x)
MqMM Q̈ = −μ(Q− q(x)),

(64)
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corresponding to the extended Lagrangian

L(x, Q) = 1
2 (ẋ, M˙ ẋ)− V (x) + 1

2(Q̇, MqMM Q̇)− 1
2μ|Q− q(x)|2. (65)

Here MqMM is the mass tensor associated with the new variable Q. [ILP03] works in the
Hamiltonian context and use (64), but we will stick to (60).

The idea in [ILP03] is to use (64) at large μ and large MQMM (with μ/MQMM small) to
compute the free energy associated with ρ̄(q). Here we show that this free energy can
also be computed from (60) at large μ and large δ with μ/δ small. When δ is large,
the variables Q(t) evolves much more slowly than x(t) and only feel the average
effect of the latter. The proper conditional probability density with which to average
the right hand-side of (60) is (compare (61))

ρμ(x|Q) = Z−1μZ (Q)e−βV (x)− 12μβ|Q−q(x)|2 , (66)

where

ZμZ (Q) =
∫
R

∫∫
n

e−βV (x)− 12μβ|Q−q(x)|2dx, (67)

is a normalization factor which guarantees that
∫
R

∫∫
n ρμ(x|Q)dx = 1 for all Q. Since

− Z−1μZ (Q)
∫
R

∫∫
n

μ(Q− q(x))e−βV (x)− 12μβ|Q−q(x)|2dx

= β−1Z−1μZ (Q)∇QZμZ (Q)

= β−1∇Q logZμZ (Q),

(68)

the limiting equations for Q(t) (60) as δ →∞ can be written as

Q̇ = −∇QFμFF +
√
2β−1 ηq , (69)

provided one defines
FμFF (Q) = −β−1∇Q logZμZ (Q). (70)

This is a mollified version of the free energy since (67) and (70) imply that

FμFF (Q)→ F (Q) (71)

as μ → ∞ and therefore the limiting equation for Q(t) as δ → ∞ and μ → ∞ (in
this order) is

Q̇ = −∇QF +
√
2β−1 ηq, (72)

Thus, by simulating (60) at large δ, μ, and monitoring the evolution of Q(t) one
can indeed sample the free energy landscape in the variables q(x). But there is still
one difficulty: (60) will display metastability if the original dynamics does, so this
equation may not be practical. To fix this problem, Iannuzzi, Laio, and Parrinello
suggest to use a technique introduced in [HTV94] and [WL01] and further modify
the dynamics by including in (60) (or rather (64) in the original paper) an additional
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non-Markovian term which discourages the trajectory from going back to regions
that it has already visited. For instance, one may modify (60) as⎧⎪⎧⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎨⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩⎪⎪

ẋ = −δ∇V (x) + δμ(Q− q(x))∇q(x) +
√
2β−1δ η,

Q̇ = −μ(Q− q(x)) +
√
2β−1 ηq

+A

∫ t

0

∫∫
(Q(t)−Q(t′))e−|Q(t)−Q(t′)|2/Δq2dt′

(73)

where A and Δq are adjustable parameters. Proceeding as before, it is easy to see
that the limiting equation for Q as δ →∞ and μ →∞ is

Q̇ = −∇QF +A

∫ t

0

∫∫
(Q(t)−Q(t′))e−|Q(t)−Q(t′)|2/Δq2dt′ +

√
2β−1 ηq , (74)

Therefore, the memory term added in (73) is a term that fills up the potential well
that the trajectory has already visited. In particular, if

U(q, t) = 1
2AΔq2

∫ t

0

∫∫
e−|q−Q(t′)|2Δq2dt′, (75)

then, as t → ∞, U(q, t)− U(q′, t) converges to an estimate of F (q′)− F (q) when
δ � μ � 1. The parameters A and Δq control the accuracy on the resolution of
the free energy: as they are decreased, the resolution improves, but the convergence
rate in time deteriorates. Given some accuracy requirement, estimating the optimal
choice of parameters δ, μ, A, and Δq in a metadynamics calculation is a nontrivial
question which we will leave aside.

10 Another type of metadynamics: the accelerated dynamics

The metadynamics calculation of section 9 gives the free energy of the set of reaction
coordinates q(x) = (q1(x), . . . , qm(x)) in the specific gauge fixed by this choice. We
wish now to propose an alternative type of metadynamics – the accelerated dynamics
– which shed some light on the issue of choice of gauge. Given a set of reaction
coordinates q(x), consider

ẋ = δP (−∇V (x) +
√
2β−1 η)

+ (1− P )(−∇V (x) +
√
2β−1 η) + (δ − 1)β−1∇ · P,

(76)

where

P = 1−
m∑

j=1

n̂j ⊗ n̂j , n̂j = ∇qjq /|∇qjq |. (77)

P is the projector into the surface where q(x) = cst (here for simplicity we assume
that (57) holds). When δ = 1, (76) reduces to the overdamped equation (4) (in time
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units where γ = 1). When δ > 1, (76) corresponds to a dynamics where one has
artificially accelerated the dynamics on q(x) = cst while keeping its original speed
in the direction perpendicular to these surfaces. The term (δ − 1)β−1∇ · P is again
a spurious drift term from the interpretation of the noise terms in (76) in Itô sense. Aˆ
set of equations analogous to (76) can be written in the Hamiltonian setting,{

ẋ = δP v + (1− P )v
Mv̇ = −δP∇V (x)− (1− P )∇V (x),

(78)

but we will again stick to (76) as it is better suited for analysis. The equilibrium
density function of both (76) and (78) is

ρ(x) = Z−1e−βV (x) (79)

for all values of δ > 0.
Let Q(t) = q(x(t)). It is easy to see that Q(t) satisfies

Q̇ = −∇V · ∇q + β−1Δq +
√√
2β−1(η · ∇)q. (80)

(80) is not closed. But if we now assume that δ � 1, the motion on the surface
q(x) = cst can be averaged out. It is shown in Appendix B that in the limit as
δ →∞ (80) reduces to the following closed equation for Q(t):

Q̇j = −aj(Q)
∂F

∂Qj

+ β−1
∂aj

∂Qj

+
√
2β−1aj(Q) ηjη , j = 1, . . . , m. (81)

Here

F (q) = −β−1 logZ−1
∫

R

∫∫
n

e−βV δ(q1 − q1(x)) . . . δ(qm − qm(x))dx, (82)

is the free energy in the variables q and

aj(q) = 〈|∇q|2〉q(x)=q (83)

where 〈·〉q(x)=q denotes expectation in q(x) = q with respect to e−βV properly
normalized. Since the forward operator associated with (81) is

Lqρ(q) =
m∑

j=1

∂

∂qjq

(
aj(q)

∂F

∂qjq
ρ+ β−1aj(q)

∂ρ

∂qjq

)
(84)

it is easy to see that e−βF is the equilibrium density for (81).
In general, (81) is not in the standard form (72) since aj �= 1�� . But in contrast

to what happens with (72), the dynamics associated with (81) is left invariant by a
gauge transformation. Consider the multidimensional analog of (44)

q̄jq (x) = fjff (qjq (x)), j = 1, . . . , m. (85)
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q̄(x) and q(x) have the same level sets, i.e. they define the same reaction coordinate.
And it is easy to see that the limiting equation similar to (81) one obtains for Q̄(t) =
q̄(x(t)) guarantees that

Q̄j(t) = fjff (Qj(t)). (86)

This is in fact obvious since (76) is gauge invariant. In addition if

aj(q) = 1, (87)

then (81) takes the standard form

Q̇j = − ∂F

∂Qj

+
√
2β−1 ηjη , j = 1, . . . , m. (88)

(87) can always be satisfied with suitable gauge transformation (85) on q(x) such
that √

aj(q) f ′jf (q) = 1, j = 1, . . . , m. (89)

These considerations suggest that given the appropriate set of reaction coordi-
nates q(x) = (q1(x), . . . , qm(x)) (but regardless of the choice of gauge), the limiting
accelerated dynamics in (81) may still capture some feature of the original, unaccel-
erated dynamics in (4). In section 11 we will show that this is indeed the case and
that the transition rates between metastable basins are independent of the value of
δ ≥ 1 – and in particular are captured by the limiting equation in (81) – provided
that the right reaction coordinates are used.

Finally, we note that (76) can in principle be used to compute the free energy
by using a flooding procedure similar to one used in [LP02, ILP03]. The idea is to
modify (76) as

ẋ = δP (−∇V (x) +
√
2β−1 η)

+ (1− P )(−∇V (x) +
√√
2β−1 η) + (δ − 1)β−1∇ · P

+A

m∑
j=1

∇qjq (x)
∫ t

0

∫∫
(qjq (x(t)) − qjq (x(t′)))e−|q(x(t))−q(x(t′))|2/Δq2dt′,

(90)

where A and Δq are adjustable parameters similar to the ones in (74). As δ → ∞,
(90) leads to the following limiting equation for Q(t)

Q̇j = −aj(Q)
∂F

∂Qj

+ β−1
∂aj

∂Qj

+
√
2β−1aj(Q) ηjη

+Aaj(Q)
∫ t

0

∫∫
(Qj(t)−Qj(t′))e−|Q(t)−Q(t′)|2/Δq2dt′,

(91)

or, in the gauge where aj(q) = 1,

Q̇j = − ∂F

∂Qj

+
√
2β−1 ηjη +A

∫ t

0

∫∫
(Qj(t)−Qj(t′))e−|Q(t)−Q(t′)|2Δq2dt′. (92)
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It follows that we can estimate the free energy by monitoring the evolution of

U(q, t) = 1
2AΔq2

∫ t

0

∫∫
e−|q−q(x(t′))|2/Δq2dt′, (93)

since U(q, t)− U(q′, t) converges as t → ∞, to an estimate of F (q′) − F (q) when
δ � 1.

11 Choosing the right reaction coordinates

The main limitation of the blue moon sampling technique discussed in section 8 or
the method based on metadynamics discussed in sections 9 and 10 is that the reaction
coordinate q(x) must be specified beforehand. Here we discuss how to get around
this problem and how to determine “optimal” reaction coordinates. We consider first
the overdamped dynamics in (4) and then we will indicate how to generalize the
concepts to other types of dynamics.

We start by giving a more precise definition of metastability. A system will be
metastable with respect to the dynamics in (4) if the eigenvalues of the backward
operator associated with this equation contain a spectral gap, i.e. λ1/λ2 � 1 where
λ1 is the smallest nonzero eigenvalue of L = −∇V ·∇+β−1Δ and λ2 is the second
smallest eigenvalue. Clearly, this definition encompasses the concept of separation of
time scales between the relaxation time within the sets B1 and B2, and the transition
time between these sets. In fact it is well known that λ1 is a good approximation of
the relaxation rate,

λ1 ≈ k12 + k21. (94)

The error in this expression is O(λ1/λ2). (94) combined with the relation N1/N2NN =
k21/k12 allows us to determine the rates.

It is also known [HMS02, SH02, BEGK03a, BEGK03b] that, if λ1/λ2 � 1, we
have

λ1 ≈ Z−1
N1 +N2NN

N1N2NN

∫
Ω

∫∫
|∇q|2e−βV dx (95)

where Ω = Rn/(B1 ∪B2) and q(x) is the solution of the backward equation

0 = −∇V · ∇q + β−1Δq (96)

in Ω with Dirichlet boundary conditions q|∂B1 = 0, q|∂B2 = 1. (95) holds because
the eigenfunction ϕ1(x) associated with λ1 =

∫
R

∫∫
n |∇ϕ1|2e−βV dx is approximately

constant over regions that contain B1 and B2 and can be approximated by q appro-
priately rescaled as in (95).

In addition to (95) the solution q of (96) has the following remarkable properties
which qualify it as an “optimal” reaction coordinate. First the level sets of q(x) are
the isoprobability surfaces for the transition between B1 and B2 because

q(x) = Prob{X(t, x) reaches B2 before B1}, (97)
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where X(t, x) denotes the solution of (4) with initial condition X(0, x) = x. Since
a reaction coordinate is supposed to describe the advancement of the transition be-
tween B1 and B2 at the coarse-grained level where all the information within the
level set q(x) = cst is averaged out, the function q(x) satisfying (97) is arguably as
good as it can get with any reaction coordinate.

Because they are isoprobability surfaces, the level sets of q(x) have also the prop-
erty that the probability density of the transition paths between B1 and B2 restricted
to the surface q(x) = q is precisely the equilibrium density e−βV (x) restricted to this
surface. Assume that the equilibrium density on each of these surfaces is localized,
and let T be a tube in configuration space such that the intersection of this tube with
each surface q(x) = q supports most of the probability on this surface, i.e. such that∫

T

∫∫
e−βV (x)δ(q(x)− q)dx ≈

∫
R

∫∫
n

e−βV (x)δ(q(x) − q)dx (98)

for each q. Then with probability close to one the transition paths between B1 and
B2 stay in T . In fact, both the level set of q(x) and the tube T should be used to
characterize the reaction coordinate of the transitions between B1 and B2. Note that
multiple tubes instead of a single one may have to be introduced when there are more
than one channel for the transition. The generalization to this case is straightforward.

Another nice property of the solution of (96) offers possible ways of generalizing
the concept to other type of dynamics, or to use more than one reaction coordinate.
As shown in Appendix C, the relaxation rate in (95) is precisely the one which one
obtains from the limiting accelerated equation in (81). But since the solution of (96)
is also the minimizer of

I1 =
∫

Ω

∫∫
|∇q|2e−βV dx, (99)

this indicates that, among all q(x), the solution of (96) is the one that minimizes
the transition rate of the accelerated dynamics (in which case it is in fact the transi-
tion rate of the original, un-accelerated dynamics to order O(λ1/λ2)). This property
should be generic and independent of the type of dynamics or the number of reaction
coordinates one chooses to describe the transition (though, in the present case, (95)
clearly indicates that a scalar-valued q(x) is enough). We believe it could be taken as
a starting point for determining adaptively optimal reaction coordinates for arbitrary
dynamics by generalizing the numerical procedure for identifying q(x) and T which
we discuss next.

12 Adaptive sampling techniques

We now turn the observations of section 11 into practical tools to determine the
“optimal” reaction coordinate and the transition tube. These can be viewed as a way
to do adaptive blue moon sampling.
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Besides being the minimizer of I1, q is also the maximizer of

I2II =
∫ 1

0

∫∫ (∫
q

∫∫
(x)=q

|∇q|e−βV dσ(x)
)−1

dq

=
∫ 1

0

∫∫ (∫
R

∫∫
n

|∇q|2e−βV δ(q(x)− q)dx
)−1

dq,

(100)

with supq I2II = (infq I1)−1. This is shown in Appendix C. (100) has the advantage
of being invariant under the gauge transformation in (44), q(x) → q̄(x) = f(q(x)).
Note also that in the gauge when 〈|∇q|2〉q(x)=q = 1 (i.e. when a = 1 and the
alternative metadynamics limiting equation is in the standard form (88)), (100) can
be written as

I2II =
∫ 1

0

∫∫
eβF (q)dq. (101)

To turn these observations into a computational procedure for determining the
optimal reaction coordinate, we can maximize the functional I2II over specific classes
of q(x). The simplest choice is to assume that the level sets of q(x) are locally planar
in the tube T specified by (98). It is convenient to specify these planes by a parame-
terized curve – i.e. a string – ϕ(α), with α ∈ [0, 1], such that (i) the plane labeled by
α, which we will denote by P̄ (α) contains the point x = ϕ(α), (ii) the unit normal
of P̄ (α) is n̂(α), and (iii) the point ϕ(α) is the mean position in the plane, i.e.

ϕ(α) = 〈x〉P̄ (α), (102)

where 〈·〉P̄ (α) denotes the expectation with respect to e−βV (x)δ(n̂ ·(x−ϕ)) properly
normalized. The localization approximation requires that

(n̂ · ϕα)2 �
〈
(n̂α · (x− ϕ))2

〉
P̄ (α)

(103)

(103) relates the width of the transition tube T to the local curvature of the string
and it is required since otherwise the probability on the planes would include regions
where these planes intersect, thereby invalidating the local planar assumption for the
level sets of q(x). When (103) is satisfied, it is shown in Appendix C that (100)
reduces to

I2II =
∫ 1

0

∫∫ (∫
¯

∫∫
P

∫∫
(α)

e−βV dσ(x)
)−1

n̂ · ϕαdα

=
∫ 1

0

∫∫ (∫
R

∫∫
n

e−βV δ(n̂ · (x − ϕ))dx
)−1

n̂ · ϕαdα,

(104)

subject to (102). Furthermore, the curve maximizing this functional satisfies

0 = 〈(n̂ · ∇V )(x− ϕ)〉P̄ (α) (105)

Comparing (105) with (22) we see that the plane along the string where 〈n̂ · V 〉P̄ =
0 coincides with the optimal TST plane. Furthermore, within the approximation
in (103), it is shown in Appendix C that (105) is equivalent to

ϕα/|ϕα| = n̂, (106)
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(106) indicates that the unit tangent t̂ = ϕα/|ϕα| along the string coincides with the
unit normal n̂ to the planes. It is remarkable that (106) and (102) are the same set of
conditions as (36) and (35). In other words, under the localization assumption, the
planes perpendicular to the string determined in a seamless way by the finite tem-
perature string method coincide with the level sets of the optimal reaction coordinate
determined by optimization of (100) within the class of q(x) with (locally) planar
level sets.

13 Concluding remarks

We have reviewed a variety of techniques for determining transition pathways and
rates in complex systems. We left aside many important techniques such as hy-
perdynamics [SV00, Vot97], stochastic difference equation [EGC02, ECGS03], or
clustering algorithms based on spectral analysis of the Perron-Frobenius operator
[FSDC02, SHD02]. Most of the techniques we discussed require prior knowledge of
the final states for the transition, but we have also included techniques such as meta-
dynamics which does not require such information. Some of these techniques such as
NEB and the zero-temperature string method are predicated on the notion of MEP,
and therefore are only useful when the transition proceeds through isolated saddle
points of the potential energy landscape. Others, such as TPS, blue moon sampling
and the finite-temperature string method, should in principle work even when the en-
ergy landscape is rather rough with a dense set of critical points, for which the notion
of MEP is no longer relevant. Some of the techniques such as blue moon sampling
and metadynamics require specifying the reaction coordinates beforehand. Others,
such as TPS, the finite-temperature string method and adaptive sampling techniques,
do not require knowing the reaction coordinates beforehand.

From a conceptual point of view, the classical TST is based on one dividing
surface. Consequently it is not able to give an accurate description of diffusive bar-
rier crossing. The Bennett-Chandler procedure introduces two more surfaces, ∂B1

and ∂B2 which are the boundaries of the metastable sets. This gives a well-defined
notion of transmission coefficient but the transmission coefficient may be hard to
evaluate in practice because of the difficulties mentioned in section 2. These difficul-
ties can in principle be overcome by introducing the optimal foliation between the
two metastable sets. We believe that practical techniques can be developed using this
framework, along the lines discussed in section 11.

We have seen that a fairly coherent theoretical framework can be developed for
the high friction limit. The main remaining theoretical difficulty is associated with
pure Hamiltonian dynamics. This is the case of most practical interest. We hope that
some of the notions reviewed here can at least serve as a starting point for developing
approximations for transition pathways and transition rates in that case.
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A Derivation of (18) and (21)

Suppose that the dividing surface ∂A is parameterized as 0 = q(x), i.e. it is the zero
level set of some function q(x). Then (17) can be written as

I0II =
∫
R

∫∫
n

|∇q|e−βV δ(q(x))dx. (107)

Denote by δq the variation in q, the first variation of the above functional with respect
to q(x) is

δI0II =
∫
R

∫∫
n

e−βV (x)n̂ · ∇δq δ(q(x))dx +
∫
R

∫∫
n

e−βV (x)|∇q|δq δ′(q(x))dx. (108)

where n̂ = ∇q/|∇q| is the unit normal of q(x) = 0. Since

δ′(q(x)) = |∇q|−1n̂ · ∇δ(q(x)), (109)

we obtain after integration by parts for the second integral in (108)

δI0II =
∫
R

∫∫
n

e−βV (x)n̂ · ∇δq δ(q(x))dx +
∫
R

∫∫
n

e−βV (x)δq n̂ · ∇δ(q(x))dx

=
∫
R

∫∫
n

e−βV (x)n̂ · ∇δq δ(q(x))dx

+
∫
R

∫∫
n

e−βV (x)
((

β∇V · n̂−∇ · n̂)
δq − n̂ · ∇δq

)
δ(q(x))dx

=
∫
R

∫∫
n

e−βV (x)
(
β∇V · n̂−∇ · n̂)

δq δ(q(x))dx.

(110)

Therefore, on q(x) = 0, the minimizer of I0II satisfies (18).
The derivation of (21) from (20) is similar. The first variation of this functional

with respect to n̂ and b gives

δI =
∫
R

∫∫
n

e−βV (δn̂⊥ · x− δb)δ′(n̂ · x− b)dx

=
∫
R

∫∫
n

e−βV (δn̂ · x⊥ − δb)n̂ · ∇δ(n̂ · x− b)dx

= β

∫
R

∫∫
n

n̂ · ∇V e−βV (δn̂ · x⊥ − δb)δ(n̂ · x− b)dx,

(111)
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where for any z ∈ Rn, z⊥ = z− (z · n̂)n̂ is the in-plane projection of z, and we used
the property that the admissible variations of n̂ need to preserve the normalization
|n̂| = 1, i.e. they need to be perpendicular to n̂. Collecting the terms proportional to
δn̂ and δb in (111) we arrive at (21).

B Derivation of (81)

It is a standard result [Pap76] that in the limit as δ → 0, (80) converges to

Q̇j = bj(Q) +
√
2β−1aj(Q) ηjη , j = 1, . . . , m. (112)

where aj(q) is given by (83) and

bj(q) = 〈−∇V · ∇qjq + β−1Δqjq 〉q(x)=q . (113)

Since∫
R

∫∫
n

(−∇V∇qjq + β−1Δqjq
)

e−V δ(q1 − q1(x)) · · · δ(qm − qm(x))dx

= β−1
∫
R

∫∫
n

∇ ·
(

e−βV∇qjq
)

δ(q1 − q1(x)) · · · δ(qm − qm(x))dx

= −β−1
∫
R

∫∫
n

e−βV∇qjq · ∇ (δ(q1 − q1(x)) · · · δ(qm − qm(x))) dx

= β−1
∂

∂qjq

∫
R

∫∫
n

e−βV |∇qjq |2δ(q1 − q1(x)) · · · δ(qm − qm(x))dx

(114)

where we used (57), one has

bj(q)e−βF = β−1
∂

∂qjq

(
aj(q)e−βF

)
, (115)

or, equivalently,

bj(q) = −aj(q)
∂FjFF

∂qjq
+ β−1

∂aj

∂qjq
. (116)

Inserting this equality in (112) gives (81).

C The calculations of section 11

To show that the relaxation rate in (95) is precisely the one obtained from the accel-
erated dynamics equation in (81), note that since∫

R

∫∫
n

|∇q|2e−βV δ(q − q(x))dx =
∫

q

∫∫
(x)=q

|∇q|e−βV dσ(x) = cst (117)
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for the solution of (96), it follows that the relaxation rate in (95) can also be expressed
as

λ1 = Z−1
N1 +N2NN

N1N2NN

∫ 1

0

∫∫ (∫
q

∫∫
(x)=q

|∇q|e−βV dσ(x)
)−1

dq

=
N1 +N2NN

N1N2NN

∫ 1

0

∫∫
a−1(q)eβF (q)dq

(118)

where a(q) is given by (83). (118) is precisely the asymptotic expression for the re-
laxation rate associated with (81) when B1 and B2 are metastable (see e.g. [Gar89]).

To show that the minimizer of I1 is a maximizer of I2II , we compute the first
variation of I2II with respect to q(x). Starting from the following expression equivalent
to (100)

I2II =
∫ 1

0

∫∫ (∫
R

∫∫
n

|∇q|2e−βV δ(q(x) − q))dx
)−1

dq, (119)

we obtain

δI2II = −2
∫ 1

0

∫∫
A−2(q)

∫
R

∫∫
n

∇δq · ∇qe−βV δ(q(x)− q))dxdq

−
∫ 1

0

∫∫
A−2(q)

∫
R

∫∫
n

|∇q|2e−βV δq δ′(q(x)− q))dxdq

(120)

where

A(q) =
∫
R

∫∫
n

|∇q|2e−βV δ(q(x)− q))dx =
∫

q

∫∫
(x)=q

|∇q|e−βV dσ(x). (121)

By integration by parts of the first integral in (120) we obtain

δI2II = 2
∫ 1

0

∫∫
A−2(q)

∫
R

∫∫
n

δq∇ ·
(

e−βV∇q
)

δ(q(x) − q))dxdq

+
∫ 1

0

∫∫
A−2(q)

∫
R

∫∫
n

|∇q|2e−βV δq δ′(q(x)− q))dxdq

(122)

This can also be written as

δI2II = 2
∫ 1

0

∫∫
A−2(q)

∫
R

∫∫
n

δq∇ ·
(

e−βV∇q
)

δ(q(x)− q))dxdq

−
∫ 1

0

∫∫
A−2(q)

∂

∂q

∫
R

∫∫
n

|∇q|2e−βV δq δ(q(x) − q))dxdq,

(123)

which after integration by parts in q of the second integral gives

δI2II = 2
∫ 1

0

∫∫
A−2(q)

∫
R

∫∫
n

δq∇ ·
(

e−βV∇q
)

δ(q(x)− q))dxdq

− 2
∫ 1

0

∫∫
A−3(q)

∂A

∂q

∫
R

∫∫
n

|∇q|2e−βV δq δ(q(x)− q))dxdq.

(124)
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Since
∂A

∂q
= −

∫
R

∫∫
n

|∇q|2e−βV δ′(q(x)− q))dx

= −
∫
R

∫∫
n

e−βV∇q · ∇δ(q(x)− q))dx

=
∫
R

∫∫
n

∇ ·
(

e−βV∇q
)

δ(q(x) − q))dx.

(125)

it follows that if
∇ ·

(
e−βV∇q

)
= e−βV |∇q|2H(q) (126)

for an arbitrary H , then

δI2II = 2
∫ 1

0

∫∫
A−2(q)H(q)

∫
R

∫∫
n

δq|∇q|2δ(q(x)− q))dxdq

− 2
∫ 1

0

∫∫
A−2(q)H(q)

∫
R

∫∫
n

|∇q|2e−βV δq δ(q(x)− q))dxdq

= 0.

(127)

Note that (126) with H(q) = −β−1f ′′(q)/f ′(q) is precisely the equation obtained
from (96) after the gauge transformation q → q̄ = f(q). By computing the second
order variation of I2II around the solution of (126), one can actually show that this
q(x) maximizes I2II .

Finally we derive (104), then (106) by maximizing (104). By assumption, q(x) =
q(ϕ(α)) provided that n̂ · (x− ϕ) = 0. It follows that

|∇q(x)| = g′(α) (n̂ · ϕα − n̂α · (x− ϕ))−1 , (128)

where g(α) = q(ϕ(α)). Because of (102) and (103), the term n̂α · (x−ϕ) is a small
correction to n̂ · ϕα and we will approximate (128) by

|∇q(x)| = g′(α) (n̂ · ϕα)
−1

, (129)

This is a localization approximation which is valid provided that the transition tube
T defined in (98) is not too wide. Using (129) and noting that dq = g′(α)dα if α
instead of q is used as integration variable, (100) can be written as

I2II =
∫ 1

0

∫∫ (∫
R

∫∫
n

e−βV g′(α)(n̂ · ϕα)−1δ(n̂ · (x− ϕ))dx
)−1

g′(α)dα,

=
∫ 1

0

∫∫ (∫
R

∫∫
n

e−βV δ(n̂ · (x− ϕ))dx
)−1

n̂ · ϕαdα,

(130)

(130) is identical to (104), and it can also be written as

I2II =
∫ 1

0

∫∫
eβF (α)n̂ · ϕαdα (131)
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where

F (α) = −β−1 log
∫
R

∫∫
n

e−βV δ(n̂ · (x− ϕ))dx (132)

We must maximizes (130) with respect to n̂ subject to the constraint (102). This
constraint is explicitly

0 =
∫
R

∫∫
n

(x− ϕ)e−βV (x)δ(n̂ · (x− ϕ))dx, (133)

and we enforce it by means of adding a Lagrange multiplier term in (130):

I2II =
∫ 1

0

∫∫ (∫
R

∫∫
n

e−βV δ(n̂ · (x− ϕ))dx
)−1

n̂ · ϕαdα

+
∫ 1

0

∫∫ ∫
R

∫∫
n

λ · (x− ϕ)e−βV (x)δ(n̂ · (x− ϕ))dxdα.

(134)

where λ = λ(α) is the Lagrange multiplier to be determined later. To obtain the
Euler-Lagrange equations associated with (134), we compute the first variation of
this functional with respect to n̂ and ϕ. Since |n̂| = 1, we can restrict ourselves
variations of the type n̂→ n̂+ δn̂⊥ in n̂, which gives



Metastability, conformation dynamics, and transition pathways 63

δn̂I2II =
∫ 1

0

∫∫
eβF δn̂⊥ · ϕαdα

−
∫ 1

0

∫∫
e2βF

(∫
R

∫∫
n

e−βV δn̂⊥ · (x− ϕ)δ′(n̂ · (x− ϕ))dx
)

n̂ · ϕαdα

+
∫ 1

0

∫∫ ∫
R

∫∫
n

λ · (x− ϕ)e−βV (x)δn̂⊥ · (x− ϕ)δ′(n̂ · (x− ϕ))dxdα

=
∫ 1

0

∫∫
eβF δn̂⊥ · ϕαdα

−
∫ 1

0

∫∫
e2βF

(∫
R

∫∫
n

e−βV δn̂⊥ · (x− ϕ)n̂ · ∇δ(n̂ · (x− ϕ))dx
)

n̂ · ϕαdα

+
∫ 1

0

∫∫ ∫
R

∫∫
n

λ · (x− ϕ)e−βV (x)δn̂⊥ · (x− ϕ)n̂ · ∇δ(n̂ · (x− ϕ))dxdα

=
∫ 1

0

∫∫
eβF δn̂⊥ · ϕαdα

− β

∫ 1

0

∫∫
e2βF

(∫
R

∫∫
n

e−βV (n̂ · ∇V )δn̂⊥ · (x− ϕ)δ(n̂ · (x− ϕ))dx
)

n̂ · ϕαdα

+ β

∫ 1

0

∫∫ ∫
R

∫∫
n

λ · (x− ϕ)e−βV (x)(n̂ · ∇V )δn̂⊥ · (x− ϕ)δ(n̂ · (x− ϕ))dxdα

=
∫ 1

0

∫∫
eβF δn̂⊥ · ϕαdα

− β

∫ 1

0

∫∫
eβF

〈
(n̂ · ∇V )δn̂⊥ · (x − ϕ)

〉
P̄ (α)

n̂ · ϕαdα

+ β

∫ 1

0

∫∫
e−βF

〈
λ · (x− ϕ)(n̂ · ∇V )δn̂⊥ · (x− ϕ)

〉
P̄ (α)

dα

(135)
where we used (132) and (133) repeatedly. It follows that the maximizer of (134)
satisfies

(ϕα)⊥ = β 〈(x− ϕ)(n̂ · ∇V )〉P̄ (α) n̂ · ϕα

− βe−2βF 〈(x− ϕ)λ · (x− ϕ)(n̂ · ∇V )〉P̄ (α) .
(136)

Similarly, by computing the variation of (134) with respect to ϕ and restricting our-
selves to variations of the type ϕ̂ → n̂ + δϕ̂⊥ (since we are looking to the new
position of ϕ(α) in P̄ (α) and therefore ϕ(α) needs to stay in this plane by defini-
tion) we obtain

δϕI2II =
∫ 1

0

∫∫
eβF n̂ · (δϕ⊥)αdα

−
∫ 1

0

∫∫ ∫
R

∫∫
n

λ(α) · δϕ⊥e−βV (x)δ(n̂ · (x− ϕ))dxdα

= −
∫ 1

0

∫∫
eβF n̂α · δϕ⊥dα−

∫ 1

0

∫∫
λ⊥ · δϕe−βF dα.

(137)
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Therefore the maximizer of (134) must also satisfy

0 = eβF n̂α + λ⊥e−βF (138)

Solving this equation in λ⊥ and inserting the result in (136), we arrive at

(ϕα)⊥ = β 〈(x− ϕ)(n̂ · ∇V )〉P̄ (α) n̂ · ϕα

+ β 〈(x − ϕ)n̂α · (x − ϕ)(n̂ · ∇V )〉P̄ (α) .
(139)

Combined with (102) this equation specifies n̂ and ϕ. Next we show that (139) is
strictly equivalent to (105). First notice that

〈(x− ϕ)(n̂ · ∇V )n̂α · (x− ϕ)〉P̄ (α) = 〈(x− ϕ)(ϕα · ∇V )〉P̄ (α) . (140)

Indeed

β〈(x − ϕ)(n̂ · ∇V )n̂α · (x− ϕ)〉P̄ (α)

= βe−βF

∫
R

∫∫
n

(x− ϕ)n̂α · (x − ϕ)(n̂ · ∇V )e−βV δ(n̂ · (x− ϕ))dx

= −e−βF

∫
R

∫∫
n

n̂ · ∇
(
(x− ϕ)n̂α · (x− ϕ)e−βV

)
δ(n̂ · (x − ϕ))dx

= e−βF

∫
R

∫∫
n

(x− ϕ)n̂α · (x− ϕ)e−βV δ′(n̂ · (x− ϕ))dx

(141)

where we used (133) to get the second equality. Since

n̂α · (x− ϕ)δ′(n̂ · (x− ϕ))

=
∂

∂α
δ(n̂ · (x− ϕ)) + n̂ · ϕαδ′(n̂ · (x − ϕ))

=
∂

∂α
δ(n̂ · (x− ϕ)) + ϕα · ∇δ(n̂ · (x − ϕ)),

(142)

one can continue as

β〈(x− ϕ)(n̂ · ∇V )n̂α · (x− ϕ)〉P̄ (α)

= e−βF

∫
R

∫∫
n

(x− ϕ)e−βV ∂

∂α
δ(n̂ · (x− ϕ))dx

+ e−βF

∫
R

∫∫
n

(x − ϕ)e−βV ϕα · ∇δ(n̂ · (x− ϕ))dx

= e−βF ∂

∂α

∫
R

∫∫
n

(x− ϕ)e−βV δ(n̂ · (x− ϕ))dx + ϕα

+ e−βF

∫
R

∫∫
n

(x − ϕ)e−βV ϕα · ∇δ(n̂ · (x− ϕ))dx

= βe−βF

∫
R

∫∫
n

(x− ϕ)(ϕα · ∇V )e−βV δ(n̂ · (x− ϕ))dx

= β 〈(x− ϕ)(ϕα · ∇V )〉P̄ (α)

(143)
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and arrive at (140). Second note that

(ϕα)⊥ = β〈((ϕα)⊥ · ∇V )(x− ϕ)〉. (144)

To see this we start from

J = e−βF

∫
R

∫∫
n

e−V (x− ϕ)(n̂ · ϕα)δ′(n̂ · (x− ϕ))dx (145)

and use either

(n̂ · ϕα)δ′(n̂ · (x− ϕ)) = (n̂ · ϕα)n̂ · ∇δ′(n̂ · (x− ϕ)) (146)

or
(n̂ · ϕα)δ′(n̂ · (x− ϕ)) = ϕα · ∇δ′(n̂ · (x− ϕ)) (147)

together with (146) gives

J = eβF

∫
R

∫∫
n

e−βV (x− ϕ)(n̂ · ϕα)n̂ · ∇δ(n̂ · (x − ϕ))

= −n̂(n̂ · ϕα) + β〈(x− ϕ)(n̂ · ∇V )〉P̄ (α)(n̂ · ϕα)
(148)

If we use (147) instead, we get

J = eβF

∫
R

∫∫
n

e−βV (x− ϕ)(n̂ · ϕα)n̂ · ∇δ(n̂ · (x − ϕ))

= ϕα + β〈(x− ϕ)(ϕα · ∇V )〉P̄ (α)

(149)

(148) and (149) gives (144). Inserting (140) and (144) in (139) we deduce that this
equation is indeed equivalent to (105).

Finally to derive (106), we recall that (130) is equivalent to the original object
function in (100) only within the localization assumption in (103) which allows us
to approximate (128) by (129). But (103) implies that

∂

∂α
δ(n̂ · (x− ϕ)) ≈ −n̂ · ϕαδ′(n̂ · (x − ϕ)), (150)

since the term n̂α · (x−ϕ)δ′(n̂ · (x−ϕ)) in (142) is a small correction. Using (150),
we have
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0 = β〈(n̂ · ∇V )(x− ϕ)〉P̄ (α)

= βe−βF

∫
R

∫∫
n

(n̂ · ∇V )e−βV (x− ϕ)δ(n̂ · (x− ϕ))dx

= n̂− e−βF

∫
R

∫∫
n

n̂ · ∇
(

e−βV (x− ϕ)
)

δ(n̂ · (x− ϕ))dx

= n̂+ e−βF

∫
R

∫∫
n

e−βV (x− ϕ)δ′(n̂ · (x− ϕ))dx

= n̂− e−βF (n̂ · ϕα)−1
∫
R

∫∫
n

e−βV (x− ϕ)
∂

∂α
δ(n̂ · (x− ϕ))dx

= n̂− e−βF (n̂ · ϕα)−1
∂

∂α

∫
R

∫∫
n

e−βV (x− ϕ)δ(n̂ · (x− ϕ))dx − (n̂ · ϕα)−1ϕα

= n̂− (n̂ · ϕα)−1ϕα.
(151)

This is (106).
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A general goal in multiscale modeling is to analyze macroscale (system-level) phe-
nomena using information on the system at the microscale. In this pedagogical note
we revisit the time-stepper approach to performing nonlinear dynamics analysis
through the use of a microscopic simulator, molecular dynamics in this case. Us-
ing simple illustrative examples we suggest that there are better ways of using a
molecular simulator than observing temporal evolution of the system in a hands-off
manner alone. Continuum numerical analysis algorithms can be transformed into
alternative computational protocols for microscopic solvers: macroscopic nonlinear
dynamics information, such as stationary solutions, stability boundaries or similar-
ity exponents, can be obtained through the design and execution of appropriately
initialized short bursts of direct microscopic simulation.

1 Introduction

In the computer-assisted study of nonlinear dynamical systems, direct temporal sim-
ulation is not the only available approach. A host of computational tools, such as
numerical bifurcation analysis, aimed at efficiently extracting quantitative informa-
tion have been developed. Such tools include Newton-Raphson and other fixed point
algorithms that accelerate the location of steady states, continuation of solution
branches in parameter space, eigensolvers that quantify stability, boundary value
solvers to accelerate the location of limit cycles, algorithms for codimension-one
or higher order bifurcation points to locate transitions, etc. When explicit evolution
equations (“macro”-level equations for the purpose of this note) are available, such
techniques (given a good initial guess) can be remarkably efficient compared to direct
temporal simulation. Over the last ten years a trend has arisen in continuum numeri-
cal analysis towards so-called time-stepper based methods, like the Recursive Projec-
tion Method (RPM) introduced by Shroff and Keller [SK93], see also [TB00]. These
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methods are aimed at enabling deterministic dynamic simulators to perform tasks be-
yond direct temporal simulation: bifurcation analysis, but also long-term prediction,
stability analysis, control and optimization. This is achieved through computational
protocols implemented through a software superstructure: what, in this discussion,
we will call “the wrapper”. The wrapper is then a way of combining continuum nu-
merical tools, such as bifurcation analysis techniques, as the outer component, with a
time integrator (time stepper), as the inner component. The functional relation of the
two components is indicated schematically in Fig. 1 for the case of coarse projective
integration and coarse bifurcation analysis [TQK00, GKT02].

Fig. 1 goes beyond the deterministic time-stepper case: it illustrates the use of
this wrapper-based computational enabling technology. System level coarse “outer”
algorithms (integration, RPM or GMRES-based fixed point location) are wrapped
around inner fine scale atomistic / stochastic timesteppers. It is interesting that the
same wrapper can be operated transparently in two modes, depending on whether
a deterministic coarse equation is available or not. For a given set of parameters
the time-stepper component is called along with a coarse initial condition, which
is evolved forward in time -with a deterministic coarse PDE solver- to produce a
coarse output (see Fig. 1b). The results are processed, and new trial initial conditions
are constructed and evolved; after this procedure is repeated a sufficient number of
times, bifurcation results are obtained. When a coarse equation is not available the
time-stepper protocol operates transparently, but with one additional feature - the
“lifting” of the coarse initial condition to one or more consistent microscale initial
conditions, and the “restriction” of evolved microscale information back to macro-
scopic observables.

The lifting step is shown on the left in both parts of Fig. 1. For each microscale
initial condition thus produced, the system is evolved forward using the microscopic
timestepper, and the evolved microscale conditions are “restricted” to give a coarse
output that is then returned to the integration or bifurcation code. Notice that the
first mode requires the availability of coarse PDE, whereas such equations are not
needed in the second mode: the coarse input-output map for the macroscopic observ-
able has been estimated through short computational experimentation with the micro
solver. The microscopic timestepper mode implicitly takes into account microscale
processes in the bifurcation analysis; it makes the analysis feasible even if the ap-
propriate coarse PDE for the system is not known. On the other hand, it remains
to be shown that good results can be obtained using the microscopic timestepper.
The distinction between coarse (PDE-based) and detailed (microscopic) timestep-
pers has been discussed in [TQK00, GKT02, RTK02, MMPK02] and reviewed in
[KGHKRT03].

We are interested in the use of molecular dynamics (MD) simulation, a well-
known method for following the dynamical evolution of a system of atoms and
molecules, as the inner, microscopic timestepper. Since molecular dynamics is not
designed to perform system-level analysis, running the MD simulation in the con-
ventional manner does not lead naturally to results on nonlinear dynamics behavior
on the coarse scale. In what follows we argue that a wrapper can be constructed
to enable bifurcation analysis to be performed with MD as the timestepper. We use
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(b)(b)
Fig. 1. Schematic of timestepper-based numerical computation: (a) coarse integration and
(b) RPM-based coarse bifurcation analysis. Macro-initial conditions are lifted to consistent
microscopic ones, evolved through the timestepper, and restricted back to the macroscale.
The wrapper is templated on continuum numerical analysis algorthms. It designs and executes
these short bursts of computational experimentation with the micro-solver, processes their
results, and uses them to estimate the quantities required in the macro-numerics.

MD results from existing simulations to illustrate the general utility of the timestep-
per/wrapper notions, pointing to what has been done (without such notions) to show
what more can be done with such notions. While the correspondence and language
may not yet be as precise as one would like, it appears that the new connections being
made between NLD and MD can be potentially useful.
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2 Linking Scales (Practical Determinism)

What is the precise meaning of the statement that “macroscopic equations close at
a certain level of description”? Colloquially this implies that one can be practically
predictive at that level: given the value of “a few” system observables at a moment
in time, one can predict the evolution of these observables at a later time without
additional information. If equations for the evolution of these observables are not
known, can we put practical determinism (i.e., the information that equations con-
ceptually exist) to good use in microscopic simulations ? Our answer is that the
timestepper-wrapper method does not require explicit formulas for the equations.
There are reasons to believe that a time-stepper approach, wrapped around a micro-
scopic simulator, can succeed in solving the equations without writing them down.

The challenge, put in a different way, lies in the linking of micro and macro
scales; one would like to make macroscopic predictions on the basis of “just enough”
input from the microscale. For our example we consider the prediction of the onset
of elastic instability in nanoindentation of a thin-film sample, which leads to the
homogeneous nucleation of a dislocation loop, a microcrack or a deformation twin
[LVZYS02, VLZYS03, ZLVOYS04]. At the macro scale, the strain induced in the
sample may be described in the finite-element method (FEM) by a mesh of grid
points (nodes). The FEM governing equations may not be closed because the con-
stitutive (stress-strain) relations capable of describing large-strain deformation at the
nodes are generally not known in closed form. On the other hand, MD is a method
of simulating the phenomenon at the micro scale without the use of equations de-
scribing the manifestation of the instability at the level of macroscopic observables.
The challenge is then in passing just enough microscopic information (obtained by
running the molecular simulator as parsimoniously as possible in space and time)
up to the macro scale, where the manifestation of this instability can be efficiently
pinpointed and practically analyzed. If we think of direct dynamic simulation as “na-
ture”, we are in a sense attempting to outsmart nature: obtain the information of in-
terest by doing as little microscopic simulation as possible; hopefully with much less
effort than direct simulation of the full system in space, time and parameter space.

Timestepping can thus form the basis of a robust procedure for scale-linking:
passing information between the micro- and macroscales. Scale linking is generic
to practically all fundamental studies of complex systems behavior. We mention in
passing that, while in some problems the relevant macroscopic observables are ob-
vious (e.g. concentration for chemical reactions, or stress and strain in our case), the
selection of the right observables (order parameters, phase field variables, reaction
coordinates) constitutes an important and difficult part of any procedure for linking
scales. This selection determines the level at which we can be practically determin-
istic.

Our example of linking scales in the modeling of nanoindentation of metal thin
film involves two distinctly different simulation methods, finite-element method
(FEM) and molecular dynamics (MD) [LVZYS02, VLZYS03, ZLVOYS04]. The in-
stability in question occurs when the indenter force reaches a critical threshold, or
equivalently, when the indenter penetration reaches a critical distance. The resulting
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Fig. 2. Nanoindentation displacement-load (h-P ) response showing initial elastic deformation
of the thin film up to a critical indentation distance where the load suddenly drops (signal-
ing the nucleation of a dislocation loop), prediction by FEM with Cauchy-Born hypothesis
(smooth curve) and direct MD simulation (wiggly curve). (See Plate 7 on Page 271)

phenomenon is a sudden transition from elastic to plastic response of the thin film.
To map the nanoindentation study onto the present discussion we regard FEM and
MD as the coarse and detailed timesteppers respectively. In FEM the strain at each
node is evolved subject to a constitutive relation that specifies the stress field. Since
this information is usually not known for strains large enough to induce elastic insta-
bility, one can say that determinism does exist but the constitutive relations required
to close at FEM level are not available. However, in this case it is possible to link
FEM with MD using an approach known as the Cauchy-Born hypothesis. In this
hypothesis one (a) converts the strain at a given node into a deformation tensor, (b)
deforms a perfect crystal according to this tensor, and (c) uses an appropriate inter-
atomic potential to calculate the stress response of the deformed infinite lattice. The
resulting stress is then returned to the given node as if it were given by a constitutive
relation. By applying this procedure to every node in the FEM calculation and doing
it on-the-fly at every step in the evolution one arrives at a prediction of the nanoin-
dentation response. Relative to Fig. 1 we see that the Cauchy-Born hypothesis, steps
(a) through (c), are, in effect, the “lifting”, “evolving” and “restriction”. In Fig. 2
we show a comparison of the predicted response as simulated by the modified FEM,
which we denote as interatomic potential FEM, with that obtained by direct MD sim-
ulation (detailed timestepper evolution) without projection to the coarse level. This
example of linking atomistic (MD) and mesoscale (FEM) illustrates how prediction
at the coarse scale can be achieved using the notion of a wrapper. Our use of the
Cauchy-Born hypothesis is a special case of a general formulation linking atomistic
simulation and FEM, known as the Quasicontinuum Method [TOP96, MT02]. While
in this case we evaluate the atomic-level stress immediately upon lifting, in general
one may want to evolve the detailed timestepper for a short time, so that errors intro-
duced by the lifting process can “heal” [GKT02].
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3 Initializing at Will

In the spirit of linking scales, we now take up the question of how to find the
inflection-point and saddle-point configurations of a dynamical system. The premise
here is that a saddle point is best located through fixed point schemes (like Newton-
Raphson) that exploit macroscopic smoothness through the use of derivatives. In-
terestingly, under appropriate assumptions on separation between fast attracting and
slow repelling time scales, saddles can be located by performing integration of an ex-
plicitly available equation backward in time. This opens up the intriguing possibility
(used in MD studies of alanine dipeptide folding [HK03]) of integrating an equation
backward in time to find an unstable solution [GK04]. This can be effected by ini-
tializing consistently with a macroscopic observables, evolve microscopically for a
short time interval, estimate the time derivative of the macroscopic observables, and
use it to project the state of the system for a longer interval backward in time. The
overall procedure consists of short forward runs, postprocessing of their results, and
reinitializations of the system at “effectively earlier in time” values of the macro-
scopic trajectory. Such a backward integration procedure has been used to escape
free-energy minima and explore free energy surfaces; we believe it has potential in
detecting transition states and exploring nucleation phenomena.

Our example for illustrating the advantages of “detailed” system initialization is
the determination of the stress required to move an existing, isolated dislocation in
a crystal, the so-called Peierls stress in the problem of dislocation dynamics. Since
simulations generally can be initialized at will, we take advantage of this flexibility to
prepare the crystal model containing a dislocation such that its subsequent behavior
provides physical insight. The basic notion of preconditioning the system is not new,
yet there are not many simulations that exercise this degree of control in the manner
described below. Our simulation consists of setting up two runs, each involving a
single dislocation in a lattice with a different sample microstructure environments
(denoted as A and B). We subject both systems to incremental values of pure shear
to determine the threshold shear stress at which the dislocation will start to move.
Given that the two sample environments are quite distinct, it is no surprise that the
threshold strain values are different for the two cases. In each run we also calculate
the virtual energy release ΔE of the defect by taking a small, localized region around
the defect (with dimension about 1 nm) in a manner similar to the J-integral but
using atomic sums, and evaluating the energy change within this region plus the
border contributions that represent the virtual work done by the environment [Li00].
Fig. 3 shows a plot of the computed local virtual energy releases ΔE with applied
shear stress. It is interesting that for the two cases the critical ΔE’s for A and B turn
out to have the same value. This signifies that even though the sample environments
A and B are different, their influences on the local environment of the dislocation is
accurately portrayed through the evaluation of ΔE. ¿From the critical value of the
virtual energy release, one backs out a value for the Peierls stress, in agreement with
results obtained by an entirely different method [Li00, CBCLY01, CBCLY03].

This example illustrates the notion that initializing a microscopic simulation at
special initial states (which is effectively impossible experimentally, but eminently
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Fig. 3. Variation of virtual energy release ΔE with applied shear stress for a screw dislocation
in silicon in two different microstructure environments (A and B), one in the form of a dislo-
cation dipole, two dislocation cores as shown in (a), and the other in the form of a dislocation
core with a notch nearby, as shown in (b). The left dislocation core is seen to to move at the
same value of ΔE but different values of the applied shear stress. This signifies ΔE is not
affected by the samepl microstructure environment and therefore it can be converted to a value
for the Peierls stress that is an intrinsic material property. (See Plate 8 on Page 272)

doable computationally), evolving for short times and postprocessing the results,
can be instrumental in extracting intrinsic properties of the system. By virtue of its
invariance to the sample microstructure environment, the procedure demonstrates
that the resulting critical energy release ΔE is indeed an intrinsic property of the
material. This conclusion could not be reached in a convincing fashion by simply
running the simulation of a dislocation dipole in a crystal lattice and determining
the apparent critical (supercell-averaged Virial) shear stress at which the dislocation
begins to move, due to image dislocation interactions [CBCLY01, CBCLY03]. Our
computation of the Peierls stress did not require any knowledge of the coarse theory,
i.e. equations of anisotropic elasticity; but it gave the correct coarse result based
entirely on numerical evaluations of atomic sums, with a ring size as small as 1 nm.
Knowing a functional of the local dislocation environment that correlates with the
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onset of dislocation motion could form the basis for the systematic exploration of
this onset [HSK04].

4 Dynamic rescaling and the formation of singularities.

A third issue we will examine is the question of determining self-similarity and scal-
ing exponents from the system behavior at the onset of explosive instabilities. We
believe that it is reasonable to look for rescaling space, time and observables in a
way that will transform an apparently violently exploding instability scenario into
a smooth stationary one. For our example we have in mind the visualization of
a wave instability physically corresponding to the localization of lattice strain, as
manifested in the simulation of the homogeneous nucleation of a dislocation loop or
deformation twin embryo. We argue that coarse timestepping and successive rescal-
ing (dynamic coarse renormalization) can transform the increasingly steepening of
the wave front (which apparently explodes in finite time) to a time-invariant profile
[ABK04, SKK03, RM00, RKML03, CBGK03].

Just as in the first example, where the system undergoes an elastic to plastic re-
sponse transition in the form of dislocation nucleation under indentation, we may
also ask for details of the transition from affine shear deformation to the nucleation
of a deformation twin, say in the {1̄1̄2}〈111〉 shear system of BCC Mo [Chang03].
In contrast to dislocation nucleation which involves the relative shear of two adja-
cent planes, twinning is a competing process which involves relative shear among
three or more adjacent planes. Recent MD simulations have shown that twinning
can be homogeneously nucleated by shearing a single crystal [Chang03]. By treat-
ing the relative shear between two adjacent planes as a reaction coordinate one can
formulate a one-dimensional model (a chain of these coordinates) to visualize the
onset of twinning as a dynamical process of strain localization. Fig. 4 shows MD re-
sults on dislocation loop / deformation twin nucleation through the profile evolution
of a small sinusoidal wave superimposed along the reaction coordinates. What one
sees is a four-stage scenario: linear wave, nonlinear wave which begins to steepen,
strongly singular behavior just prior to shock wave formation, and emergence of a
localized shear. We believe that dynamic renormalization can be applied to these
results to show that what appears to be rapidly varying transient behavior, under
suitable transformation, is actually a stationary front. Here we seek a fixed point
of the composition of the coarse timestepper with dynamic rescaling of the results
of coarse timestepping [CBGK03]. The sequence involves lifting from macroscopic
observables (deformation field) to consistent molecular configurations, short molec-
ular dynamics evolution, restriction to macroscopic observables, and then rescaling
of space and the macroscopic observable fields; the latter is performed based on an
established, time-stepper based methodology using template functions [RKML03].
Upon convergence, the self-similar shape as well as the exponents of the macroscop-
ically apparent explosion can be estimated for both types of self-similar solutions
[Barenblatt96].
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Fig. 4. Visualizing shear strain localization in a crystal under uniform shear deformation.
The simulation cell with periodic boundary conditions is shown first undeformed, and then at
deformation just before the instability (a), along with an initial sinusoidal shear wave pertur-
bation injected into the system. At the onset of strain localization the perturbation wave profile
undergoes four stages of temporal evolution (at a fixed overall strain on the system) that can
be classified as linear growth (b), non-linear growth (c), shear-shock formation (d) and for-
mation of an atomic defect, the embryonic dislocation loop / deformation twin (e). After the
nucleation, the system strain, previously uniformly distributed, is essentially entirely localized
at the glide plane(s) of the dislocation loop / deformation twin.
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We have argued here that timestepper-based methods provide a systematic bridge
between molecular dynamics timesteppers and traditional continuum numerical anal-
ysis. Also that, in the presence of coarse determinism at the level of well-chosen
observables, mathematical techniques can be translated into protocols for the judi-
cious design of microscopic computational experiments toward system-level analysis
goals. Lifting and restriction protocols between macroscopic observables and micro-
scopic initial conditions provide the dictionary that enables the performance of tasks
like coarse fixed point and bifurcation computation, coarse integration, optimization
and control, as well as coarse dynamic renormalization. This closure-on-demand ap-
proach circumvents the derivation of macroscopic closures; by exploiting the exis-
tence of practical determinism, it allows us to solve system-level problems with the
least possible extent of microscopic simulation. “On the fly” transfer of information
across scales, which relies on variance reduction, filtering and estimation, enables
the performance of tasks like reverse integration or the location of transition states,
that would be essentially impossible through direct temporal simulation.
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Summary. The characterization of a process in physics or chemistry through a set of collec-
tive variables (distances between atoms, orientational order parameters, dihedral angles) can
be of great help in understanding the reaction mechanism. In particolar, a key role is played
by the free energy surface as a function of these collective variables (“coarse” free energy),
and the development of efficient methods of exploration of this surface in order to find minima
and saddle points is an important issue. To this end, for example, the ideas of metadynamics
were recently proposed [LP02, ILP03]. In this paper we propose a method for exploring the
coarse free energy surface limiting the necessary calculations as much as possible, without
explicitely resorting to a coarse non-Markovian metadynamics, and using the ideas of con-
tinuum numerical methods. We choose as a test case the free energy surface of the 38 atoms
Lennard-Jones cluster, which presents an interesting double-funnel structure.

1 Introduction

In a recent paper, Hummer and Kevrekidis [HK03] described a “coarse molecular
dynamics” scheme based on a small set of observation variables. The dynamics
of these coarse observation variables are explored through short bursts of appro-
priately initialized multiple replica simulations over short times. The result of these
simulations allows one to estimate the so-called coarse timestepper (alternatively,
estimate the time derivative of closed dynamic equations for the expected evolu-
tion of the coarse variables). A meaningful coarse timestepper provides a bridge
between fine scale, atomistic simulation (here MD simulation) and traditional con-
tinuum numerical analysis. Algorithms like coarse projective integration forward
and backward in time, coarse fixed point solvers and eigensolvers based on matrix-
free linear algebra, as well as gaptooth and patch-dynamics ideas for spatially dis-
tributed systems can be wrapped around the MD simulator and used to efficiently
explore macroscopic, expected dynamics through “on demand” MD computation
[TQK00, GKT02, MMK02, GK03a, SGK03, LKG03, GLK03, GHK02].

In this approach the fine-scale, MD code can be thought of as a (computational)
experiment. Since this experiment can be initialized and run at will, it can be used
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to estimate the quantities that closed macroscopic equations would give by simple
evaluation. Traditional numerical algorithms can be thought as protocols for where
to evaluate a model formula, and how to process the results of these evaluations
towards an ultimate user-specified goal. In this sense, our coarse grained approach
can be thought of as a protocol for designing (computational) experiments with the
MD code, and processing their results towards the same goal. The goal in this case
is the efficient computational exploration of free-energy surfaces.

There are two important assumptions underlying this computer-assisted analysis
approach; the first is that a low-dimensional attracting “slow manifold” does indeed
underlie the evolution of expected system dynamics. The second is that the vari-
ables chosen are meaningful in parametrizing this manifold (i.e. the manifold does
not “fold over” them). The first assumption (low-dimensionality of the expected dy-
namics, at some level of observation) is related to the very premise that modeling a
system is useful: if this is not the case, one cannot be practically predictive about the
system in question. The second assumption -i.e., the identification of good reaction
coordinates- is a much more difficult one. There exist problems (like chemical ki-
netics, or laminar fluid flow) where long experience asserts the observation variables
that one can write macroscopic equations for: concentrations for kinetics, density
and momentum fields for fluid flow, in general a few low order moments of micro-
scopically evolving distributions. In the problems we are trying to explore, it is much
more difficult to identify good such variables from scratch in a new problem. This
can happen, for example, in condensed systems or clusters, as well as in problems
with solute-solvent interactions. Several ingenious approaches, from Voter’s acceler-
ated dynamics [MV02] to the dimer method of Henkelman and Jonsson [HJ99] and
from the nudged elastic band [HJ00] to its modification by E et al. [E02] are being
developed to tackle these difficult issues.

When the two basic assumptions are not met, i.e. when (to use the language
of [HK03]) microscopically evolving distributions in phase space do not become
quickly effectively low-dimensional, and parametrizable by our chosen observation
variables, our computer-assisted procedure will fail. It is possible to handle such dif-
ficult problems only partially; one might restrict the goals of the research, giving up
the true dynamics of the system and focusing instead on the efficient computational
exploration of certain features of the coarse free energy surface, such as finding sta-
tionary points and transition states.

Within this more modest context, one may try to fit a system into the previous
scheme by introducing some collective variables and “forcing” an adiabatic separa-
tion from the atomistic variables. Under certain conditions, these collective variables
will explore the same effective free energy surface as in the original problem. This
can be achieved following a similar scheme to that proposed in [ILP03] by Iannuzzi
et al.. In their paper, the ideas of the metadynamics proposed in [LP02] (and, in turn,
inspired by [TQK00, GKT02]) are applied to the Car-Parrinello molecular dynamics
(MD) scheme. The resulting dynamics are not a “true” dynamics, but explore the
same coarse free energy surface in an efficient way, with a suitable choice for the
parameters (see below). In that paper it was shown how a reaction process, over-
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coming the accessible timescales of traditional MD, can be greatly accelerated, thus
efficiently exploring the reaction pathways on the coarse free energy surface.

The possibility we investigate here is to apply a similar approach, hopefully with-
out the need of a coarse non-Markovian metadynamics repeatedly revisiting regions
during exploration of the entire coarse phase space. We focus instead on limiting
the necessary calculations as much as possible, exploiting coarse projective integra-
tion and coarse fixed point algorithms, and, more generally, continuum numerical
methods.

The test problem we propose is the investigation of the free energy surface of
the 38 atom Lennard-Jones cluster. This model problem has been chosen by sev-
eral authors for testing optimization algorithms or novel MD and Monte Carlo (MC)
methods because of its highly non-trivial potential energy surface. It is well estab-
lished that the system is characterized by a double-funnel free energy landscape,
and is thus representative of an important class of complex systems in physics and
biochemistry. One funnel ends in the global minimum, a face-centered-cubic (fcc)
truncated octahedron, whereas at the bottom of the other funnel is the second lowest
energy minimum which is an incomplete Mackay icosahedron (figure 1).

Fig. 1. The two lowest energy minima for the 38-atom Lennard-Jones cluster: a face centered
cubic minimum (left) and a Mackay icosahedron (right). (See Plate 9 on Page 273)

Doye, Miller and Wales [DMW99] characterize the energy landscape first by
building a disconnectivity graph for the lowest energy minima; then they compute the
free energy as a function of a bond-order parameter. A combined application of these
two tools allows them to explain why the icosahedral funnel is more accessible when
relaxing down the energy landscape: in particular, there is a similarity between the
liquidlike state and the icosahedral structure, and a high free energy barrier between
the fcc and the icosahedral funnel, trapping the system in one of the funnels at low
temperature.

In our work, instead of using a single order parameter for parametrizing the free
energy, we decided to use two distinct order parameters simultaneously (the fourfold
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and the sixfold orientational order parameters) as collective variables, with the aim
of better distinguishing different states of the system on this two-dimensional free
energy surface. In this short report, we will briefly describe the techniques used in
our method; quantitative results will appear in a following paper [PK04].

2 Physical Problem/ Governing Equations

Our multiscale method involves a microscopic, direct simulation level and a coarse,
observation level. The former obeys equations of motion derived from an extended
Lagrangian, described below. The latter will be explored through projective integra-
tion techniques, and will be described in the following section.

2.1 Extended Lagrangian

We consider a classical system of N particles (3×N degrees of freedom) interacting
through a potential V (r1, . . . , rN ). Suppose that this system has at least two stable
basins (the “reactants” basin and the “products” basin). Moreover, a set of collective
variables Sα(r) which are able to discriminate between reactants and products is
selected. These collective variables can be distances between atoms, dihedral angles,
coordination numbers, mode coupling variables, or any other function of the atomic
coordinates ri. To be “meaningful”, as we discussed above, they should include the
relevant modes responsible for the transition from one basin to another; such modes
are in principle not easily discernible in traditional MD simulations.

One of the main ideas proposed in [ILP03] is to treat the Sα as dynamical vari-
ables (called sα) and to couple the latter with their instantaneous realization Sα(r)
(much in the spirit of the Parrinello-Rahman [PR81] MD scheme). The Lagrangian
is then:

L =
1
2

N∑
i=1

mi |ṙi|2 + 12
∑
α

MαMM ṡ2α − V (r)− 1
2

∑
α

Kα (Sα(r)− sα)
2 . (1)

In this Lagrangian mi are the particle masses, Kα is an elastic constant used to
keep the instantaneous value of Sα(r) close to the dynamical variable sα, and MαMM is
the (fictitious) mass of the variable sα. In our version of the method we will not add
a history-dependent term as in [LP02] and [ILP03]. We will rather use constrained
or restrained dynamics for prescribing particular values of the dynamical variables.
After that, we will create independent copies of the system compatible with this
prescription, and we will let them evolve freely according to (1) over short times.
We will thus be able to estimate the “coarse timestepper” of these dynamics, or,
alternatively, the time derivatives of the coarse variable evolution. These derivatives
can serve as input for projective integration / fixed point schemes aimed at finding
stationary points on the coarse free energy surface.
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It must be noted that the sα will evolve according to the forces Φα = Kα(Sα(r)−
sα). In the limit of adiabatic separation between these variables and the atomic de-
grees of freedom (i.e., in the limit of very large MαMM ), sα is approximately fixed while
Φα is dynamically averaged over the atomic degrees of freedom. As pointed out in
[ILP03], sα will in this case evolve with the force < Φα >, that is, the derivative of
the free energy with respect to sα as in standard umbrella sampling or constrained
MD.

2.2 Lennard-Jones case

In this work we will focus on a Lennard-Jones cluster, whose atoms interact through
the distance-dependent potential

VLJVV (r) = 4ε
((σ

r

)12

−
(σ

r

)6
)

. (2)

In this potential (mimicking the hard core repulsion and the induced dipole-induced
dipole attraction), which is suitable for noble gas systems like Argon, ε is the depth
of the well and σ is the hard sphere diameter. The lowest lying energy state of a
cluster of 38 atoms has a fcc-like structure, whereas the second lowest minimum has
the structure of a Mackay icosahedron.

2.3 Order parameters

Bond-order parameters, which were initially introduced by Steinhardt et al. [SNR85],
have been used to characterize the free energy barrier for the nucleation of a crystal
from a melt because they can differentiate between the fcc crystal and the liquid.

The definition of the order parameter Ql is:

Ql =

(
4π
2l + 1

l∑
m=−l

∣∣∣∣Q̄lm

∣∣∣∣2)1/2

, (3)

where

Q̄lm =
1∑

i′j′ f(ri′j′ , r0)

∑
ij

f(rij , r0)YlmYY (θij , φij), (4)

where the sum is over all the atoms, f(r, r0) is a smooth Fermi-like function which is
(almost) zero for r > r0, used to select the nearest neighbors (we used r0 = 1.391σ);
YlmYY (θ, φ) is a spherical harmonic and θij and φij are the polar and azimuthal angles
of an interatomic vector with respect to an arbitrary coordinate frame. We must stress
that Ql is independent of the coordinate frame chosen.

Doye et al. [DMW99] show that the Q4 values of the two lowest energy minima
are well-separated. In particular the minimum energy path for the transition from fcc
to icosahedral goes from Q4 = 0.19 for the fcc to Q4 about zero for the icosahedral
minimum (see fig. 4 in [DMW99]). Consequently, they used this order parameter for
calculating the (very high) free energy barrier between these two classes of minima.
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Nevertheless, Q4 is not able to distinguish between liquidlike states and icosahe-
dral states, since the local fourfold order of these configurations is very similar. On
the other hand, the probability distribution of the sixfold order parameter Q6 has two
separate maxima (at temperatures around and below the melting temperature for this
cluster) corresponding to liquidlike and icosahedral states. This bimodal distribution
corresponds to two distinct minima in the free energy, separated by a small barrier.
There are therefore three stable basins, a liquidlike state, an icosahedral state, and a
narrow fcc state, difficult to reach upon cooling.

As a test case for our method we choose to use both Q4 and Q6 as collective
variables sα; we will attempt (in [PK04]) to locate the different features of this inter-
esting system through a systematic, numerically motivated exploration of the relevant
zones of a two-dimensional coarse free energy surface.

2.4 Technical details

In the following we will briefly list a set of technical issues that had to be resolved
for this particular system, and the solutions we propose.

Prescribing the values ofQ4 andQ6

A simple way was to restrain the value of Ql to a certain value Q̄l using a harmonic
potential similar to that introduced in (1). Since Ql is very sensitive to atomic vi-
bration, it is very difficult to restrain it in this way: whatever the value of the spring
constant, the actual value of the parameter oscillates at about ten percent around
its expected value. To avoid this, we implemented a SHAKE-like constrained MD
(see [K99] and references therein), thus obtaining more precise values of the desired
parameter.

Avoiding rotations

Since non-physical forces are applied to the system when evolving it according to the
Lagrangian (1), or when restraining the order parameter to a given value, spurious
rotations can be induced in the clusters. This can result into an undesirable distribu-
tion of the kinetic energy during the MD simulation. An efficient way to avoid this
behavior is to impose the nonholonomic constraint of null angular momentum on the
system. To satisfy this constraint along with the other constraints simultaneously im-
posed on the system within the desired precision, a Lagrange-multiplier scheme first
proposed by Kutteh [K99] was implemented. Using this method we could constrain
simultaneously:

• the kinetic energy (for a simple temperature tuning - isokinetic ensemble)
• the angular momentum to avoid rigid rotations
• the linear momentum to avoid rigid translations
• Q6 and Q4.

This approach to removing spurious rotations appears promising and will be dis-
cussed in detail in a forthcoming paper [P03].



Coarse free energy surfaces 87

Choosing the parameters in the Lagrangian

The criterion here was the transformation of the Ql into “slow variables” in order to
fulfill the assumption of adiabatic separation. The choice of the Kα and MαMM in eq. (1)
has to satisfy two criteria: the first is that typical time scales of the coarse variables
have to be well separated from the ones of the atomic motion. This criterion is met
if

√
MαMM /Kα is much larger than the typical microscopic period of oscillation of the

atomic degrees of freedom. The second criterion is that the reduced probability dis-
tribution sampled by the coarse variables sα corresponds to the correct free energy.
It can be shown rigorously ([L03]) that this is the case for sufficiently large values of
Kα.

For our case, a reasonable choice of the parameters is (for all α) Kα = 3× 104
and MαMM = 2 × 105. We stress that the limit of large MαMM is very important, since it
corresponds to a case where the sα remains nearly constant while the fast degrees of
freedom oscillate, and the average force on the sα converges to the derivative of the
effective free energy with respect to sα. Moreover, we expect the dynamics of the sα

to follow a Newtonian behavior, and this must be taken into account when extracting
information about the free energy from the unconstrained replica dynamics.

3 Multiscale/Multiresolution Method

The multiscale method we propose to accelerate the exploration of the effective free
energy surface is the coarse projective integration. In particular, we will explore
whether reverse projective integration may accelerate the location of saddle-type,
transition states. As was illustrated in [HK03] and later proved in the determinis-
tic case in [GK03b], short forward MD simulation results can be used to estimate
the time derivative on the slow manifold, and this in turn can be used to take back-
ward projective steps on the free energy surface. This repeated “forward integration,
estimation, backward projection” approach will converge on unstable, source-type
states on the free energy surface; given appropriate conditions on the stable and un-
stable eigenvalues of transition states, it is actually possible that such an integration
will converge to certain types of saddle-type states backward in coarse time. The
approach can be initialized close to a minimum on the free energy surface, and -
in general- algorithms for the computation of stable manifolds in dynamical systems
can be exploited in the exploration of free energy surfaces (see the relevant discussion
and references in [HK03]). Here we start by describing the procedure for estimating
the inputs to the coarse projective integration algorithm.

4 Results

As an initial test for our method (particularly for testing the constraints) we prepared
the system using constrained MD on a grid of points spanning a set of values of Q6

and Q4. This grid is shown in figure 2. The temperature chosen was T = 0.122 in
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Lennard Jones units, or T = 15K for Argon. Every point on the grid corresponds
to a constrained molecular dynamics simulation given a pair of values for (Q4, Q6).
Rotations were avoided through our nonholonomic constraint algorithm.

The next step was to choose selected points on the grid, pick N uncorrelated
configurations from the constrained trajectory (with N from 20 to 50), and use these
configurations as starting points for unconstrained dynamics evolving according to
the Lagrangian (1). In Fig. 3 we show the behavior of one of these replicas starting
from (Q0

4, Q0
6) = (0.12, 0.35). We observe the slow evolution of the coarse variables,

and the oscillation of their microscopic realizations. With our choice of parameters,
we observed that this oscillation thermalizes exponentially quickly towards the im-
posed temperature for the atomic degrees of freedom, whereas the coarse variables
(meant as dynamical variables - the sα) will retain a different temperature externally
tunable at will. We can now use the replicas to search for minima on the free energy
surface. Starting from (Q0

4, Q0
6) = (0.15, 0.35)we plot (see Fig. 4) the average of the

quantity Q4(Q0
4, Q0

6, t) and Q6(Q0
4, Q0

6, t). We do the same starting from a neighbor-
ing point on the grid at (Q0

4, Q0
6) = (0.1, 0.35). We observe that < Q6 > (t) is close

to a stationary value, whereas the time derivative of < Q4 > (t) is negative. We plan
to use this information in a way analogous to [HK03] for accelerating the location of
(stable and unstable) stationary states on the free energy surface.

The information from the time evolution of the replicas can be used for estimating
quantities leading to quantification of the free energy surface, and to provide inputs
to projective integration / fixed point algorithms. In [HK03] a first order effective
Langevin equation for the behavior of the average of the collective coordinate was
postulated; we intend to also explore in [PK04] whether (even given the adiabatic
separation of the collective variables here) a second order effective description may
be necessary. This will affect the reinitialization of replica simulations after a coarse
integration or coarse Newton-Raphson step. The relatively short, unconstrained run
of the replica simulation after the constrained preparation step is important in the
equation-free context. We expect the unconstrained dynamics to quickly slave the
expected behavior of fast degrees of freedom to the slow ones (in other words, allow
the system to approach the slow manifold) thus allowing us to estimate the time
derivative of the unavailable closed dynamic equation for the slow evolution.

5 Summary and Conclusions

In this short report we have presented some preliminary considerations for modi-
fying coarse molecular dynamics, holding some promise for systems where mean-
ingful slow variables for the description of a low-dimensional free energy surface
are not directly available. The report sets the stage for linking this approach with
algorithms such as reverse projective integration in the illustrative example of the
38-atom Lennard-Jones cluster. Issues like nonholonomic constraints for avoiding
spurious cluster rotations arise in this case, and we showed that they can be addressed
efficiently using a constrained MD approach.
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Fig. 2. The grid of points on the coarse free energy surface obtained using constrained MD for
the 38-atom Lennard-Jones cluster.
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Summary. An important class of problems exhibits macroscopically smooth behaviour in
space and time, while only a microscopic evolution law is known. For such time-dependent
multi-scale problems, the gap-tooth scheme has recently been proposed. The scheme approxi-
mates the evolution of an unavailable (in closed form) macroscopic equation in a macroscopic
domain; it only uses appropriately initialized simulations of the available microscopic model
in a number of small boxes. For some model problems, including numerical homogenization,
the scheme is essentially equivalent to a finite difference scheme, provided we define appro-
priate algebraic constraints in each time-step to impose near the boundary of each box. Here,
we demonstrate that it is possible to obtain a convergent scheme without constraining the mi-
croscopic code, by introducing buffers that “shield” over relatively short time intervals the
dynamics inside each box from boundary effects. We explore and quantify the behavior of
these schemes systematically through the numerical computation of damping factors of the
corresponding coarse time-stepper, for which no closed formula is available.

1 Introduction

For an important class of multi-scale problems, a separation of scales exists be-
tween the (microscopic, detailed) level of description of the available model, and the
(macroscopic, continuum) level at which one would like to observe the system. Con-
sider, for example, a kinetic Monte Carlo model of bacterial chemotaxis [SGK03]. A
stochastic biased random walk model describes the probability of an individual bac-
terium to run or “tumble”, based on the rotation of its flagellae. Technically, it would
be possible to run the detailed model for all space and time, and observe the macro-
scopic variables of interest, but this would be prohibitively expensive. It is known,
however, that, under certain conditions, one can write a closed deterministic model
for the evolution of the concentration of the bacteria as a function of space and time.

The recently proposed gap-tooth scheme [KGK02] can then be used instead of
performing stochastic time integration in the whole domain. A number of small
boxes (teeth), separated by large gaps, are introduced; they qualitatively correspond
to mesh points for a traditional, continuum solution of the unavailable chemotaxis
equation. In one space dimension, the scheme works as follows. We first choose a
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94 Giovanni Samaey, Ioannis G. Kevrekidis, and Dirk Roose

number of macroscopic grid points and define a small interval around each grid point;
initialize the fine scale, microsopic solver within each interval consistently with the
macroscopic initial conditions; and provide each interval with appropriate (as we
will see, to some extent artificial) boundary conditions. Subsequently, we use the
microscopic model in each interval to simulate evolution until time Δt, and obtain
macroscopic information (e.g. by computing the average density in each interval) at
time Δt. This amounts to a coarse time-Δt map; this procedure is then repeated.

The generalized Godunov scheme of E and Engquist [EE03] also solves an un-
available macroscopic equation by repeated calls to a microscopic code; however,
the assumption is made that the unavailable equation can be written in conserva-
tion form. In the gap-tooth scheme discussed here, the microscopic computations are
performed without assuming such a form for the “right-hand-side” of the unavailable
macroscopic equation; we evolve the detailed model in a subset of the domain, and
try to recover macroscopic evolution through interpolation in space and extrapolation
in time.

We have showed analytically, in the context of numerical homogenization, that
the gap-tooth scheme is close to a finite difference scheme for the homogenized
equation [SKR03]. However, that analysis employed simulations using an algebraic
constraint, ensuring that the initial macroscopic gradient is preserved at the bound-
ary of each box over the time-step Δt. This may require altering an existing mi-
croscopic code, since a given microscopic code typically only allows a set of pre-
defined boundary conditions. It is highly non-trivial to impose macroscopically in-
spired boundary conditions on such microscopic codes, see e.g. [LLY98]. This can
be circumvented by introducing buffer regions at the boundary of each small box,
which shield the dynamics within the computational domain of interest from bound-
ary effects over short time intervals. If an appropriate buffer size can be determined,
one can subsequently use the microscopic code with its built-in boundary conditions.

Here, we show we can study the gap-tooth scheme (with buffers) through its
numerically obtained damping factors, by estimating its eigenvalues. For a one-
dimensional diffusion problem, we show that the eigenvalues of the gap-tooth
scheme are approximately the same as those of the finite difference scheme. When
we impose Dirichlet boundary conditions at the boundary of the buffers, we show
that the scheme converges to the standard gap-tooth scheme for increasing buffer
size.

The model problem was chosen because of its simplicity, since in this case we
can compute the damping factors analytically. Of course, the gap-tooth scheme will
only be efficient when no macroscopic model is available and the only alternative is
to perform a numerical simulation on the whole domain using a very fine mesh. An
example is the case of a homogenization problem, for which the scheme has similar
behaviour [SKR03].



Damping factors for the gap-tooth scheme 95

2 Physical Problem/ Governing Equations

Consider a general reaction-convection-diffusion equation with a dependence on a
small parameter ε,

∂

∂t
u(x, t) = f

(
u(x, t),

∂

∂x
u(x, t),

∂2

∂x2
u(x, t), x,

x

ε

)
, (1)

with initial condition u(x, 0) = u0(x) and Dirichlet boundary conditions u(0, t) =
vo and u(1, t) = v1, and assume that f is 1-periodic in y = x

ε
.

Since we are only interested in the macroscopic (averaged) behavior, let us define
an averaging operator for u(x, t) as follows

U(x, t) := Sh(u)(x, t) =
∫ x+h

2

x

∫∫
− h
2

u(ξ, t)dξ. (2)

This operator replaces the unknown function with its local average in a small box of
size h >> ε around each point. If h is sufficiently small, this amounts to the removal
of the microscopic oscillations of the solution, retaining its macroscopically varying
components.

The averaged solution U(x, t) satisfies an (unknown) macroscopic partial differ-
ential equation,

∂

∂t
U(x, t) = F

(
U (x, t),

∂

∂x
U(x, t),

∂2

∂x2
U(x, t), x; h

)
, (3)

which depends on the box width h.
The goal of the gap-tooth scheme is to approximate the solution U (x, t), while

only making use of the detailed model (1). For analysis purposes, consider as a mi-
croscopic model the constant coefficient diffusion equation,

∂

∂t
u(x, t) = a∗

∂2

∂x2
u(x, t), (4)

Both U(x, t) and u(x, t) then satisfy (4). The microscopic and macroscopic models
are the same, which allows us to focus completely on the method and the properties
of its damping factors, see section 4.2.

3 Multiscale/Multiresolution Method

3.1 The gap-tooth scheme

Suppose we want to obtain the solution of the unknown equation (3) on the interval
[0, 1], using an equidistant, macroscopic mesh Π(Δx) := {0 = x0 < x1 = x0 +
Δx < . . . < xN = 1}. To this end, consider a small interval (tooth, box) of length
h << Δx centered around each mesh point, and let us perform a time integration
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using the microscopic model (1) in each box. We provide each box with boundary
conditions and initial condition as follows.

Boundary conditions. Since the microscopic model (1) is diffusive, it makes
sense to impose a fixed gradient at the boundary of each small box for a time Δt
for the macroscopic function U(x, t). The value of this gradient is determined by an
approximation of the concentration profile by a polynomial, based on the (given) box
averages Un

iUU , i = 1, . . . , N .

u(x, tn) ≈ pk
i (x; tn), x ∈ [xi − h

2
, xi +

h

2
],

where pk
i (x; tn) denotes a polynomial of (even) degree k. We require that the ap-

proximating polynomial has the same box averages in box i and in k
2

boxes to the
left and to the right. This gives us

1
h

∫ xi+j+
h
2

x

∫∫
i+j−h

2

pk
i (ξ; tn)dξ = Un

iUU +j , j = −k

2
, . . . ,

k

2
. (5)

One can easily check that

Sh(pk
i )(x, tn) =

k
2∑

j=− k
2

Un
iUU +jLk

i,j(x), Lk
i,j(x) =

k
2∏

l=−k
2

l	=		 j

(x− xi+l)
(xi+j − xi+l)

(6)

where Lk
i,j(x) denotes a Lagrange polynomial of degree k. The derivative of

pk
i (x, tn) at xi ± h

2 ,

s±i =
d
dx

pk
i (x; tn)

∣∣∣∣∣∣∣∣∣∣
xi± h

2

, (7)

is subsequently used as a Neumann boundary condition. In [SKR03], we show how
to enforce the macroscopic gradient to be constant in the presence of fast oscillations.

Initial condition. For the time integration, we must impose an initial condition
ũi(x, tn) in each box [xi − h

2 , xi+ h
2 ], at time tn. We require ũi(x, tn) to satisfy the

boundary condition and the given box average. We choose a quadratic polynomial,
centered around the coarse mesh point,

ũi(x, tn) ≡ a(x− xi)2 + b(x− xi) + c. (8)

Using the constraints d
dx ũi(xi ± h

2 , tn) = s±i and requiring 1
h

∫ xi+
h
2

x

∫∫
i−h

2
ũi(ξ, tn)dξ =

Un
iUU , we obtain

a =
s+i − s−i
2h

, b =
s+i + s−i
2

, c = Un
iUU − h

24
(s+i − s−i ). (9)

The algorithm. The complete gap-tooth algorithm to proceed from tn to tn+1 =
tn +Δt is given below (see figure 1):
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1. At time tn, construct the initial condition ũi(x, tn), i = 0, . . . , N , using the box
averages Un

jU (j = 0, . . . , N ) as defined in (9).
2. Compute ũi(x, t) by solving the equation (1) until time tn+1 = t + Δt with

Neumann boundary conditions (7).
3. Compute the box average Un+1

iUU at time tn+1.

It is clear that this amounts to a “coarse to coarse” time-Δt map. We write this
map as follows,

Un+1 = Sk(Un; tn +Δt), (10)

where S represents the numerical time-stepping scheme for the macroscopic (coarse)
variables and k denotes the degree of interpolation.

We emphasize that the scheme is also applicable if the microscopic model is not
a partial differential equation by replacing step 2 by a so-called coarse time-stepper
[GKT02]. In fact, this is the case for which it was originally designed [KGK02].
Numerical experiments using this algorithm are presented in [GLK03, GK02].

3.2 The gap-tooth scheme with buffers

We already mentioned that, in many cases, it is not possible or convenient to con-
strain the macroscopic gradient. However, the only crucial issue is that the detailed
system in each box should evolve as if it were embedded in a larger domain. This
can be effectively accomplished by introducing a larger box of size H >> h around
each macroscopic mesh point, but still only use (for macro-purposes) the evolution
over the smaller, “inner” box. This is illustrated in figure 1. Lifting and evolution
(using arbitrary outer boundary conditions) are performed in the larger box; yet the
restriction is done by taking the average of the solution over the inner, small box. The
goal of the additional computational domains, the buffers, is to buffer the solution in-
side the small box from outer boundary effects. This can be accomplished over short
enough time intervals, provided the buffers are large enough; analyzing the method
is tantamount to making these statements quantitative.

The idea of using a buffer region was also used in the multi-scale finite element
method (oversampling) of Hou [HW97] to eliminate the boundary layer effect; also
Hadjiconstantinou makes use of overlap regions to couple a particle simulator with a
continuum code [Had99]. If the microscopic code allows a choice of different types
of “outer” microscopic boundary conditions, selecting the size of the buffer may also
depend on this choice.

4 Results

We first show analytically and numerically that the standard gap-tooth scheme con-
verges for equation (4). We then analyze convergence of the scheme with buffers and
Dirichlet boundary conditions through its damping factors.
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Fig. 1. A schematic representation of the two variants of the gap-tooth scheme (with (left) and
without (right) buffer boxes).

4.1 Convergence of the gap-tooth scheme

Theorem 1. The gap-tooth scheme for equation (4) with analytical integration within
the boxes, and boundary conditions defined through interpolating polynomials of
(even) order k, is equivalent to a finite difference discretization of order k central
differences in space and an explicit Euler time step.

Proof. When using exact (analytic) integration in each box, we can find an explicit
formula for the gap-tooth time-stepper. The initial profile is given by (8), ũi(x, tn) =
a(x−xi)2+b(x−xi)+c. Due to the Neumann boundary conditions, time integration
can be done analytically, using

ũi(x, tn +Δt) = a(x− xi)2 + b(x− xi) + c+ 2a · a∗Δt.

Averaging this profile over the box gives the following time-stepper for the box av-
erages,

Un
iUU = Un

iUU + a∗
s+i − s−i

h
Δt.

We know that s±i = Dx(pk
i )(xi±h/2, tn), where pk

i (x, tn) is determined by (5). One
can easily verify thatD2

xSh(pk
i )(x, tn) = (s+i −s−i )/h, is a k-th order approximation

of ∂2
x∂ u, which concludes the proof. ��
As an example, we apply the gap-tooth scheme to the diffusion equation (4) with

a∗ = 1. We choose an initial condition U(x, t) = 1 − |2x − 1|, with Dirichlet
boundary conditions, and show the result of a fourth-order gap-tooth simulation with
Δx = 0.05, Δt = 5 · 10−3 and h = 0.01. Inside each box, we used a second
order finite difference scheme with microscopic spatial mesh size δx = 1 · 10−3 and
δt = 5 · 10−7. The results are shown in figure 2.

4.2 Damping factors

Convergence results are typically established by proving consistency and stability.
If one can prove that the error in each time step can be made arbitrarily small by
refining the spatial and temporal mesh size, and that an error made at time tn does



Damping factors for the gap-tooth scheme 99

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 10

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x

U

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1000

1

2

3x 10−1000

x

di
ffe

re
nc

e

Fig. 2. The gap-tooth scheme of fourth order for eq. (4) at t = 0, 4 · 10−3, . . . , 2 · 10−2.

not get amplified in future time-steps, one has proved convergence. This requires the
solution operator to be stable as well.

In the absense of explicit formulas, one can examine the damping factors of
the time-stepper. If, for decreasing mesh sizes, all (finitely many) eigenvalues and
eigenfunctions of the time-stepper converge to the dominant eigenvalues and eigen-
functions of the time evolution operator, one expects the solution of the scheme to
converge to the true solution of the evolution problem.

Consider equation (4) with Dirichlet boundary conditions u(0, t) = 0 and u(1, t),
and denote its solution at time t by the time evolution operator

u(x, t) = s(u0(x); t), (11)

We know that

s(sin(mπx); t) = e−(mπ)2t sin(mπx), m ∈ N.

Therefore, if we consider the time evolution operator over a fixed time t̄, s(·, t̄), then
this operator has eigenfunctions sin(mπx), with resp. eigenvalues

λm = e−(mπ)2 t̄. (12)

A good (finite difference) scheme approximates well all eigenvalues whose eigen-
functions can be represented on the given mesh. We choose t̄ a multiple of Δt for
convenience.

Since the operator defined in (11) is linear, the numerical time integration is
equivalent to a matrix-vector product. Therefore, we can compute the eigenvalues
using matrix-free linear algebra techniques, even for the gap-tooth scheme, for which
it might not even be possible to obtain a closed expression for the matrix. We note
that this analysis gives us an indication about the quality of the scheme, but it is by
no means a proof of convergence.

We illustrate this with the computation of the eigenvalues of the gap-tooth
scheme with Neumann box boundary conditions. In this case, we know from the-
orem 1 that these eigenvalues should correspond to the eigenvalues of a finite dif-
ference scheme on the same mesh. We compare the eigenvalues of the second-order
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gap-tooth scheme for equation (4) with diffusion coefficient a∗ = 0.45825686. As
method parameters, we choose Δx = 0.05, h = 5 · 10−3, Δt = 2.5 · 10−4 for a time
horizon t̄ = 4 · 10−3, which corresponds to 16 gap-tooth steps. Inside each box, we
use a finite difference scheme of order 2 with δx = 1 · 10−4 and an implicit Euler
time-step of 5 · 10−5. We compare these eigenvalues to those of the finite difference
scheme with Δx = 0.05 and Δt = 2.5 · 10−4, and with the dominant eigenvalues
of the “exact” solution (a finite difference approximation with Δx = 1 · 10−3 and
Δt = 1 ·10−7). The result is shown in figure 3. The difference between the finite dif-
ference approximation and the gap-tooth scheme in the higher modes, which should
be zero according to theorem 1, is due to the numerical solution inside each box and
the use of numerical quadrature for the average.
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Fig. 3. Comparison between the damping factors (left) and the eigenfunction u3(x) corre-
sponding to eigenvalue λ3 (right) of the exact solution (full line), the finite difference approx-
imation (dashed) and the gap-tooth scheme (dotted).

We now examine the effect of introducing a buffer region, as described in section
3.2. We consider again equation (4) with a∗ = 0.45825686, and we take the gap-
tooth scheme with parameters Δx = 0.05, h = 5 · 10−3, Δt = 2.5 · 10−4 for a time
horizon t̄ = 4 · 10−3, and an internal time-stepper as above. We introduce a buffer
region of size H , and we impose Dirichlet boundary conditions at the outer boundary
of the buffer region. Lifting is done in identically the same way as for the gap-tooth
scheme without buffers; we only use (9) as the initial condition in the larger box
[xi − H

2 , xi + H
2 ]. We compare the eigenvalues again with the eigenvalues of the

equivalent finite difference scheme and those of the exact solution, for increasing
sizes of the buffer box H . Figure 4 shows that, as H increases, the eigenvalues of the
scheme converge to those of the original gap-tooth scheme. We see that, in this case,
we would need a buffer of size H = 4 · 10−2, i.e. 80% of the original domain, for
a good approximation of the damping factors. One could decrease the needed buffer
size by decreasing Δt, which results in more re-initializations.
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Fig. 4. Comparison between the damping factors (left) and the eigenfunction u3(x) corre-
sponding to the eigenvalue λ3 (right) of the exact solution (full line), the finite difference
scheme (dashed) and the gap-tooth scheme with buffers (dotted lines) for increasing buffer
sizes H = 2 · 10−2, 3 · 10−2 . . . , 1 · 10−1.

5 Summary/Conclusions

We described the gap-tooth scheme for the numerical simulation of multi-scale prob-
lems. This scheme simulates the macroscopic behaviour over a macroscopic domain
when only a microscopic model is explicitly available. In the case of one dimen-
sional diffusion, we showed equivalence of our scheme to standard finite differences
of arbitrary (even) order, both theoretically and numerically.

We showed that it is possible, even without analytic formulas, to study the prop-
erties of the gap-tooth scheme and generalizations through the damping factors of the
resulting coarse time-Δt map. We illustrated this for the original gap-tooth scheme
and for an implementation using Dirichlet boundary conditions in a buffer box. We
showed that, as long as the buffer region is “large enough” to shield the internal re-
gion from the boundary effects over a time Δt, we get a convergent scheme. There-
fore, we are able to use microscopic codes in the gap-tooth scheme without modifi-
cation.

The diffusion problem examined here was used as an illustration, because one
can compute the damping factors analytically. In a forthcoming paper, we will use
these damping factors to study the the trade-off between the effort required to im-
pose a particular type of boundary conditions and the efficiency gain due to smaller
buffer sizes and/or longer possible time-steps before reinitialization in the context of
homogenization.
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1 Introduction

Polymers comprise a class of modern synthetic or biogenic materials, which we en-
counter permanently in our daily life. Thus, a thorough and detailed understanding
of their properties beyond certain very general aspects is highly desirable. Since
modern research and applications go significantly beyond the traditional view on
”simple” polymers such as long chain molecules composed of many identical repeat
units, the term polymer science is more and more replaced by soft matter science,
indicating not only the huge variety of systems available but also the fact that typical
energies or better energy densities are rather small and therefore thermal fluctua-
tions are very important. Still the investigation of various chain-like polymers is an
important starting point for the study of more elaborate chemical architectures.

Polymeric materials can be crystalline, amorphous (glasses, rubbers, melts,
gels)or even solutions. Especially polymer melts in the glassy state are standard ma-
terials for many applications (yoghurt cups, compact discs, housings of technical
equipment etc.). They often combine relatively low specific weight and ductibility
with processing at moderate temperatures. In the melt state, polymers are viscoelas-
tic liquids where the crossover from elastic to viscous behavior can be adjusted or is
determined by the local chemical structure and the chain length. Added to a solvent,
polymers can be used as viscosity modifiers and, depending on parameters, be ei-
ther shear thickening or shear thinning, as used e.g. for drag reduction. Crosslinking
chains into a disordered network results in gels or rubber. Applications range from
gels in (low fat) food, hydrogels in modern body care (nappies ...) via biological
systems (cytoskeleton...) all the way to classical elastomers (e.g. car tires), to name
very few. Here, the interplay of connectivity, chain length as well as local structure
parameters, such as stiffness determines the properties.

This versatility of physical properties is based on the many different chemical
molecular building blocks as well as on various molecular architectures and huge
differences in molecular weights of polymers. It is the combination and the rather
delicate interplay of local chemical with more global architectural and size proper-
ties, which makes macromolecules so versatile and interesting. This means that many
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different length and time scales are relevant, and that understanding the properties on
one scale is not at all sufficient to understand material properties.

The simplest polymers are chain molecules with identical chain segments, repeat
units or monomers. To give a very few examples, there are

PE (CH2)N polyethylene
PS (CH2(CH(C6H5))N polystyrene
PEO ((CH2)2O)N polyethylene oxide
BPA-PC ((C6H4)C(CH3)2(C6H4)CO3)N bisphenol A polycarbonate

from the widely used PE (e. g. plastic bags) to the more complicated, but techni-
cally very relevant polycarbonate BPA-PC (compact discs). Many other cases exist,
which can be very complex as biological examples demonstrate (DNA, proteins),
where several different building blocks are present in one huge molecule. While most
polymers are not water soluble, PEO has the exceptional property, that it is both wa-
ter and oil soluble. Other important water soluble polymers are polyelectrolytes (e.
g. sulfonated PS: NaPSS), which in water dissociate into ions and due to this are
soluble even though their backbone is hydrophobic. Though not in the focus of the
present contribution, the typical simulation approaches for polyelectrolytes however
are conceptually very similar to the ones discussed here [KK96, Bas00, Bi95, Mo94].

2 Multi-Scales for Polymer Problems

The relation between atomistic structure and material properties is the basic concern
of modern material science. Here macromolecular materials offer many particular
challenging hurdles, however, similarly rewarding opportunities. The longstanding
aim is far beyond standard properties of bulk materials and focuses more and more on
surface interface aspects of the relation between structure and function in nanoscopic
molecular assemblies (e. g. self healing nano wires [Pe02]). This all implies a thor-
ough understanding on many length and correspondingly time scales ranging from
(sub)atomic to macroscopic. This feature has led to enormous success in describing
generic aspects, through scaling relations and dimensional arguments [Ge79, Do86]
as well as simulations based on simplified models such as bead spring chains or even
lattice models [Bi96, Bi95]. However, the astounding variety of material properties
equally depends on specific differences in molecular structure.

The importance of different time and length scales can be illustrated by the shear
viscosity η of a polymer melt. It contains the whole complexity of the problem. If
one changes the process temperature of a BPA-PC melt from 500K to 470K, the
viscosity rises by a factor of ten. This is a direct result of the local interactions on
the atomistic level as it could -in principle- also have been achieved by an equivalent
change of the chemical structure of the monomer. (The glass transition temperature
TGTT of BPA-PC is around 420K and different polymers display huge differences in
TGTT .) On the other hand, increasing the chain length by a factor of 2 also shifts the
viscosity by a factor of ten, since for melts of long chains one observes η ∝ N3.4.



Multiscale Aspects of Polymer Simulations 107

This power law is a universal property of linear polymers, and holds for all known
polymers independent of the chemical structure of the backbone. Thus in the simplest
case of linear polymers one can write

η = AN3.4, (1)

which separates the problem into a material specific contribution ”A” based on
local properties determined on scales of Å or˚̊ nm size and a generic contribution
N3.4. Besides this separation feature it is important to mention that both contribu-
tions can be the origin of viscosity variations over many decades. A second example
concerns the miscibility of polymer blends. In the amorphous state polymer chains
are well characterized by a random coil conformation, i. e. < R2 >∝ N . R be-
ing the overall chain extension and N being the number of repeat units. Since the
material density is homogeneous the volume of each chain is shared by N 1/2 other
chains. Considering the simplest case of a mixture of A-type and B-type polymers
of the same length. Then each A chain roughly encounters 0(N) AA and 0(N) AB
contacts along its contour. The same of course holds for the B chains. With typical
energies of εAA, εAB , εBB , for AA, AB and BB contacts respectively, the overall
interactions energy of a chain of type A is given by

UABU ∝ NεAB, UAAU ∝ NεAA, UBBU ∝ NεBB (2)

Since the conformational entropy (cf. Fig. 1) in the AB mixture and the pure A
or B phase is about the same, very small differences of the order of kBT/N in the
difference |εAA − εAB | are sufficient to drive a phase separation.A striking illustra-
tion of this fact is, that even protonated and deuterated polystyrene phase separate,
provided the chains are long enough [Ge92]. Again one can manipulate the stability
of a blend by changing local interactions (e. g. via the temperature T) or by varying
the chain length. This enormous sensitivity on specific local interactions for macro-
scopic properties marks a special challenge in this field.

At first sight, it might be tempting to perform an all-atom computer simulation
of a melt of polymers in order to determine properties like viscosity, morphology
etc. However, there are two major complications. The first stems from the choice of
interaction potentials, while the second is related to the many scales involved, which
is the main focus of the present workshop. An all atom simulation requires the use
of an empirical force field. All quantum simulations (Car-Parinello Density Func-
tional simulations, path integral quantum Monte Carlo or combinations thereof) are
still confined to very small systems and orders of magnitude slower than force field
approaches [Bi96, KK96]. The precondition for such an approach is an empirical en-
ergy function for the interaction of all atoms in the system. This determines the force
field to solve Newton’s equations of motion for the system. Though conceptually
straight forward, such an attempt contains a number of complications. First, though
usually not considered, are quantum effects. One might think that typical tempera-
tures for macromolecular systems (room temperature and higher) are well above the
Debye temperature of the relevant atoms. This is true for the carbon atoms, how-
ever, not necessarily for the many hydrogens present. This should be kept in mind
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as a general sign of caution. Secondly, for the force field the intra-molecular interac-
tions can be derived from a proper parametrization of quantum calculations on chain
fragments. However to parameterize the inter-molecular or non bonded interactions,
usually experimental quantities like the heat of vaporization of low-molecular weight
liquids are used. There, additional difficulties can arise from the quality and availabil-
ity of experimental data. Moreover, it is often impossible to optimize all properties
to the same degree of accuracy and confidence. This has to be seen also with re-
spect to the example of mixtures discussed before. Thus, one has to be very careful
and there is NO single force field for a system which, without further verification,
can be used at significantly different temperatures or compositions. In principle, a
new parametrization has to be performed for every new set of simulation parame-
ters. Keeping this in mind, force field simulations are very useful and have provided
important insight into microscopic properties. Typical examples can be found in the
overviews [Bas00, Mo94].

Whether such a fully atomistic simulation, if possible, would be useful at all can
be very questionable, since it would provide an enormous amount of data. Almost all
the generated information would be irrelevant for a typical problem like the above
mentioned viscosity η. In order to make suggestions for material improvements, or to
qualitatively and quantitatively understand certain properties, it is crucial to structure
and properly interpret the results rather than just collect huge amounts of data. This
is often easier and more direct with simplified models.

This leads us to the main topic of this contribution. Polymers can be characterized
by a hierarchy of different length and especially time scales, which span a wide range
as sketched in. Fig. 1.

On the microscopic level the properties are dominated by the local vibrations of
bond angles and lengths. The typical time is of 10−13sec as given in the figure re-
sulting in a simulation time step to integrate Newton’s equations of motion of about
10−15sec. This Å-regime is well characterized by the bond angles and bond lengths˚̊
resulting from the quantum mechanical energy levels. Up to torsional degrees of
freedom, chains are in their vibrational ground states, at typical experimental tem-
peratures. The properties on this level are solely determined by the detailed chemical
structure of the molecules involved.

On a more coarse grained level, one cannot resolve all the atomistic details of
the chains any more. The chain looks like a more or less flexible thread. This is the
universal, entropy-dominated coil regime. The many possible conformations of the
chains and the many ways to pack chains in a melt or solution determine the mor-
phology. For many questions, the intra-chain entropy plays the most important role.
However, once two states of similar intra-chain entropy are available (e.g. chains
in a mixture) tiny energy differences in the interaction, originating from the micro-
scopic structure, of order O(kBT/N) are sufficient to change the morphology com-
pletely and to drive the phase separation as mentioned before. On the mesoscopic
level many properties can be understood on the basis of simple coarse grained (bead
spring) models. On the even coarser level, the semi-macroscopic level the behavior
is dominated by the overall relaxation of conformations of the objects. The typi-
cal relaxation time, depending on chain length varies between ∝ N2 for short and
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Fig. 1. Polymers exhibit phenomena on many length scales (from entire devices down to elec-
trons) and associated time scales (from years to femtoseconds). Starting from the top left
side, one can observe the overall morphology of a polymer material. Looking a little bit more
closely, e.g. by marking a chain in a melt or dense solution of otherwise identical chains, the
individual polymer can be observed only as a very pale shadow. A typical spatial extension of
the shadow is given by the overall coil diameter, as indicated. The characteristic time for this
picture to change can vary dramatically depending on chain length and temperature, starting at
about 10−4s for short chains and ’high temperatures’, with essentially no upper limit. Looking
again more closely, more of the polymer structure is revealed. This is the universal, entropy
dominated coil regime. Again the variation in time can be very large, cf. text. Typical times,
as they are present in many experiments, are indicated. Only if the objects are examined much
more closely, chemical details of the polymers can be identified. There local chemical details
govern the properties and all bond lengths, angles etc. are determined by the energy levels,
originating from quantum mechanics. The lower time limit is determined by the highest fre-
quency of oscillations, which depending on the model used are the bond length or bond angle
oscillations. To study excited states or reactions, the electronic structure is to be considered
and quantum methods are required. Methods for treating individual scales are well developed.
The challenge is to connect them systematically.
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∝ N3.4 for longer chains. Prefactors originating from the microscopic interaction
of the monomers, cause an equally large variation of scales. The resulting times can
easily reach seconds. If one approaches the glass transition temperature even much
longer characteristic times can be observed. Thus a satisfactory numerical descrip-
tion of material properties needs a combination of both aspects.

This illustrates the long standing challenge within the modeling of complex soft
matter materials, namely develop methods which allow to cover the range from mi-
croscopic to mesoscopic and then on to the (semi-)macroscopic regime. This re-
quires suitable links or mapping schemes. The successful mapping of an atomistic to
a mesoscale model (bottom up approach) has the advantage that, on the mesoscopic
level, time and length scales are accessible that are far beyond the reach of atomistic
simulations, so that qualitatively different physical problems can be treated. A good
mesoscale model preserves enough of the original chemical identity of the atomistic
model, that it does locally not behave like a generic Gaussian coil, which it has to
do on large length scales. It contains just enough information to reproduce certain
aspects of, say, polystyrene or polypropylene chains under the corresponding con-
ditions. It is no surprise that in recent years, a number of atomistic-to-mesoscopic
mappings have been published; a review encompassing scale bridging from elec-
tronic to macroscopic degrees of freedom, cf. Fig.1, is presented in Ref [Bas00]).

Moreover, it has turned out that coarse-grained models are useful not only in their
own right to study large scale phenomena. They are also a reliable tool for the gener-
ation of well-equilibrated atomistic structures, provided one can perform an inverse
mapping from the mesoscopic model back to a fully atomistic model which can then
be analyzed. In many cases, the fully atomistic model is needed for comparison with
experiment because the experimental information often necessarily involves atoms,
like in nuclear-magnetic-resonance (NMR) spectroscopy [Fa00], neutron scattering
[Ei99] or positron annihilation spectroscopy [Sch00].

Keeping in mind that a faithful representation of excluded volume is essential
in dense liquid simulations, a systematic study of these models has been performed
by Abrams and Kremer [Ab01, Ab02]. For these linear chains with a single bead
diameter, d0, and a single prescribed average bond length, l0, as depicted in Fig. 2
was studied. The consequences turned out to be crucial for both static and dynamic

θ

l0

d0d

Fig. 2. Schematic of a bead-spring polymer chain. d0 is the effective bead diameter, l0 is the
average bond length, and θ is a bond angle. From [Ab01].
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aspects. We here shortly review results, which were obtained for bulk melts and thin
confined melt films, both composed of simple, freely-jointed, bead-spring polymer
chains. l0/d0 was chosen to vary between 0.73 and 1.34.

The polymer chains are modeled as sequences of N connected identical particles.
All particles in the system, except bonded neighbors along a chain, interact according
to a purely repulsive shifted 12–6 Lennard-Jones potential, cut off at r = 21/6 σ:

ULJU (rij) =

⎧⎨⎧⎧⎩⎨⎨4ε
[(

σ
rij

)12

−
(

σ
rij

)6

+ 1
4

]
rij < 21/6σ;

0 rij ≥ 21/6σ,
(3)

with the standard LJ units [ε] = kT . All beads have the same excluded volume
diameter, d0, defined as the separation at which the Lennard-Jones potential has a
value of 1kT . With this choice of potential, d0 = 1 σ. Bonds between adjacent
neighbors (i,i + 1) along a chain are enforced by a stiff harmonic potential with
a given average bond length, l0. In most cases the spring is replaced by the LJ-
repulsions plus a so called FENE potential [KK96].

The systems were simulated in the NV T ensemble, using a Langevin thermo-
stat, [Gr86] with friction Γ = 0.5 at constant T = 1.0. For this they ran systems of
M = 80 chains of length N = 50 and a number density of ρ = 0.85σ.

Here I only consider the influence of the ratio l0/d0 on the liquid structure and
dynamics in bulk while in Ref. [Ab01, Ab02] also confining surfaces, as they are
relevant for the next two contributions of this volume by Delle Site and Abrams are
studied. In Fig. 3 the intermolecular radial distribution functions g(r) along with
g∗(r) for a corresponding monomer fluid a range of l0/d0 ratios is shown. The liq-
uid structure is quite sensitive to this ratio, which holds for both cases whether one
considers systems with a fixed volume fraction φ or number density ρ. When the
bond length is below the excluded volume diameter, monomer-monomer correla-
tions weaken, whereas these correlations are little if at all affected when l0/d0 > 1.
The manner in which chains pack gives rise to the less ordered liquid structure for
l0/d0 < 1, and the similarly ordered liquid structure for l0/d0 > 1, compared to
the simple fluid. Hence, by simply changing l0/d0 from about 1.3 to 0.7, one finds
a gradual transition from structures determined primarily by monomer packing to
structures determined by intramolecular configurational entropy of the chains.

In a similar way the chain diffusion is very sensitive to the choice of l0/d0. A
commensurate ratio leads to a significantly slowed down diffusion constant, as local
cages in the liquid can nicely be created by the system. This maximizes the bead
entropy, but at the same time creates significant barriers for diffusion [Ab02].

Fig. 4 illustrates this for a variety of ratios l0/d0. Considering that the local ex-
cluded volume structure of most simple polymers (e. g. systems without huge side
groups) resembles more of a sausage rather than a necklace with well separated
pearls, this gives a clear hint towards an optimized modeling of specific polymers
on a coarse grained level.
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Fig. 3. Intermolecular radial distribution functions, g(r), for bulk bead-spring melts. Solid
curves correspond to samples with ρ = 0.85 σ−3, and broken curves to those melts for which
l0/d0 < 1 and fixed φ = 0.445. Labels denote bond length, l0. g∗(r) was computed from a
simple repulsive monomeric fluid at ρ = 0.85 σ−3. From [Ab01].
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Fig. 4. Monomeric friction constant ξ as a function of l0/d0 for constant number density
ρ = 0.85σ−3 [Ab02], τ being the Lennard Jones time unit.

3 Coarse Craining: Atomistic - Mesoscopic

First I give the idea of coarse graining as it was developed for polycarbonate and then
will also shortly mention other approaches. More details about specific problems are
discussed in the chapters written by L. Delle Site and C. F. Abrams in this volume.
The basic original idea was presented in detail in Refs. [Tsc98a] and [Tsc98b]. These
papers describe a mapping scheme for bisphenol-derived polycarbonates in which
each repeat unit is replaced by two spherical beads; referred to as a “2:1” mapping.
Here we focus on a related scheme in which the repeat unit is replaced by four
beads, a “4:1” mapping. This is represented schematically in Fig. 5. This much better
resembles the aforementioned ”sausage” structure than the 2:1 mapping, where the
spheres for the benzene rings are replaced by bonds.

The key features of this model are as follows [27, 30]. The bead centers cor-
respond to specific groups of atoms in the molecular structure. Bead centers are
mapped to the carbonate carbon, the isopropylidene backbone carbon, and one to
each of the phenyl rings centers of mass. With these definitions of the mapping
points, the molecular structure of the repeat unit constrains allowable bead-bead
distances and bead-bead-bead angles along the coarsened backbone. One important
exception is the phenylene-carbonate-phenylene angle, which is constrained to sat-
isfy a distribution of angles which reflects an average over the atomic-scale torsional
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Fig. 5. A schematic representation of the 4:1 mapping scheme for coarse-graining of
bisphenol-A-polycarbonate (BPA-PC). A chain-ending repeat unit is shown. From [Ab03].
(See Plate 10 on Page 273)

states “within” this bead. These constraints are translated into intramolecular poten-
tials used directly in molecular dynamics simulations of these coarsened bead-spring
objects. The intra molecular potentials for bond lengths, bond angles, and torsions
are obtained by a Boltzmann inversion of the corresponding distribution functions,
which are sampled from a Monte Carlo simulation of an isolated all atom model.
Since this is done for a random walk, these distribution functions can be generated
with high precision. The potentials for the microscopic interaction along the back
bone are determined by quantum chemical methods. Furthermore, the bead diame-
ters are chosen such that the overall excluded volume of the repeat unit as closely as
possible matches that known for BPA-PC [San95]. This prescribes intermolecular
potentials which are also included in the MD simulations. Of particular interest in
this discussion are as before the radial distribution functions, g(r), obtained from
bulk simulations. In Fig. 6, we show comonomer-specific g(r)’s for the “4:1” and
“2:1” liquids. These liquids were composed of chains of ten repeat units each, which
corresponds to chains of 23 and 43 coarse grained beads for the 2:1 and 4:1 mapping
schemes, respectively. From this data, it is evident that the liquid structure for the
different mapping schemes is quite different, as to be expected from the results of
the simple bead spring models discussed before. Most notable are the long-ranged
decaying oscillations in g(r) for the 2:1 system. This starkly resembles the g(r) of
simple dense liquids of spherical particles [Ver67]. In contrast, such long-lived cor-
relations are not apparent in the g(r) from the 4:1 simulations. The differences in the
liquid structure are a direct result of the imposed intramolecular structure of the two
mapping schemes.

The resulting different packing has significant influence on the dynamics as well.
It turns out, as expected from [Ab02], that the 4:1 chains move more quickly than
the 2:1 chains as a result of the much lower sphere-packing efficiency in the 4:1
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Fig. 6. Carbonate-carbonate (“C-C”) and isopropylidene-isopropylidene (“IP-IP”) intermolec-
ular radial distribution functions from MD simulations of N=10 BPA-PC: comparison of
(a)“4:1” and (b) “2:1” molecular coarse-graining resolutions. From [Ab03].

melts vis-a-vis` the 2:1 melts. Hence, the bead-specific friction, or resistance to ac-
cumulation of mean-squared displacement, is higher in the 2:1 liquids. This slowing
down in the bead motion for the 2:1 melt means that more simulation time steps are
required to produce the necessary amount of average molecular rearrangement for
equilibration, relative to the 4:1 melt. As a result, though more complex, the simu-
lations with the 4:1 mapping scheme use much less computer time than those with
the 2:1 mapping scheme. Despite these differences, both models carry the essential
microscopic information. The overall end to end distances are the same and when
they are used to reconstruct an all atom ”sample” the resulting structures from both
models are very similar (for T = 570K ) [Ab03].

4 Other Approaches

As shown above a reliable mesoscopic model of a specific polymer requires rather
complex model development. Then however, within the assumptions and approxi-
mations made, an almost parameter free mapping can be developed.

A number of different steps, which may vary between approaches have to be
taken: (i) The degree of coarse graining, how many real atoms per coarse-grained
bead, has to be chosen and the positions of the coarse-grained (CG) beads in relation
to the atoms have to be determined. (ii) The form of the intra-chain and inter-chain
potentials need to be chosen, if they are not directly derived from distribution. (iii)
The free parameters, especially for the nonbonded interactions, have to be optimized
in a way that the CG model reproduces the structure of the system. While (i) and
(ii) are intellectual challenges, (iii) often is a menial task which should be auto-
mated to the extent possible. Recently, Müller-Plathe and coworkers automatically¨
parameterized interaction parameters of mesoscale models for polymers, a method
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especially useful in solution. Its purpose is to be able to carry out the parametrization
(iii) for a given degree of coarse graining (i) and form of the potential (ii) quickly
and reproducibly. First, reference data are obtained, such as structural properties of
the polymer of interest. In the present study they concentrated on the sodium salt
of poly(acrylic acid) (PAA) as an aqueous solution of about 2 wt.%. They were ob-
tained by performing an atomistic simulation of an oligomer (23 monomers) solvated
by about 3200 water molecules. The coarse-grained model contained one bead per
monomer centered at the center of mass of the atomistic monomer, reducing the
number of polymer atoms by 8. More importantly, the coarse-grained model dis-
posed off the explicit solvent, so that the total number of sites was reduced from
approximately 3350 to 23. For a more detailed discussion see [Me00]. The CGA
model of the 23-mer of PAA was simulated as an isolated molecule in space, in other
words the same oligomer as with the atomistic model. The CG parameters were ad-
justed, until the target (radial) distribution functions were reproduced satisfactorily.
For the optimization, they used a standard amoeba simplex scheme [Pr92]. Note, that
every evaluation of involves an entire molecular dynamics (or Brownian dynamics)
simulation of the CG system, including equilibration, check for convergence etc. At
this point, the apparently straight forward scheme can become technically tricky and
computationally expensive [43]. With the CG model parameterized, the simulation
was extended to much longer chains of PAA in aqueous solution. The results for the
calculated hydrodynamic radius of such chains match well the results from dynamic
light scattering are shown in Fig. 7.

Fig. 7. The hydrodynamic radius of poly(acrylic acid) in aqueous solution as a function of
molecular weight. From [Wie02].
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This shows that the CG model retains enough of the true identity of PAA to
reproduce its structure on a scale much larger than that of the atomistic model from
which it was developed. In the meantime this approach has been extended not only
to other polymers in solution but also to bulk polymer melts which allow for an all
atom simulation of oligomers [Fa99]. Compared to the previous ansatz, this is a more
pragmatic way, which in special cases leads more directly to the desired results.

So far, only particle based continuous space approaches were discussed. There
are several lattice based methods as well as ideas where a top down ansatz is pursued.
There one e. g. starts from the properties of a specific coarse grained model and tries
to map typical measurable quantities, such as the end to end distance. In those cases
however the one to one correspondence of a model bead and a specific group of
atoms often is lost.

5 Outlook

In spite of all progress made over the last years a number of challenges remain.
On each level of description, new and improved methods have been developed. Still
better models are needed. Most important, however, is the controlled and systematic
improvement of links between the different simulation schemes, i.e.:

• Systematic coarse graining procedures, including the inverse mapping step are to
be improved and developed. Steps must cover the Micro (many atoms)
< − > Meso (many monomers) < − > Macro (many chains) regimes and link
to quantum simulations at the low end and to self consistent field calculations
and finite element like approaches at the upper end.

In order to achieve this and to predict macroscopic material properties from first
principles, much effort is needed over the coming years. In particular, a few key
ingredients have to be developed or improved, such as

• quantum simulations of reasonably sized systems (Car-Parinello techniques, path
integral quantum Monte Carlo, combinations of both): coupling electronic and
conformational degrees of freedom (beyond the ansatz of [De02])

• improved methods to parameterize and validate force fields for atomistic classical
molecular simulations, especially suitably parameterized inter-molecular interac-
tions

• new methods for static and dynamic studies on the semimacroscopic to macro-
scopic level, such as dissipative particle dynamics for composite materials based
on the microstructure of the polymers.

• adaptive multiscale schemes, which allow to systematically vary the resolution
of the simulations locally and temporarily
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[Ei99] J.Eilhard, A.Zirkel, W.Tschöp, O.Hahn, K.Kremer, O.Sch¨¨ arpf, D.Richter and¨

U.Buchenau: J.Chem.Phys. 110, 1819 (1999)
[Sch00] H.Schmitz and F. Müller-Plathe: J.Chem.Phys¨ 112, 1040 (2000).
[All87] M.P.Allen and D.J.Tildeslesy, Computer Simulations of Liquids. Oxford Univer-

sity Press, New York, 1987.
[Gr86] G.S.Grest and K.Kremer: Phys.Rev.A 33, 3628, (1986).

[Kre90] K.Kremer and G.S.Grest: J.Chem.Phys. 92, 5057 (1990).
[Ba99] S.Barsky: J.Chem.Phys. 112, 3450 (1999).
[Du93] E.R.During, K.Kremer and G.S.Grest: Macromolecules 26, 3421 (1993).
[Du94] E.R.During, K.Kremer and G.S.Grest: J.Chem.Phys 101, 8169 (1994).
[Pu00] M.Putz, K.Kremer and R.Everaers: Phys.Rev.Lett¨ 84, 298 (2000).
[Ay00] E.M.Aydt and R.Hentschke: J.Chem.Phys. 112, 5480 (2000).

[Mu89] M.Murat and G.S.Grest: Macromolecules 27, 418 (1989).
[Gr94] G.S.Grest: Macromolecules 22, 418 (1994).
[Cs00] F.S.Csajka and C.Seidel: Macromolecules 33, 2728 (2000).
[Ab01] C.F.Abrams and K.Kremer: J.Chem.Phys. 115, 2776 (2001).
[Ab02] C.F.Abrams and K.Kremer: J.Chem.Phys. 116, 3162 (2002).
[Bi90] I.Bitsanis and G.Hadziioannou: J.Chem.Phys. 92, 3827 (1990).
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Polymers near a Surface: An ab initio Density
Functional based Multiscale Modeling Approach
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1 Introduction

The study of surface-polymer interface properties (e.g. adhesion behaviour and its
influence on the melt morphology) is a field of large interest for scientific as well
as technological reasons. The theoretical description and prediction of such proper-
ties plays a crucial role in improving technological processes but at the same time
requires the development of accurate tools of study. Current analytical and semi-
analytical approaches (see for example Refs.[Ei94, Fl98]) describe polymers and
surfaces as ideal mathematical objects while simulation studies have been restricted
to bead-spring models of polymers interacting with a purely repulsive wall or a wall
with an arbitrary attraction (see for example Ref.[Ab02a]). These approaches, cer-
tainly useful for a general description, cannot take into account local polymer-surface
interactions which depend on the specific chemical structure of the system’s compo-
nents and occur at the electronic level. This means that, for a realistic description,
the crucial question is whether or not selective adsorption can influence global con-
formations or, in other terms, what is the effect of the interplay between energy (of
selective adsorption) and entropy (of polymer conformations). Currently, a full quan-
tum mechanical treatment of such systems is not possible, thus a multiscale model-
ing approach, where parameters derived from quantum-mechanical calculations are
plugged into meso- and macroscopic simulation models, would represent an ade-
quate and feasible tool of study. In this case, the idea behind the multiscale approach
is to describe the adsorption process at the molecular level by employing an ab initio
Density Functional technique and to use its results to properly parameterize a bead-
spring coarse-grained model for simulating large systems. In the next sections we
present some relevant applications of the multiscale approach.

2 Adsorption of Bisphenol-Polycarbonate-A- on a Ni(111) surface.

We have chosen Bisphenol-A-Polycarbonate (BPA-PC) (see Fig.1(a)) on a Ni(111)
surface as a test system for the implementation of our multiscale approach [De02,

T. J. Barth et al. (eds.), Multiscale Modelling and Simulation
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Ab02b, Ab03]. This system is of high interest for technological processes such as
the production of optical data storage devices and, at the same time, BPA-PC sub-
molecules are common to many polymers. Since ab initio Density Functional calcu-
lations are computationally rather demanding, our strategy should consist of combin-
ing feasibility, accuracy and efficiency. For this reason the first step of our approach
consists in cutting the BPA-PC chain into comonomeric submolecules which are
small enough to study the interaction of each with the nickel surface. This procedure
on one hand reduces the computational load and on the other allows the modeling
of other polymers whose subunits are those studied in this case. However this im-
plies that the role of the hydrogens, which are used to saturate the free valences of
the polymer fragments, is negligible in the adsorption process of the molecule. Test
calculations on large molecules which can be divided into submolecule show that in-
deed this approximation works rather well [De03a] for metal surfaces, of course one
does not expect the approximation to be valid for surfaces which strongly interacts
with hydrogens (e.g. oxide surfaces).

The subunits of BPA-PC considered are: carbonic acid representing carbonate,
propane representing isopropylidene and benzene or phenol representing phenylene
and phenoxy chain ends (see Fig.1(b)).

CH3

CH3

CO C
O

O

iii.
ii.

iv.

OH
CH3

CH3

CH2HH
C
O

OHHO

(a)

i.(b)

Fig. 1. (a) Schematic representation of the chemical structure of the BPA-PC repeat unit.
(b) Subunit’s division of the BPA-PC repeat chemical unit. Carbonic acid (i) corresponds to
the carbonate group, propane (ii) to isopropylidene and phenol (iii) or benzene (iv) to the
phenylene.

2.1 Ab initio calculations.

The ab initio molecule-surface study, as a part of a multiscale description, is not the
standard one but deserves particular attention. The crucial requirement is that these
submolecules, together, should mimic the behaviour of a monomer of a BPA-PC
chain near the surface. In order to fulfill such a requirement, we select molecular ori-
entations with respect to the surface which are compatible with chain conformations
at the surface. Each selected orientation is then taken as a starting configuration for a
molecule-surface geometry optimization and final optimized geometries are checked
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to be still compatible with chain conformations at the surface. The resulting adsorp-
tion energy indicates the strength of the molecule-surface interaction. By following
this scheme we studied the interaction of carbonic acid, propane, and phenol (ben-
zene) at each high symmetry site of a Ni(111) surface. We used the CPMD code
[CPM] in the FEMD version of A.Alavi [Al94, Al96]. The orbital cut-off was set
to 60 Ry. We used the PBE[Pe96] generalized gradient approximation (GGA). The
surface is represented by four close-packed layers of Ni {111} (lattice parameter
a0 = 3.543 Å), with the top two layers allowed to relax. We used a (˚̊ 2 × 2) lateral
supercell for carbonic acid and propane adsorption, and a (3 × 3) cell for benzene
and phenol, employing 4 × 4 × 1 and 3 × 3 × 1 k-point mesh for the smaller and
larger cells, respectively. Further technical details of the calculations are given in
Refs.[De02, Ab02b, Ab03, De03b].

2.2 Ab initio Results and Modeling.

Fig. 2 shows the adsorption energy of carbonic acid as a function of the central
carbon distance from the surface. The curve was obtained by taking the energet-
ically most stable configuration, obtained from the geometry optimization of the
various selected molecular configurations at each surface high symmetry site, and
adiabatically moving it towards (or away from) the surface in steps. At each step
the z-coordinate of the central carbon was kept fixed and the remaining coordinates
were relaxed yielding a z-dependent adsorption energy. These results show that the
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Fig. 2. Adsorption energy of carbonic acid as a function of the central carbon distance from
the surface.

molecule experiences strong increasing repulsion below 3.2 Å, at this distance it˚̊
reaches an adsorption energy of about 0.01 eV which is both negligible compared to
the inherent error of the ab intio calculations (≈ 0.05 eV) and smaller than the char-
acteristic thermal energies in typical melt processing of polycarbonates (E ≈ kT,
with T=570K , kT≈ 0.05 eV). For this reason we can model the carbonate bead of
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Fig. 3. Same plot as the previous figure for propane.

the polymer as a sphere interacting with a uniform repulsive wall. Fig. 3 is the equiv-
alent of Fig. 2 for propane. The qualitative and quantitative behaviour is very similar
to that of the carbonic acid and as a consequence the isopropylidene bead is modeled
as the carbonate bead. Table 1 reports the adsorption energies of phenol and benzene
at the high symmetry sites of the surface [De03b, Mi01]. For benzene results were
available in literature thus we repeated only the calculation at the most energetic site
in order to reproduce available results as a check of validity of our technical setup;
our results agree with those of previous calculations and experiments [Mi01, Ya01].
Adsorption energies for benzene are qualitatively and, within a 0.1-0.2 eV difference,
quantitatively equivalent to those of phenol. All the values of Table 1 correspond to

Table 1. Adsorption energies for phenol and benzene at the four high symmetry sites of the
surface. For benzene the values were taken from Ref[13].

Ead(eV ) Phenol Benzene

FCC 0.79 0.94
HCP 0.84 0.91
atop 0.20 0.42
bridge 0.91 1.00/(1.05 our value)

a geometry where the carbon ring lays parallel to the surface at an average distance
of about 2.0 Å. Differently from the previous two molecules, except for the atop site,˚̊
the adsorption energy is relatively high. Since the atop site is statistically not relevant
and the diffusion barrier small, one can conclude that in general phenol and benzene
strongly bind to the nickel surface. However, as Fig. 4 and Fig. 5 show, such an in-
teraction is short-ranged as a function of the distance (it decays to 0.03 eV beyond
3.0 Å) as well as a sensitive function of the inclination of the carbon ring (it decays˚̊
to 0.05 eV beyond 40◦).
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Fig. 4. Adsorption energy of phenol at the bridge site as a function of the distance from the
surface.
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Fig. 5. Adsorption energy of phenol at the bridge site as a function of the inclination of the
carbon ring with respect to the surface.

For this reason, although phenol (benzene) experiences strong adsorption energy
in isolation, due to the short range nature of this interaction, it is sterically hindered
by the two adjacent submolecules to adsorb when incorporated into the BPA-PC; this
is pictorially illustrated in Fig. 6. For this reason internal phenylene beads are mod-
eled as the carbonate and isopropylidene beads. However phenoxy chain-ends are not
in this way sterically hindered and can strongly adsorb at the surface as illustrated in
Fig. 7. As a consequence beads corresponding to phenoxy chain-ends are modeled
as spheres which experience a strong short-ranged attraction near the surface.
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Fig. 6. Schematic representation of an isopropylidene-phenylene-carbonate sequence in a
BPA-PC chain at the surface. The adsorption configuration of an internal phenylene leads
to a distance isopropylidene-surface (d1) for which the total repulsion is much larger than the
total attraction.
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Fig. 7. Schematic representation of a (phenoxy) chain-end-carbonate sequence in a BPA-PC
chain at the surface. The chain end is not sterically hindered to adsorb at the surface since the
adjacent carbonate is at a distance (d1), where it does not experience repulsion.

One should note that dispersion effects, which are not reproduced by current
density functionals, were neglected. This approximation is justified since the relative
and not the absolute adsorption energies are those required for developing a valid
coarse-grained model. In this case the separation between the energy scales relative
to the different submolecules is at least one order of magnitude larger than the ex-
pected dispersion effects. On the other hand, dispersion might have an effect onto
the sensitivity of the angle dependence adsorption energy of the benzene. However,
as above, this aspect does not play an important role for the modeling procedure. In
fact, the angle dependence study simply shows that as soon as the benzene is not
in its optimal orientation with respect to the surface the strength of the interaction
rapidly decays; at the same time it is not likely that dispersion effects will dramati-
cally change this qualitative behaviour. This is the relevant information required for
the modeling procedure. The final coarse-grained model is then sufficiently accurate
to describe general interface properties such as the distribution of the different bead
types at the surface or the influence of a specific bead adsorption onto the global melt
morphology. Of course a valid estimate of dispersion effects would be necessary for
accurate quantitative predictions.
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3 Coarse-grained Simulation: Results

The ab initio modeling of the previous sections was incorporated into a bead-spring
coarse-grained model (see Fig. 8) and simulations of BPA-PC melts for chain lengths
of 10 and 20 repeat units were carried out. Details of the inter and intra-chain poten-

(b)

(c)))

(a)

Fig. 8. Pictorial illustration of the multiscale model for BPA-PC: (a) coarse-grained beads
(transparent spheres) superimposed on the underlying chemical structure; (b) Coarse-grained
model of an N = 20 BPA-PC molecule, with ends adsorbed on the surface. (c) A phenol
molecule adsorbed on the bridge site of a Ni (111) surface; configuration computed via CPMD
simulation. (From Ref.[4]) (See Plate 11 on Page 274)

tial parameterizations together with more simulation details and results are given in a
contribution to this issue by C.F.Abrams. Here, we report only results which are rel-
evant to characterize the utility of our procedure. The main results of the bead-spring
coarse-grained simulation are that chain ends are strongly localized at the surface
and a significant layering in the density of beads is observed; the chain end strong
adsorption determines not only properties at the interface but even at larger distances
from the surface. In this way we can answer our initial question about the effect of
selective adsorptions on global conformations; we have characterized the interface
properties as energy dominated. Moreover, even at large distances from the surface,
properties are influenced by the interplay between energy and entropy.
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4 Conclusions and Outlook

We presented a multiscale modeling approach to simulate polymers on a surface. In
this approach, an ab initio Density Functional study of molecular adsorption is em-
ployed to construct an appropriate bead-spring coarse-graining model which incor-
porates the microscopic results and predicts macroscopic properties. We have shown
an application to BPA-PC interacting with a Ni(111) surface. This procedure has
been extended to study the effect of different chain ends for BPA-PC on a Ni(111)
[De03c] and to the study of BPA-PC on a Ni(221) step surface, where we found
that internal phenylenes can adsorb inducing a certain degree of nucleation at the
step [De03d, De03e]. By using the calculations for benzene, we could extend this
modeling procedure to the study of amino acids, containing aromatic submolecules,
on a Ni(111) and Au(111) surface [De03a]. In particular, for the case of phenylala-
nine, we directly checked that our prediction based on the submolecules modeling
approach was in good agreement with results obtained from calculations where the
full system was considered. Work in progress involves the study of thiol and thiolate
terminating amino acids interacting with Ni(111) and Au(111); water on Ni(111) is
also being studied as a part of a more general multiscale approach where the final
goal is to investigate amino acids in solution in contact with a metal surface. As we
have shown for BPA-PC, this modeling procedure can predict interface properties
which cannot be described by other theoretical procedures; at the same time allows
the study of systems which could not be accurately considered so far, as the various
extensions and the work in progress show. [De03d, De03e]
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Dual Resolution Molecular Simulation of Bisphenol-A-
Polycarbonate Adsorption onto Nickel (111): Chain
Length Effects
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Summary. We discuss results of molecular dynamics simulations of dense liquids of BPA-PC
adjacent to (111) nickel surfaces. The BPA-PC molecule is modeled using a dual-resolution
coarse-grained representation, in which the chemical repeat unit is represented by four spheri-
cal beads, each roughly corresponding to a comonomeric functional group, except at the chain
ends, where the terminal carbonate groups are represented atomistically. This dual resolu-
tion scheme is necessary to give access to an orientational degree of freedom upon which the
polymer/surface interaction potential sensitively depends. The results expand upon those of
Ref. [Abr03b], in which chains of length N = 10 repeat units were considered, by consid-
ering chains of length N = 20. We observe that the structure of the liquid near the wall is
sensitively affected by the strong attraction of the chain ends to the surface for both chain
lengths. The liquid forms two layers: in the innermost layer near the wall, most chains have
both ends adsorbed, while in the outermost layer, most chains have a single end adsorbed. This
structure leads to an interesting profile in chain orientation, where chains are flattened in the
innermost layer and stretched in the outermost layer. The overlap between these two layers is
more diffuse in the case of the N = 20 chains.

1 Introduction

Simulation of specific polymer systems has recently been greatly advanced by em-
ploying systematically derived coarse-grained molecular models [Bas00, Paul91,
Kre01, M-P02]. These models vary in the details of their development and imple-
mentation, yet all seek to construct particle- or lattice-based chain-like objects whose
constituents represent at most a few chemical repeating units of any specific poly-
mer. This is meant to circumvent the great difficulty in producing equilibrated sam-
ples of atomically-resolved polymers due to the O(10) orders of magnitude spread
between the resolution required in time for standard atomistic molecular dynamics
(MD) simulation (10−15 s) and the slow molecular relaxation times (∼ 10−5 s) which
must be achieved. Monte Carlo simulation fares no better as an alternative approach,
especially in dense muiltimolecular systems, because local moves are constrained
to impractically small values by steep bonded potentials, and enormous numbers of
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successful moves have to accumulate in order to move chain sections larger than a re-
peat unit or so. Integrating out these fast motions, or put another way, averaging over
their underlying steep potentials, allows us in principle to construct models that can
produce equilibrated configurations with relatively much less computational effort.

Coarse-graining aims to guarantee that the chain conformations in a simulation
sample represent true equilibrium conformations of the specific polymer considered.
A central feature of coarse-graining is that the models retain only as much unique
and relevant information as needed about the specific polymer(s) under investiga-
tion, using significantly fewer degrees of freedom (i.e., particles) than required for
full atomistic detail. The coarsened degrees of freedom must be constrained within
ensembles of configurations which represent an appropriate average over the mi-
croscopic atomic-scale potential energy surface for the fully resolved system. Once
an equilibrated sample at the coarse-grained level is generated using an appropriate
simulation technique which samples these ensembles, atomic details can be inverse
mapped to study atomic-scale properties and processes on then appropriately short
length and time scales [Tsc98b].

Our focus in recent years has been developing a method for coarse graining melts
of bisphenol A-polycarbonate (BPA-PC) [Tsc98a, Tsc98b, Hahn01, Del02, Abr03a]
(Fig. 1). BPA-PC not only provides a challenging test case for this type of modeling,
it is also by far the most utilized and intensively studied variety of polycarbonate,
thanks to its many valuable material properties, such as high impact strength, ductil-
ity, glass transition and melting temperatures [Mor88]. Coarse-grained simulations
can potentially fill a gap that now exists between traditional atomistic simulation and
experiments, by addressing longer length and time scales, allowing one to test hy-
potheses regarding inter- and intramolecular interplay in packing and entanglement
that are otherwise more difficult to approach.

Metal surfaces are particularly relevant for industrial processing of polycarbon-
ate, and indeed many other synthetic polymers. The interplay between specific local
adsorption of organic chain segments and the much larger scale chain conformations
is difficult to capture with traditionally simple molecular and atomic-scale models.
Our contributions so far have presented a technique involving appropriate coupling
of information from detailed ab initio calculations of small molecule/surface inter-
actions into coarse-grained molecular dynamics simulations of liquids of compara-
tively much larger macromolecules [Del02, Abr03b]. For the purposes of these pro-
ceedings, we are particularly interested in understanding the adhesion behavior of
BPA-PC liquids next to crystalline nickel surfaces, and how chain length affects this
behavior.

Polymer/surface interactions are especially challenging to capture with coarse-
grained models due to the specificity of the interactions for various comonomeric
groups in complicated polymers, such as BPA-PC. The challenge lies in the fact
that the averaging over the microscopic potential energy surface which gives coarse-
grained potentials for bulk BPA-PC is strictly not valid when chains strongly interact
with surface, which is the case for the BPA-PC/Ni. For this reason, we have con-
structed a dual-resolution representation of BPA-PC– combining both coarse-grained
and atomic-scale resolution in the same representation – in order to capture as much



Dual Resolution Polycarbonate/Nickel 133

of the specificity of the polymer/surface interaction as possible, while maintaining
the computational advantages of coarse-graining [Abr03b]. In a recent publication,
we presented the details of this dual-resolution scheme (which are briefly recapitu-
lated below) and presented preliminary results on the structure of a 10-repeat-unit
BPA-PC liquid near a Ni (111) surface [Abr03b]. Here, we expand upon the results
presented in Ref. [Abr03b] to consider the effects of longer chains on the structure
of the melt near the surface.

2 The Dual-Resolution Coarse-Grained Model of BPA-PC

2.1 The 4:1 Single-Resolution Model

For a complete presentation of the dual-resolution model of BPA-PC and simulation
techniques, we refer the reader to Ref. [Abr03b]. Fig. 1 shows the chemical structure
of a BPA-PC molecule composed of n repeat units. The repeat unit is constructed
of four sequential subunits: a phenylene, an isopropylidene, a second phenylene, and
a carbonate. The ends of a BPA-PC molecule are phenyls connected to carbonates.
Because the terminal phenyls are each bound to an oxygen of their respective car-
bonate, we term these “phenoxy” ends. Other end groups apart from phenoxies are
currently being considered in work that is not discussed here.

(a)

(b)

O

O
CC

O

OO

O
CC

O O
CC

O

n−1

isopropylidene

phenoxy phenylene

carbonate

Fig. 1. (a) Schematic representation of the structure of bisphenol A-polycarbonate. The rele-
vant comonomeric groups are labeled. The nth repeat unit is outside the brackets because we
distinguish terminal carbonate groups from internal carbonate groups in the dual-resolution
model. (b) Schematic representation of the 4:1 coarse-grained model of BPA-PC, detailed in
Ref. [Abr03a].

The 4:1 coarse-grained representation of BPA-PC [Abr03a] replaces the atomic
structure of the repeat unit, which contains 33 atoms, with four spherical beads, two
of which are centered on the backbone carbons of the carbonate and isopropylidene
groups, respectively. The other two beads “float” at a fixed distance along a line
connecting adjacent pairs of carbonate-isopropylidine (“c”–“i”), and are meant to
roughly occupy space ascribed to the phenylene (“p”)groups. The diameters of these
beads are chosen so that they have proper relative sizes and as a group occupy the
proper van der Waals excluded volume of the repeat unit. These diameters parame-
terize repulsive pairwise Weeks-Chandler-Andersen 12–6 potentials [Wee71] for the
non-bonded interactions among beads.
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The beads adjacent along the chain are connected by stiff harmonic bonds whose
lengths are determined from the atomic geometry. In addition to this connectivity,
and the non-bonded pair potentials, the overall potential also operates on three types
of bond angles: c-p-i, c-i-c, and i-c-i. All c-p-i angles are held at 180◦ by stiff har-
monic potentials. The angles defined by c-i-c and i-c-i triples (skipping the bridging
phenylene beads) are constrained according to Boltzmann-inverted potentials tab-
ulated via Monte-Carlo averaging over the atomic scale potential. At a specified
temperature, the value of any c-i-c or i-c-i angle is thus constrained to the correct
distribution consistent with the atomic scale potential.

The philosphy behind this method of coarse-graining has been discussed pre-
viously [Tsc98a, Abr03a]. Briefly, there are three major assumptions used. (1) The
coarse-grained degrees of freedom are uncorrelated, allowing us to write a coarse-
grained potential with additive contributions from each degree of freedom. (2) The
intramolecular potential at the atomic level is not influenced by intermolecular de-
grees of freedom. This is a safe assumption for most synthetic (carbon-based) poly-
mers at temperatures below those at which thermal decomposition can occur. (3)
The intermolecular interactions at the coarse-grained level are approximated to an
acceptable level of accuracy by pair-wise repulsive potentials, at least for simulating
equilibrium structures.

2.2 Adapting the 4:1 Model for Surface Studies: Ab Initio Calculations

The coarse-graining procedure described above yields models which are most appro-
priately used in bulk simulations. However, it is of interest presently to understand
how polymer molecules behave at metal interfaces. We have chosen to consider the
specific system of BPA-PC on nickel (111), for the reasons alluded to in the Intro-
duction. What changes must be made to the current 4:1 model, if any, to allow us to
use it to study the BPA-PC-Ni interface at the molecular level?

To answer this question, it would be desirable to perform ab initio calculations
of at least a single BPA-PC molecule in the vicinity of a semi-infinite slab of nickel
atoms with a (111) surface arrangement. Were such a simulation tractable, we could
use it to determine the exact nature of any specific interactions between any group-
ing of atoms in the chain and any grouping of atoms on the surface. Appropriately
averaging over all possible interaction geometries would then yield probability distri-
butions which could be inverted into potentials for use in coarse-grained simulation.

There are two problems here. The first is that the ab initio calculations described
are impossible based purely on the number of atoms required, with current or even
next-generation computing power. The second is, even if they were possible, and
even if we could gain enough statistical strength to perform the averages appropri-
ately, we would have to greatly expand the parameter space to consider how specific
interactions with the surface alter the intramolecular potential of the molecule. Prob-
ing all possible conformations and orientations of a chain of even one repeat unit next
to a sufficently large slab of nickel using ab initio techniques would be a monumental
effort.



Dual Resolution Polycarbonate/Nickel 135

Our strategy has been to consider first small molecules which correspond to the
chemical subunits of BPA-PC [Del02, Abr03b]. This is motivated not only by the
need of computational tractability, but also has the important advantage that the sub-
units we study are also important for polymers other than BPA-PC. We performed
Car-Parrinello MD calcuations to predict the interaction energies of each of these
molecules with a finite slab of nickel comprised of four atomic layers. Details of
these results are presented in the contribution by L. Delle Site in these proceedings.
Here, we summarize the results. We observed that at all relevant orientations, car-
bonic acid and propane are strongly repelled from nickel (111) when the distance
between center of mass and first layer Ni atoms is below 3 Å. Both benzene and˚̊
phenol strongly adsorb in a horizontal orientation at a distance of 2 Å from the top˚̊
layer, with a strength of about 1 eV. This interaction is short-ranged, dying off above
3 Å, and strongly orientationally dependent, decaying nearly to zero if the angle be-˚̊
tween the normal of the surface of the ring and the normal of the nickel surface plane
deviate in direction by more than about 45◦.

The crucial step in incorporating this information into the 4:1 coarse-grained
model is to realize two things. First, although internal phenylenes would apparently
therefore like to stick to the nickel, they are sterically hindered by the strong repul-
sion felt by the adjacent isopropylidene. Second, the phenoxies at the ends of the
chains are not sterically hindered because the carbonate can orient with one bridg-
ing oxygen at the surface and the others away, allowing the terminal phenoxy group
to strongly bind without steric hindrance. However, the orientation of the ring is a
sensitive determinant of the interaction strength, and this degree of freedom does not
exist in the bulk 4:1 model.

2.3 The Dual Resolution BPA-PC Model

The solution to this problem is the dual-resolution model, depicted in Fig. 2. The
essential feature of the dual-resolution model is that the terminal carbonates are
resolved atomically. That is, instead of using a single c-type bead to represent the
outermost carbonates, we use explictly one carbon atom, denoted “C,” two bridging
oxygen atoms, denoted “Ob, and a single carboxylic oxygen, denoted “OC.” The
orientational degree of freedom we must access is determined by a vector joining the
outer bridging oxygen of the terminal carbonate group and the center of the terminal
phenyl ring. The direction of this vector is the “tilt” of the phenyl ring. Because we
know the torsional barriers around this bond to be on the order of thermal energy
at T = 570 K, we assume that rotation of the phenyl ring optimizes instantaneously
relative to the tilt, and hence, we need only to resolve the carbonate group to access
the tilt degree of freedom. Atomic-scale potentials taken from all-atom simulations
of liquid diphenyl carbonate [Hahn99] are used to enforce all bonds, angles, and the
one improper dihedral arising from this group.

The challenge in this dual-resolution scheme, as in any scheme that simultane-
ously resolves a single system with two or more levels of resolution, is handling the
interface between the two levels of resolution. Here, this requires specifying how
the inner Ob is bonded to its adjacent phenylene bead and how the outermost Ob is
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Fig. 2. Atomistic structure of a representative chain-end conformation of BPA-PC illustrating
the dual-resolution scheme. The small black circles are mapping points in the scheme, and
the large circles represent the excluded volume diameters of those points. The C4-C1 orien-
tation vector, b, is shown. Lower-case letters denote coarse-grained bead designations: “p” is
phenylene, “ct” is the terminal carbonate, “pt” is the terminal phenoxy, and “it” is the termi-
nal isopropylidene. Capital letters denote atom type designations (see text). (See Plate 12 on
Page 274)

bonded to its adjacent, chain-terminating phenyl, forming the phenoxy end. For this
reason, the outermost phenylidene (p in Fig. 2 owns a mapping point tethered to its
center of mass, unlike other phenylidenes. Then, the p–Ob bond is enforced at its
natural length by a stiff harmonic bond. The same applies for the bond between the
outermost Ob and the terminal phenyl pt.

The p–Ob–C and pt–Ob–C angles are treated using harmonic potentials as well,
as if both the p-type and pt beads were carbon atoms. The two Ob–C torsional poten-
tials also use the p-type beads as carbon atoms. The angle defined by the outermost
isopropylidene, it, the inner bridging oxygen, and the carbonate carbon is constrained
at its geometrically determined value of 180◦ using a stiff harmonic potential. Be-
cause the outermost phenylene now owns a tethered mapping point, the angle at the
outermost isopropylidene is determined by the sequence c–it–Ob obeys a different
distribution than the normal c–i–c angle, which is computed ahead of time using the
same type of Monte-Carlo averaging as in the previous case.

Finally, new intermolecular interactions must be accounted for relative to the
previous 4:1 case when the carbonate groups are resolved atomically. However, as
a first step, we have chosen the simplest route where the carbon atom is treated in
an excluded volume sense as a c-type bead, and the oxygens experience no excluded
volume.

The benefit of this new scheme is that the vector connecting the outermost Ob

and the terminal phenyl bead determines the orientation of the terminal phenoxy if
we make the assumption that a negligble atomic-scale torsional barrier on the Ob-
C4 exists (C4 is the carbon atom of the phenyl that is bound to the bridging oxygen
of the carbonate group). Indeed, this barrier is less than 1 kT at our temperature of
interest, which is 570 K [Hahn99]. Thus, we can include the orientation of this vector
as a degree of freedom upon which we can apply a potential energy, and this allows
to accurately account for both the short range and strong orientational dependencies
of the phenoxy-nickel interaction. Most importantly, because we are not forced to
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resolve the entire molecule atomically, we know that no matter how quickly the the
system responds to the presence of the surface, the chains more than one repeat unit
distance from the surface are locally equilibrated, and global equilibration is feasible.

The simulation system is a slit pore, and particles are confined to a central region
by the walls. Particle-wall interactions are purely repuslive for internal beads, and
are (111)-site-specific and orientationally dependent for the terminal phenoxy beads.
The MD simulations are preformed in reduced Lennard-Jones units (1 σ = 4.41 Å)˚̊
using a time step of 0.005 τ and a Langevin-type thermostat [Kre90] with a friction
of 0.5 τ−1. Time is measured in units of τ ≡ σ

√
m/kBT , where m is the unit

mass. Because of the stochastic forces introduced by the thermostats, the masses of
the explicit C and O atoms are artifically increased to 1.0 (which is the mass of all
beads in the system) to reduce their bond oscillation frequencies. In this sense, using
“heavy” carbon and oxygen in the dual resolution scheme is an acceptable alternative
to limiting the integration to much smaller time-steps. Our assumption is that using
such heavy atoms does not greatly affect the equilibrium structure of the chains or the
liquid. The systems were initialized by first growing the chains as phantom random
walks in a box with periodic boundaries in all three dimensions. Periodicity was then
turned off in the z-dimension, and particle position z-components were unfolded.
Walls are then placed at extremes in z and slowly, over 5000 MD steps, brought
toward one another until the desired density is acheived.

The results presented in Ref. [Abr03b] were extracted from a simulation system
of 240 chains, each chain having 10 chemical repeat units. Here, we compare a selec-
tion of these results to those from a system of 400 chains, each having 20 chemical
repeat units.

3 Results and Discussion

Here we compare a selection of results for chains of 10 and 20 repeat units. The
first result we consider is the evolution of the phenoxy-surface potential energy, Es.
Shown in Fig. 3(a) is the Es vs. time for the two runs, normalized by the number of
adsorbed ends at equilibrium, 〈ns〉. In both cases, Es(t)/ 〈ns〉 saturates to a value of
roughly 12 kT at a time of about 105 τ . There is apparently not a significant effect
on the surface equilibration from doubling the chain length from 10 to 20 repeat
units. Furthermore, the slow component in the relaxation of Es is due to new net
adsorption events, as can be seen in Fig. 3(b). Here, the planar density of adsorbed
ends ρs is plotted vs. time. ρs(t) saturates to equilibrium values at a time of about
105 τ , and the equilibrium value of ρs for chains of length 10 repeat units is roughly
1.5 times larger than that for chains of length 20 repeat units. This results is somewhat
surprising because the volume density of chain ends in the system with 20-repeat-unit
chains is half that of the system with 10-repeat-unit chains. The longer chains can
more easily adsorb ends than the shorter chains because tethering the end of a 20-
repeat-unit chain sacrifices a smaller fraction of that chain’s conformational entropy
than would tethering the end of a 10-repeat-unit chain.
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Fig. 3. (a) Phenoxy adsorption energy vs. time, normalized by the final number of adsorbed
phenoxies, for systems of 10 and 20-repeat-unit chains. (b) Surface density of adsorbed phe-
noxies vs. time, again for systems of 10 and 20-repeat-unit chains.

Next, we consider the equilibrium structure and orientation of the chains. As pre-
sented in Ref. [Abr03b], the chain-end sticking for 10-repeat-unit BPA-PC resulted
in a unique two-layered structure in chain packing and orientation as a function of
distance from the wall. The dominant length scale in this structure is the unperturbed
root-mean-square radius of gyration, Rg, which was about 20 Å for the 10-repeat-˚̊
unit chains. It was observed that the chains with centers of mass less than about 2Rg

from the surface were divided clearly into two populations: those with centers of
mass between 0 and Rg from the surface (layer I) had both ends adsorbed, while
those between Rg and 2Rg (layer II) had only one end each adsorbed and were
strongly stretched along the direction normal to the wall. This is depicted schemat-
ically in Fig. 4. Moreover, the chains in layer I were flattened in the direction z
normal to the wall, and chains in layer II were strongly stretched in z. The shapes
of the chains are quantified in terms of the zz components of each chain’s gyration
tensor S, where the trace of this tensor is Rg.

In the case of chains of 20 repeat units, the same general conclusions hold, as
shown in Fig. 5. For these chains, Rg is about 29 Å. In Fig. 5(a), we plot both the˚̊
density of chain centers-of-mass and Szz as functions of distance from the wall,
z. At a particular value of z, Szz is the average of all chain Szz’s for chains with
centers of mass between z and z + δz. This data was averaged over the equilibrated
configurations with a lateral resolution of δz=0.031 σ. Flattened chains in layer I
and stretched chains in layer II are evident. In Fig. 5(b), we show the breakdown of
the chains by the number of ends adsorbed. Here we see that most chains in layer I
have both ends adsorbed, while most in layer II have only a single end adsorbed. The
delineation between populations of chains with single- and double-ended adsorption
is not as clear as for the shorter chains, but the same length scaling applies: Those
chains with centers of mass less than one bulk Rg from the wall have both ends stuck
and are somewhat flattened, while those between one and two Rg have a single end
and are stretched. The degree of flattening and stretching is not as pronounced for
the 20-repeat-unit chains as for the 10-repeat-unit chains, because each chain has
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Fig. 4. Schematic representation of the molecular structure of a BPA-PC melt adjacent to a Niatic representation of the molecular structure of a BPA-PC melt adjacent to
wall, showing double-ended adsorbed, single-ended adsorbed, and non-adsorbed chains. (Seedouble-ended adsorbed single-ended adsorbed and non-adsorbed chains
Plate 13 on Page 275)

twice as many internal degrees of freedom upon which to call to relieve the stress
associated with adsorbing a chain end to the surface while packing densly among
other chains.
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Fig. 5. Simulation results for 20-repeat-unit BPA-PC: (a) zz component of the lab-frame mean
depth-resolved gyration tensor vs. distance from wall, and chain center of mass density vs.
distance from wall. (b) Breakdown of chains into those with single- double-ended adsorption.

4 Summary, Conclusions, and Outlook

We have reported on the application of our dual-resolution model for BPA-PC-
nickel interfaces to a system with longer BPA-PC molecules than in the original
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paper [Abr03b]. We observe that the relaxation behavior of the surface interaction
energy is not sensitive to chain length. Furthermore, equilibrium chain structure and
orientation is qualitatively the same for the two chain lengths considered (10 and 20
chemical repeat units). For both cases, the liquid structure near the wall is divided
into two layers: the outermost layer (immediately adjacent to the wall) contains flat-
tened chains with both ends adsorbed, while the innermost layer (immediately adja-
cent to bulk liquid BPA-PC) contains stretched chains with single-ends adsorbed.

Our technique of using insight from ab initio to construct a minimalistic yet re-
alistic coarse-grained model for a synthetic polymer interacting with a specific metal
surface appears to be a promising technique which could be applied to many other
specific systems. It should be noted here, however, that we have taken advantage of
the unique interplay between sterics and energetics for BPA-PC-Ni, requiring that
only chain ends be atomically resolved. In principle, one would rather have a tech-
nique which, when applied to any particular system with an interface or other in-
teresting structure with atomic resolution in at least one dimension, would decide
for itself what molecular fragments must be atomically resolved and what fragments
may remain coarsened. This would, in effect, be a means to conduct embedded full-
blown atomic MD simulations with realistic boundary conditions that optimize on-
the-fly. Such ideas are not new in the area of simulations of crystalline materials,
where one has the luxury of a reference crystal structure upon which a coarsened
mesh can be constructed (for example, Ref. [Bro99]). It is also not new in the area
of hybrid quantum/molecular mechanics models (QM/MM), in which a small region
of a few atoms is treated quantum mechanically while being embedded in a larger
system of atoms treated empirically (for example, Ref. [Eic99]). The idea, however,
of “adaptive inhomogeneous coarse-graining” for molecular liquids expressed above
is new, and introduces many unique considerations not encountered before in other
multiresolution techniques. It is this area which we are devoting our most current
research efforts.
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Summary. Crack branching and instability phenomena are believed to be closely related to
the circumferential or hoop stress in the vicinity of the crack tip. In this paper we show that
the hoop stress around a mode I crack in a harmonic solid becomes bimodal at a critical speed
of about 73 percent of the Rayleigh speed, in agreement with the continuum mechanics the-
ory. Additionally, we compare the energy flow field predicted by continuum theory with the
solution of molecular-dynamics simulations and show that the two approaches yield compa-
rable results for the dynamic Poynting vector field. This study exemplifies joint atomistic and
continuum modelling of nanoscale dynamic systems and yields insight into coupling of the
atomistic scale with continuum mechanics concepts.

1 Introduction

Many phenomena associated with rapidly propagating cracks are not thoroughly
understood. Experimental work [FGMS91] and computer simulations [ABRR94,
ABRX97] have shown that initially straight cracks start to become unstable upon
a critical speed of about 30 percent of their limiting speed, the Rayleigh velocity
[Fre90]. In contrast, it was proposed based on the linear elastic continuum theory
that cracks become unstable at about 75 percent of the Rayleigh speed (speed of
surface waves) [Yof51, Fre90].

Up to date, it remains unclear what is the governing stress measure governing
branching and crack instabilities at the atomic scale. Continuum formulations of-
ten use a material instability criterion similar to the principal stress to determine in
which direction the material will fracture (e.g. [KG98]). It remains controversial if
such a criterion can be accepted at the atomic scale, as the breaking of single atomic
bonds is expected to govern the dynamics of cracks. Yoffe [Yof51] proposed that
crack propagation should become unstable when the circumferential or hoop stress
near a crack tip has a maximum at angles off the propagation direction. She showed
that for low velocities, the hoop stress has a maximum ahead of the crack tip, but for
velocities larger than about 73 percent of the Rayleigh speed, the hoop stress max-
imum is at off-angles of about 60 degrees, potentially causing the crack to change
direction.

T. J. Barth et al. (eds.), Multiscale Modelling and Simulation
© Springer-Verlag Berlin Heidelberg 2004
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Atomistic simulations can successfully address many issues of dynamic fractureff
by providing an ab initio description of the fracture process [AWG+02a]. Here we
use large-scale atomistic simulations to study the near-crack elastic fields in mode
I dynamic fracture and to compare the discrete atomistic and the continuum me-
chanics viewpoints. The studies reported here are the first in a series of computer
experiments where the crack instability is investigated. The main objective of this
work is to show that the continuum mechanics prediction of a bimodal hoop stress
field is reproduced quantitatively in molecular dynamics (MD) simulations. Since
we focus on the deformation field near rapidly propagating cracks even beyond the
instability speed, we constrain the crack to propagate along a one-dimensional pre-
scribed fracture path modeled by a weak Lennard-Jones cohesive bonding. In the rest
of the slab, atomic bonds are described by a harmonic potential and never break.

In the continuum theory, the stress field in the vicinity of the crack tip is given
by the asymptotic solution [Yof51, Bak62, Fre90]. With KI(v) as the dynamic stress
intensity factor,

σij(v, Θ) =
KI(v)√
2πr

Σij(v, Θ) + σ
(1)
ij +O(1). (1)

The functions Σij(v, Θ) represent the variation of stress components with angle Θ

for any value of crack speed v [Fre90]. The values of σ
(1)
ij and the first order con-

tribution O(1) are determined from the boundary conditions, and neglected in the
remainder of this work since the first term dominates very close to the crack tip.
Similar expressions exist for the particle velocities u̇i [Bak62, Fre90]. The asymp-
totic field strongly depends on the crack velocity, and has universal character because
it is independent of the details of applied loading.

The plan of this paper is as follows. We start with an elastic analysis of a Lennard-
Jones lattice as well as a harmonic lattice. We then show that in MD simulations
of cracks travelling in perfect harmonic lattices the hoop stress becomes bimodal
at about 73 percent of Rayleigh speed, in agreement with the continuum theory.
In addition, we report comparison of continuum theory with MD simulation of the
strain energy field near the crack tip as well as the energy transport field near rapidly
moving cracks.

2 Continuum and atomistic modeling of dynamic fracture

Recent two decades have witnessed increasing research on MD simulations in mate-
rials science. Using huge supercomputers to break tiny nano-crystals has become an
unforeseen fruitful combination. (see, e.g. [dAY83, CY93, ABRR94, Mar99, MG95,
AWG+02a, AWG+02b, YDPG02, RKL+02, BHG03, BAG03, BGH03b]). The suc-
cess of atomistic simulations of brittle fracture is partly due to the fact that the time
and length scales involved in brittle dynamic fracture is perfectly suitable for MD
simulations. Fracture is a process occurring on the order of sound speeds and a crack
moves through a crystal with nanometer dimensions in a few picoseconds.
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The basis of our simulations is the atomic interactions of a simple rare-gas solid
accurately described by the Lennard-Jones 12:6 (LJ) potential [AT89]

φ(r) = 4ε0

[(σ

r

)12

−
(σ

r

)6
]

. (2)

All quantities are expressed in reduced units. Lengths are scaled by the LJ-parameter
σ, and energies are scaled by the parameter ε0 which is the depth of the minimum of
the LJ potential. The reduced temperature is kT/ε0 with k as the Boltzmann constant.
The mass of each particle is m = 1. Such a two-dimensional lattice behaves as a
brittle solid [ABRR94, ABRX97]. A simulation result of a system with LJ atomic
interactions is shown in Figure 1. After an initial phase where cleavage is mirror-
like, the crack surface starts to roughen at about 30 percent of the Rayleigh speed.
Eventually, the crack surface turns into a hackle region accompanied by emission of
dislocations. The final speed of the crack is around 50 percent of the Rayleigh speed.
These observations are in agreement with [ABRR94, ABRX97].

The LJ potential is highly nonlinear. To rule out nonlinear effects, we linearize
the LJ potential around the equilibrium distance r0 = 21/6 ≈ 1.12246 and define a
harmonic potential

φ(r) = a0 +
1
2

k(r − r0)2 (3)

with k = 72/21/3 ≈ 57.15 and a0 = −1.
To avoid crack branching or wiggling as seen in Figure 1, we constrain the crack

to propagate along a one-dimensional fracture path. The slab geometry and orienta-
tion of the two-dimensional hexagonal lattice is shown in Figure 2. The slab width is

Fig. 1. Crack propagation in a LJ system as reported earlier in [ABRR94]. The plot shows the
σxx-field and indicates the mirror-mist-hackle transition. (See Plate 14 on Page 275)
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Geometry of the simulation slab. The slab width is denoted by lx, the slab length is ly
and the crack extension is a. The plot also depicts the crack orientation and the bond breaking
process at the crack tip. (See Plate 15 on Page 276)

denoted by lx, the slab length is ly ≈ 3lx, the crack extension is a, and the crack is
propagating in the y direction. To apply loading to the system, we displace the out-
ermost rows of atoms in the slab according to a prescribed strain rate ε̇ = 0.000, 01
and establish an initial linear velocity gradient in the slab. Note that the strain rate
is given in reduced units defined by the LJ potential (see, e.g. [GHA01]) We use a
higher loading rate of ε̇ = 0.000, 05 in the studies of energy flow around the crack
tip in order to drive the crack to higher velocities faster. Boundaries are held fixed
at their current position to stop loading. The interactions across the weak layer are
defined by the LJ potential given by equation (2), while the potential is defined by
equation (3) in the rest of the slab. A horizontal slit of length a is cut midway along
the left-hand vertical slab boundary, serving as a source for further crack extension.
The crack is oriented orthogonal to the close-packed direction of the triangular lat-
tice, and the slab is initialized with a temperature T ≈ 0 K.

3 Elastic and fracture properties:
From atomistics to continuum mechanics

The need to advance methods that combine atomistic and continuum analysis is be-
coming increasingly compelling with rapid advance in computational resources. In
order to compare atomistic simulations with continuum analysis level, it is neces-
sary to use methods that allow transition between the two levels of descriptions
[KG98, ZKHG98, GK01]. Of particular interest is the relationship between inter-
atomic potentials and associated elastic properties. Linking the two levels of descrip-
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tion can be thought of as a homogenization procedure, since the lattice is a periodic
rapidly varying function, and elastic properties are associated with a continuum.

A possible method of linking atomistic and continuum concepts is to use the
Cauchy-Born rule [BH56, Hua02] which provides a relation between the energy cre-
ated from a macroscopic strain field and the atomistic potential energy found in a
stretched crystal lattice [Wei83, KG98, ZKHG98, GK01].

3.1 Elastic properties

For simple cases such as harmonic interactions in 2D, elastic properties can be cal-
culated analytically. The linear spring potential given by equation (3) corresponds
to the “ball-spring” model of solids and yields a plane-stress elastic sheet. Young’s
modulus E and shear modulus μ can be shown to be

E =
2√
3

k ≈ 66, μ =
√
3
4

k ≈ 24.7. (4)

It can further be shown that Poisson’s ratio ν = 1/3. Using the above values for
elastic properties, the wave speeds can be straightforwardly obtained. The longitu-
dinal wave speed can be calculated from the elastic properties as cl =

√√
3μ/ρ, the

shear wave speed is given by the square root of the ratio of the shear modulus μ
to the density ρ ≈ 0.9165, or cs =

√√
μ/ρ. The speed of elastic surface waves, the

Rayleigh speed, is given by cr ≈ βcs, where β ≈ 0.9235. The wave speeds are given
by cl = 9, cs ≈ 5.2 and cr ≈ 4.82.

Figure 3 shows numerical estimates of the elastic properties of a Lennard-Jones
solid, where the elastic properties of the harmonic interactions are also included.
The systems are loaded uniaxially in the two symmetry directions of the triangular
lattice. The plot of the LJ system shows that the y direction requires a higher break-
ing strain than in the x direction (about 18 percent versus 12 percent). The tangent
Young’s modulus drops significantly from around 66 for small strain until it reaches
zero when the solid fails. Poisson ratio remains around 1/3, but increases slightly
when loaded in the x direction and decreases slightly when loaded in the orthogonal
direction. The Young’s modulus E with harmonic interactions increases with strain,
and coincides with the value of the LJ solid for small strains. It can also be shown
that the harmonic solid is isotropic for small strains, with Poisson’s ratio close to 1/3
similar to the LJ solid.

3.2 Stress fields from atomistic simulations

In the continuum mechanics framework, stress and strain are two important quan-
tities describing the state in an elastic body. A commonly used method to calcu-
late stress from atomistic simulation results is the virial theorem [Tsa79], which
is employed to define an atomic stress measure related, but not equivalent, to the
Cauchy stress. In addition to stress, a frequently used quantity in continuum me-
chanics is strain, which describes the deformation of a body with respect to a
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Fig. 3. The continuous lines show the elastic properties of the Lennard-Jones solid. The dashed
lines show the elastic properties associated with the harmonic potential. The dash-dotted lines
in the upper plots show Poisson’s ratio.

reference configuration. This quantity can also be defined at the atomistic scale
[Zim99, BGH03b, BAG03].

The stress field is a quantity containing information about the forces on the atoms
in the material. The stress is obtained by considering variations of the energy with
respect to application of a small strain. The virial stress is given by

σij =
1
2

∑
α,β

(
−1

r

∂φ

∂r
rirj |r=rαβ

)
. (5)

We only consider the force part, excluding the part containing the effect of the ve-
locity of atoms (the kinetic part), following a suggestion in [ZM02]. The hoop stress
σΘ is determined by a transformation of the stress tensor into polar coordinates with
origin at the current crack tip position. The principal stress is obtained by the usual
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procedures [BC00]. The virial stress is strictly valid only under equilibrium condi-
tions, and average over space and time is often required.

4 Simulation results

4.1 Angular variation of stress near the crack tip

We measure the angular variation of stress while the crack accelerates from low ve-
locities to speeds close to the Ralyeigh speed. It is important to note that acceleration
effects can severely change the resulting stress fields. Although the crack tip is re-
garded as inertia-less since it responds immediately to a change in loading or fracture
surface energy, it takes time until the fields corresponding to a specific crack speed
spread out. In fact, the fields spread out with the Rayleigh velocity behind, and with
the shear wave velocity ahead of the crack. In other regions around the crack tip, the
fields are reached in the long-time limit (t→∞) [BV81, Fre90, BGH03a].

We calculate the stress according to equation (5) for different crack speeds rang-
ing from 0 to 87 percent of the Rayleigh speed. Figures 4 to 6 show the angular vari-
ation of σxx, σyy as well as σxy . Figure 7 shows the angular variation of the hoop
stress σΘ . Figure 8 shows the angular variation of the maximum principal stress σ1
near the crack tip. The snapshots are taken around a radius R0 ≈ 11. The continuous
line is the corresponding continuum mechanics solution [Fre90]. It can be observed
from the plots that the hoop stress becomes bimodal at a velocity of about 73 percent.

Fig. 4. Comparison between σxx from MD simulation with harmonic potential and the pre-
diction of the continuum mechanics theory. The percentage refers to the ratio of crack speed
with respect to the Rayleigh velocity.
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Fig. 5. Comparison between σyy from MD simulation with harmonic potential and the pre-
diction of the continuum mechanics theory. The percentage refers to the ratio of crack speed
with respect to the Rayleigh velocity.

Fig. 6. Comparison between σxy from MD simulation with harmonic potential and the pre-
diction of the continuum mechanics theory. The percentage refers to the ratio of crack speed
with respect to the Rayleigh velocity.
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Fig. 7. Comparison between hoop stress from MD simulation with harmonic potential and
the prediction of the continuum mechanics theory. The percentage refers to the ratio of crack
speed with respect to the Rayleigh velocity.
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Fig. 8. Comparison between the maximum principal stress σ1 from MD simulation with har-
monic potential and the prediction of the continuum mechanics theory. The percentage refers
to the ratio of crack speed with respect to the Rayleigh velocity.
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4.2 Energy flow near a crack tip

Here we discuss the energy flow near a crack tip in MD simulations compared with
the continuum theory [Fre90]. A similar study has been reported recently [FPG+02].
In contrast to our treatment of the dynamic Poynting vector for steady-state cracks
at high velocities (in analogy to the discussion in [Fre90]), the authors in [FPG+02]
only consider the static Poynting vector to study energy radiation of rapidly moving
cracks.

The dynamic Poynting vector for a crack moving at velocity v can be expressed
as

PiPP = σij njn u̇i + (U + T )v n1, (6)

where ni the basis vector in the i-th direction, n1 denoting the crack propagation
direction. The kinetic energy is given by T = 1

2ρu̇iu̇i, and the strain energy density
for an isotropic medium is given by [BC00]

U =
1
2E

(
σ2
11 + σ2

22 − 2νσ11σ22 + 2(1 + ν)σ2
12

)
. (7)

The magnitude of the dynamic Poynting vector is calculated as P =
√√

P 2
1PP + P 2

2PP ,
and can be identified as a measure for the local energy flow [BAG03].

Figure 9 (a) shows the strain energy field near the crack tip predicted by both the
continuum theory prediction and the MD simulation result. Figure 9 (b) shows the
magnitude of the dynamic Poynting vector field. Figure 10 shows in panel (a) the
continuum mechanics prediction, and in panel (b) the MD simulation result of the

Fig. 9. Potential energy field and magnitude of the dynamic Poynting vector. (a) Potential en-
ergy field near a crack close to the Rayleigh speed. (b) Energy flow near a rapidly propagating
crack. This plot shows the magnitude of the dynamic Poynting vector in the vicinity of a crack
propagating at a velocity close to the Rayleigh speed. (See Plate 16 on Page 276)
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Fig. 10. Energy flow near a rapidly propagating crack. This plot shows (a) the continuum
mechanics prediction, and (b) the MD simulation result of the dynamic Poynting vector field
in the vicinity of the crack tip, for a crack propagating close to the Rayleigh speed. (See
Plate 17 on Page 277)

dynamic Poynting vector field in the vicinity of the crack tip, for a crack propagating
close to the Rayleigh speed.

5 Discussion and outlook

The main result of this paper is that the hoop stress near a crack tip is reproduced well
in the atomistic simulations. The Yoffe prediction that the hoop stress field becomes
bimodal above 73 percent of the Rayleigh speed is found in MD simulation results as
well [Yof51, Fre90]. This could be verified in Figure 7. Further, the results shown in
this paper suggest that the agreement of MD simulations and continuum mechanics
is generally good, as it is shown for the stress tensor components σxx, σyy and σxy.
We observe disagreement at large angles Θ > 150 degrees, probably due to surface
effects in the atomistic simulations.

In Figure 5 we observe that for σxx, the shape of σxx(Θ) is qualitatively repro-
duced well over the entire velocity regime between 0 and 87 percent of Rayleigh
speed. However, the angles of the local maxima and minima are shifted to slightly
smaller values compared to the theory prediction. Figure 5 illustrates that the shift
of the maximum in the σyy(Θ) curve from about 60 degrees to about 80 degrees is
reproduced only qualitatively. For low velocities the maximum is found at lower an-
gles around 40 degrees, but it approaches the value of the continuum theory at higher
velocities. At 87 percent of Rayleigh speed, the difference is only a few degrees. The
shear stress σxy shown in Figure 6 also agrees qualitatively with the continuum the-
ory. As in the previous cases, the angles of local minima and maxima are shifted to
lower values in the simulation, but the agreement gets better when the crack velocity
is faster. Even though we see small deviations in σxx, σyy and σxy, the hoop stress
σΘ agrees quantitatively with the continuum theory as shown in Figure 7. The angles
of the maxima and minima during crack acceleration agree well with theory. How-
ever, the angles of the maxima and minima of the maximum principle stress shown
in Figures 8 are also shifted to slightly lower values. However, we observe that two
local maxima and one local minima develop at a velocity of about 73 percent in quan-
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titative agreement with continuum theory (“trimodal structure”). The magnitude of
the local maxima and minima also agree quantitatively.

Our results are in line with a previous study where a snapping bond weak layer
was used and a systematic comparison of the close-crack tip deformation field with
continuum mechanics was reported [BGH03b]. The weak LJ layer approach could
be considered advantageous for modeling crack tip field since crack acceleration can
be much smoother. Using a snapping bond weak layer, the minimum crack speed is
about 50 percent of Rayleigh speed with discrete jumps in the propagation speed as
the crack accelerates [BGH03b].

We find that the crack acceleration can cause significant changes in the near tip
fields. The slower the crack acceleration, the better agreement we find between the
measured and predicted fields. This can be explained by the fact that it takes time
to establish the asymptotic field at a fixed position near a crack tip [BV81, Fre90,
BGH03a].

The analysis of the potential energy field near a crack close to the Rayleigh speed
agrees qualitatively with the prediction by the continuum mechanics theory. As Fig-
ure 9 (a) shows, in both theory and computation the field clearly shows two three
local maxima with respect to the angular variation (“trimodal structure”), similar to
the principal stress field. At larger distances away from the crack tip we observe that
other stress terms begin to dominate in the simulation, so the distribution of the po-
tential energy deviates from the prediction by theory. As is expected since only the
first term of equation (1) is considered, these contributions are missing in the con-
tinuum solution. Similar observations also hold for the magnitude of the dynamic
Poynting vector, as it can be verified in Figure 9 (b). The dynamic Poynting vector
field calculated by MD is also in reasonable agreement with the continuum mechan-
ics prediction. This could be verified in Figure 10. In both theory (Figure 10 (a))
and molecular dynamics calculation (Figure 10 (b)), the orientation of the dynamic
Poynting vector is dominated by the direction opposite to crack motion. The vector
field seems to bow out around the crack tip, an effect that is more pronounced in the
simulation than predicted by theory. Also, the flow ahead of the crack is larger in
simulation than predicted by theory. At the free surface of the crack, the measure-
ment from the simulation and the prediction by theory show differences. This could
be based on the fact that the continuum theory does not treat surface effects properly,
in particular short-wave length Rayleigh waves (see also discussion in [FPG+02]).

Finally, we note that the virial expression of the stress tensor is classically thought
to be only valid under equilibrium conditions [Tsa79]. Our results in Figures 4-8
show that it is approximately valid even under dynamic fracture conditions which
are far from equilibrium.

Work in the immediate future will involve crack dynamics in unconstrained har-
monic solids in order to study whether the hoop stress is the governing stress for
crack branching and instability. Further research will be directed in investigating the
role of hyperelasticity in crack dynamics [BAG03].



Stress and energy flow field near a rapidly propagating mode I crack 155

Acknowledgements

The simulations were carried out in the Max Planck Society Supercomputer Center
in Munich. MJB acknowledges the generous support of ETH’s CoLab during the
Workshop for Multiscale Modeling and Simulation. FFA acknowledges the generous
support provided by the Humboldt Research Award for Senior U.S. Scientists.

References

[ABRR94] F.F. Abraham, D. Brodbeck, R.A. Rafey, and W.E. Rudge. Instability dynamics
of fracture: A computer simulation investigation. Phys. Rev. Lett., 73(2):272–
275, 1994.

[ABRX97] F.F. Abraham, D. Brodbeck, W.E. Rudge, and X. Xu. A molecular dynamics
investigation of rapid fracture mechanics. J. Mech. Phys. Solids, 45(9):1595–
1619, 1997.

[AT89] M.P. Allen and D.J. Tildesley. Computer Simulation of Liquids. Oxford Uni-
versity Press, 1989.

[AWG+02a] F.F. Abraham, R. Walkup, H. Gao, M. Duchaineau, T.D. de la Rubia, and
M. Seager. Simulating materials failure by using up to one billion atoms and
the world’s fastest computer: Brittle fracture. PNAS, 99(9):5788–5792, 2002.

[AWG+02b] F.F. Abraham, R. Walkup, H. Gao, M. Duchaineau, T.D. de la Rubia, and
M. Seager. Simulating materials failure by using up to one billion atoms and
the world’s fastest computer: Work-hardening. PNAS, 99(9):5783–5787, 2002.

[BAG03] M.J. Buehler, F.F. Abraham, and H. Gao. Hyperelasticity governs dynamic
fracture at a critical length scale. Nature, 426:141–146, 2003.

[Bak62] B.R. Baker. Dynamic stresses created by a moving crack. Journal of Applied
Mechanics, 29:567–578, 1962.

[BC00] A. Boresi and K.P. Chong. Elasticity in Engineering Mechanics. Wiley-
Interscience, New York, 2nd edition, 2000.

[BGH03a] M.J. Buehler, H. Gao, and Y. Huang. Continuum and atomistic studies of a
suddenly stopping supersonic crack. Computational Materials Science, 28(3-
4):385–408, 2003.

[BGH03b] M.J. Buehler, H. Gao, and Y. Huang. Continuum and atomistic studies of the
near-crack field of a rapidly propagating crack in a harmonic lattice. Theor.
Appl. Fract. Mech., in press, 2003.

[BH56] M. Born and K. Huang. Dynamical Theories of Crystal Lattices. Clarendon,
Oxford, 1956.

[BHG03] M.J. Buehler, A. Hartmeier, and H. Gao. Atomistic and continuum studies of
crack-like diffusion wedges and dislocations in submicron thin films. J. Mech.
Phys. Solids, 51:2105–2125, 2003.

[BV81] V.K. Kinra B.Q. Vu. Britle fracture of plates in tension – static field radiated
by a suddenly stopping crack. Engrg. Fracture Mechanics, 15(1-2):107–114,
1981.

[CY93] K.S. Cheung and S. Yip. A molecular-dynamics simulation of crack tip ex-
tension: the brittle-to-ductile transition. Modelling Simul. Mater. Eng., 2:865–
892, 1993.



156 Markus J. Buehler, Farid F. Abraham, and Huajian Gao

[dAY83] B. deCelis, A.S. Argon, and S. Yip. Molecular-dynamics simulation of crack
tip processes in alpha-iron and copper. J. Appl. Phys., 54(9):4864–4878, 1983.

[FGMS91] J. Fineberg, S.P. Gross, M. Marder, and H.L. Swinney. Instability in dynamic
fracture. Phys. Rev. Lett., 67:141–144, 1991.

[FPG+02] S. Fratini, O. Pla, P. Gonzalez, F. Guinea, and E. Louis. Energy radiation of
moving cracks. Phys. Rev. B, 66(10):104104, 2002.

[Fre90] L.B. Freund. Dynamic Fracture Mechanics. Cambridge University Press,
1990.

[GHA01] H. Gao, Y. Huang, and F.F. Abraham. Continuum and atomistic studies of
intersonic crack propagation. J. Mech. Phys. Solids, 49:2113–2132, 2001.

[GK01] H. Gao and P. Klein. Numerical simulation of crack growth in an isotropic
solid with randomized internal cohesive bonds. J. Mech. Phys. Solids,
46(2):187–218, 2001.

[Hua02] K. Huang. On the atomic theory of elasticity. Proc. R. Soc. London, 203:178–
194, 2002.

[KG98] P. Klein and H. Gao. Crack nucleation and growth as strain localization in a
virtual-bond continuum. Engineering Fracture Mechanics, 61:21–48, 1998.

[Mar99] M. Marder. Molecular dynamics of cracks. Computing in Science and Engi-
neering, 1(5):48–55, 1999.

[MG95] M. Marder and S. Gross. Origin of crack tip instabilities. J. Mech. Phys.
Solids, 43(1):1–48, 1995.

[RKL+02] C.L. Rountree, R.K. Kalia, E. Lidorikis, A. Nakano, L. van Brutzel, and
P. Vashishta. Atomistic aspects of crack propagation in brittle materials: Mul-
timillion atom molecular dynamics simulations. Annual Rev. of Materials Re-
search, 32:377–400, 2002.

[Tsa79] D.H. Tsai. Virial theorem and stress calculation in molecular-dynamics. J. of
Chemical Physics, 70(3):1375–1382, 1979.

[Wei83] J.J. Weiner. Hellmann-feynmann theorem, elastic moduli, and the cauchy re-
lation. Phys. Rev. B, 24:845–848, 1983.

[YDPG02] V. Yamakov, D. Wolf D, S.R. Phillpot, and H. Gleiter. Grain-boundary dif-
fusion creep in nanocrystalline palladium by molecular-dynamics simulation.
Acta mater., 50:61–73, 2002.

[Yof51] E.H. Yoffe. The moving griffith crack. Philosophical Magazine, 42:739–750,
1951.

[Zim99] J. Zimmermann. Continuum and atomistic modelling of dislocation nucleation
at crystal surface ledges. PhD thesis, Stanford University, 1999.

[ZKHG98] P. Zhang, P. Klein, Y. Huang, and H. Gao. Numerical simulation of cohesive
fracture by the virtual-internal-bond model. CMES-Computer Modeling in
Engineering and Sciences, 3(2):263–277, 1998.

[ZM02] M. Zhou and D.L. McDowell. Equivalent continuum for dynamically deform-
ing atomistic particle systems. Phil. Mag. A, 82(13):2547–2574, 2002.



A Peierls Criterion for Deformation Twinning at a
Mode II Crack
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Haifa, Israel.

Summary. The theoretical criterion for deformation twinning (DT) at a crack tip due to Tad-
mor and Hai [TH03] is reviewed. The criterion quantifies the competition between slip and
DT at a crack tip in terms of the critical stress intensity factors necessary to nucleate a dis-
location and a two-layer microtwin there. The analysis is based on Rice’s Peierls framework
for dislocation emission from a crack tip [Ric92]. It is found that DT at a crack tip is con-
trolled by a new material parameter named the “unstable twinning energy”, which plays an
analogous role for twinning as Rice’s unstable stacking energy plays for slip. The derivation
presented in this paper is for the simplest possible special case: a crack with a co-planar slip
plane loaded in pure mode II shear along a crystallographic slip direction. The analysis is lim-
ited to a face-centered cubic (fcc) crystal. While this derivation contains all of the features in
the full derivation in [TH03], the simpler geometry helps to clarify the underlying concepts.
Some of the expressions derived for this special case are new.

1 Introduction

In this paper, the Peierls criterion for DT at a crack tip due to Tadmor and Hai [TH03]
is reviewed. The criterion is based on Rice’s Peierls framework for dislocation nu-
cleation from a crack tip [Ric92].

Consider a crack with a slip plane intersecting the crack front (Fig. 1). The ob-
jective of the analysis is to obtain the critical stress intensity factors (SIFs) required
to nucleate a dissociated dislocation and a deformation twin from the crack tip. A
dissociated dislocation is formed by the emission of a leading partial dislocation fol-
lowed by a trailing partial dislocation on the same plane. A twin nucleus is formed
by the emission of a leading partial dislocation followed by another leading partial
dislocation on the plane above the first partial. The competition between slip and
twinning can then be formulated in terms of the competition between the two possi-
ble secondary partials after the leading partial has been emitted. This is demonstrated
in Fig. 2.

This paper presents the derivation of the DT criterion for the simplest possible
special case: the slip plane is coplanar with the crack plane (i.e. θ = 0), the crack is
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Fig. 1. A schematic diagram of the crack tip region showing the inclined slip plane and slip
direction posited by the dislocation nucleation model. Reproduced from [TH03].
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Fig. 2. The competition between slip and twinning at a crack tip. The atomically-sharp crack
in (a) is loaded and emits a partial dislocation with a stacking fault (SF) in its wake in (b).
As the load continues to increase, the crack will either emit the trailing partial and form a
dissociated dislocation in (c), or emit a second leading partial on an adjacent plane forming a
two-layer microtwin delimited by twin planes (TP) in (d). Reproduced from [TH03].

loaded in pure mode II, and the slip direction of the leading partial is oriented along
the positive x1 axis (i.e. φA = 0). In an fcc crystal this implies that the x1 lies along
a 〈112〉 direction and the x2 axis lies along a 〈111〉 direction. The trailing partial
will form an angle of φB = 60◦ with the x1-axis. The objective of this derivation
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is to clarify the main features of the theory (which are all present here) by reducing
as much as possible complications associated with crystallography and loading. The
derivation contains new expressions, but it is based entirely on Rice’s derivation for
the leading and trailing partials in [Ric92], and Tadmor and Hai’s derivation for the
twinning partial in [TH03].

2 Emission of the leading partial

The solution for the emission of the leading partial is obtained through application of
the J-Integral [Ric68]. A displacement discontinuity δ = δ1 = u+

1 −u−1 is assumed to
exist along the x1-axis ahead of the crack tip (Fig. 3). Applying the Peierls concept,
the shear stress along this line is taken to be a function of the local slip discontinuity,
τ(x1) = f(δ(x1)). An interplanar potential Φ(δ) =

∫
τdδ may be defined, such that

τ = dΦ/dδ. Away from the slip plane the material is assumed to be linear elastic and
isotropic with shear modulus μ and Poisson’s ratio ν.

Rice [Ric92] pointed out that the potential Φ(δ) used in the Peierls model is
related (but not equal) to the generalized stacking fault interplanar potential Ψ(Δ)
[Vit68]. The difference is that Ψ(Δ) is the energy obtained by rigidly displacing one
half of a crystal relative to the other, where Δ is the disregistry of atoms across the
cut plane. For a lattice undergoing a uniform shear γ outside of the slip plane, the
disregistry and slip discontinuity are related by Δ = δ + γh, where h is the inter-
planar spacing normal to the slip plane. It may be shown that the potentials Φ(δ)
and Ψ(Δ) are related according to Φ = Ψ − hτ2/2μ. An important consequence of
this relation is that the potentials Φ(δ) and Ψ(Δ) have the same extrema. In particu-
lar, the parameter γus, a maximum on the Φ(δ) curve which plays an important role
in the nucleation criterion, may be obtained directly from the corresponding Ψ(Δ)
function.

n

ii
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n

+u  - ui
+δ  =i

farΓf

x2xx

x1xΓslitΓΓ

Fig. 3. A schematic diagram of the crack tip loaded in mode II with the slip direction coinci-
dent with the loading directions. The J-integral integration contours are indicated.
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To solve the nucleation problem the path invariance property of the J-integral is
utilized, namely that J , given by

J =
∫

Γ

∫∫
[n1W − nασαβ∂uβ/∂x1] ds, (1)

will be the same for any circuit Γ which does not traverse the crack or the slip
zone ahead of it. In (1), n is the unit normal to the path Γ , W is the strain energy
density, σ is the stress tensor, u is the displacement field and s is the arc length
parameter. Two contours are defined: ΓfarΓΓ , which is far removed from the crack tip
where the effects of the nonlinearities associated with the slip can be neglected, and
ΓslitΓΓ , which is coincident with the slipped zone ahead of the crack tip. By equating
JfarJJ = JslitJJ , a correspondence between the macroscopic field parameters and the
microscopic properties of the slipped zone is obtained. Integrating (1) on the far
contour yields the well-known result demonstrating the equivalence between J and
the energy release rate G,

JfarJJ = (1− ν)K2
II/2μ ≡ G. (2)

Integrating (1) on the slit contour turns out to also have a clear significance. The
first term in (1) drops out, since n1 = 0, with the result,

JslitJJ = −
∫ ∞

0

∫∫
σ21

∂(u+
1 − u−1 )
∂x1

dx1

= −
∫ ∞

0

∫∫
τ [δ(x1)]

∂δ

∂x1
dx1 =

∫ δtip

0

∫∫
τdδ = Φ(δtip), (3)

where the relations τ = σ21 and δ = u+
1 − u−1 have been used, and where δtip is the

slip discontinuity at the tip of the crack. Equating equations (2) and (3) gives,

(1− ν)K2
II/2μ = Φ(δtip). (4)

As KII increases the energy stored in the slipped zone increases and the potential at
the crack tip follows the Φ(δ) curve. At the first maximum of Φ(δ) the system loses
stability and a dislocation is emitted. This maximum is defined as the unstable stack-
ing energy γus. The critical SIF for the nucleation of the leading partial dislocation
is thus,

K1
II =

√
2μγus
1− ν

, (5)

where the superscript “1” indicates that this is the critical load for the emission of the
first partial from the crack tip. As soon as KII = K1

II the leading partial dislocation
is nucleated and glides away from the crack tip leaving behind a stacking fault ribbon
with energy per unit area γsf . This sequence of events is demonstrated in Fig. 4 where
the interplanar potential Ψ(Δ) is plotted for slip along the leading partial direction.
The figure also includes the atomic configurations associated with five points along
the curve. The Ψ(Δ) curve was computed using an Embedded Atom Method (EAM)
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Fig. 4. The interplanar potential Ψ(Δ) for aluminum for the emission of a leading partial (solid
line), trailing partial (dashed line) and a twinning partial (dash-dot line) along with the atomic
arrangements associated with points I to V on the Ψ(Δ) curve. Reproduced from [TH03].

[DB83] potential for aluminum due to Ercolessi and Adams [EA93]. The first part
of the curve from I to III is associated with the emission of the leading partial dislo-
cation. The system will lose stability at point II where Φ(δtip) = Ψ(Δtip) = γus and
emit a partial dislocation. Following the emission, the slip plane behind the partial
contains a stacking fault and remains at an elevated energy level γsf (point III).

The nucleated partial dislocation moves away from the crack tip and settles at
an equilibrium distance rA. This distance is determined by the balance of image and
stacking fault forces drawing the dislocation back to the crack tip and the Peach-
Koehler force driving the dislocation away,

KIIbA√√
2πrA

= γsf +
μb2A

4π(1− ν)rA
, (6)
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where bA is the Burgers vector of the leading partial (in an fcc crystal bA = a0/
√
6

where a0 is that lattice parameter). The equilibrium equation in (6) has two roots: a
point of unstable equilibrium very close to the origin and a point of stable equilibrium
normally at rA � bA. The larger root is the one of interest,

rA =
K2

IIb
2
A

8πγ2
sf

[
1 +

√
1− 2μγsf

(1− ν)K2
II

]2

. (7)

3 Emission of the trailing partial

As KII continues to increase the incipient slip associated with the trailing partial may
begin to form. The critical SIF for the emission of the trailing partial is obtained in
a similar manner to the emission of the leading partial. There are, however, several
important differences:

(i) The leading partial dislocation that was emitted earlier shields the crack tip and
reduces the stress intensity factor from KII to K∗

II,

K∗
II = KII − μbA

(1− ν)
√√
2πrA

=

√
K2

II −
2μγsf
1− ν

. (8)

The final term is obtained after making use of (7) and simplifying.
(ii) The slip associated with the trailing partial is no longer aligned with the loading

direction. This means that in general there are three independent components
of the slip at the crack tip δtip to be determined and a criterion of the form of
(4) cannot be used. An approximate closed-form solution may be obtained by
neglecting shear-tension coupling (i.e. setting δ2 = 0) and constraining the slip
at the crack tip to coincide with the partial dislocation direction (δ1 = δ cosφB ,
δ3 = δ sinφB). As a result the crack tip singularity is not fully relaxed and
residual SIFs KII(tip) and KIII(tip) remain at the crack tip.

(iii)The ground level energy is no longer zero, but rather γsf . Thus the barrier to
dislocation emission is γus−γsf . This can be seen in Fig. 4 where the dashed line
continuing from point III corresponds to the emission of the trailing partial. At
the end of the emission the slip plane behind the resulting dissociated dislocation
is undisturbed with zero energy penalty.

Given the factors listed above, reevaluating the J-integral along the far and slit
contours gives,

JfarJJ = (1− ν)K∗2
II /2μ = (1− ν)K2

II/2μ− γsf , (9)

JslitJJ =
[
(1− ν)K2

II(tip) +K2
III(tip)

]
/2μ+ Φ(δtip)− Φ(δsf), (10)

where δsf is the slip discontinuity associated with the stacking fault left in the wake
of the leading partial, such that Φ(δsf) = γsf .
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Before the nucleation criterion can be obtained it is necessary to find KII(tip) and
KIII(tip). One equation for these quantities may be obtained from the solution for the
effect of a slip distribution along the x-axis on the stress intensity factor,

KII(tip) −K∗
II =

μ cosφB√√
2π(1− ν)

∫ ∞

0

∫∫
1√
x1

dδ(x1)
dx1

dx1, (11)

KIII(tip) =
μ sinφB√

2π

∫ ∞

0

∫∫
1√
x1

dδ(x1)
dx1

dx1. (12)

Note that even for pure mode II loading, a mode III component exists at the tip.
Rearranging (11) and (12) and equating between gives,

(1− ν) sinφB

[
KII(tip) −K∗

II

]− cosφBKIII(tip) = 0. (13)

A second equation relating KII(tip) and KIII(tip) is obtained by requiring that the
shear stress in the direction of the slip be bounded. The shear stresses ahead of the
crack tip are σ21 = KII(tip)/

√
2πr and σ23 = KIII(tip)/

√
2πr. The resolved shear

stress in the slip direction is τ = σ21 cosφB+σ23 sinφB . The condition for bounded
shear stress at the crack tip is then,

τ |r→0 =
1√
2πr

[
cosφBKII(tip) + sinφBKIII(tip)

]
<∞. (14)

Since φB , KII(tip) and KIII(tip) are not functions of r, this condition can only be
satisfied if,

cosφBKII(tip) + sinφBKIII(tip) = 0. (15)

This is the second equation for KII(tip) and KIII(tip). By solving (13) and (15) to-
gether the tip SIFs are obtained,

KII(tip) =
(1− ν) sin2 φB

cos2 φB + (1− ν) sin2 φB

K∗
II, (16)

KIII(tip) = − (1− ν) cosφB sinφB

cos2 φB + (1− ν) sin2 φB

K∗
II. (17)

Substituting (16) and (17) into (10) and equating with (9), the critical SIF for the
emission of the trailing partial and the generation of the dissociated dislocation is
obtained, after some simplification, as

K⊥
II =

√
2μ

[
1

1− ν
+ (1− γsf

γus
) tan2 φB

]
γus = λcritK

1
II, (18)

where

λcrit =
√
1 + (1− ν)(1 − γsf

γus
) tan2 φB, (19)

characterizes the additional load necessary to nucleate the trailing partial relative to
the leading partial.
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4 Emission of the twinning partial

Once the leading partial dislocation has been emitted (and before the emission of the
trailing partial) there is a competition between two possible modes of deformation.
The system will either nucleate the trailing partial of the dissociated dislocation as
discussed in the previous section or it will nucleate another partial dislocation of the
leading type on an adjacent plane and form a microtwin. Two quantify this compe-
tition, the critical SIF required to nucleate the twinning dislocation is computed and
compared to the trailing partial nucleation criterion in (18). Since the nucleation of
the microtwin involves the emission of a partial dislocation, exactly as in the previous
cases, a Peierls analysis may be applied here as well. The derivation of the twinning
criterion closely follows the derivation for the trailing partial in the previous section
with two main exceptions:

(i) The twinning partial dislocation has the same orientation as the leading partial,
so φB = φA = 0.

(ii) The maximum barrier which must be overcome to emit the twinning partial is
not γus − γsf but rather γut − γsf . The physical significance of γut is explained
in Fig. 4 which shows the interplanar potential Ψ(Δ). As noted earlier, the first
part of the curve from I to III corresponds to the emission of the leading partial
and the dashed line to the emission of the trailing partial. Consider now instead
the case where another leading partial dislocation is emitted on the plane above
the plane with the stacking fault. This occurs along the curve from III to V. The
energy barrier for this emission γut − γsf depends on the new maximum γut
(point IV) which is different from γus. The parameter γut is the maximum energy
encountered when in a crystal containing an intrinsic stacking fault the part of the
crystal one layer above the stacking fault is rigidly displaced along the twinning
partial direction. This is demonstrated by atomic arrangements IV and V. After
the emission of the second partial a microtwin is formed. An intrinsic stacking
fault exists between the two partials and an extrinsic stacking fault (point V)
exists behind the second partial. The energy of the extrinsic fault is 2γ∗tγγ where
γ∗tγγ is nearly equal to the twin boundary energy γtγγ except for distant-neighbor
interaction effects.

Given the above, the critical mode II SIF for nucleating the twinning dislocation
KT

II is obtained from (18) by simply setting φB = 0 and replacing γus with γut, so
that

KT
II =

√
2μγut
1− ν

= K1
II

√
γut
γus

. (20)

Comparing this expression to (5) it is clear that γut plays a similar role for twinning
as γus does for dislocation emission. The analysis that follows demonstrates that the
unstable twinning energy plays a key role in determining the propensity of a material
to twin.



Peierls Criterion for Deformation Twinning 165

5 Twinning criterion

In the previous sections, the critical mode II SIFs for nucleating the leading partial
dislocation K1

II (5), the trailing partial dislocation K⊥
II (18) and the twinning partial

dislocation KT
II (20) were obtained. The twinning tendency of a material T is defined

as the ratio between the SIF for dislocation emission and the SIF for twinning,

T =
K⊥

II

KT
II

= λcrit

√
γus
γut

. (21)

A material will emit a dislocation before twinning if T < 1 and will twin first if
T > 1. This is the twinning criterion. The twinning tendency expression in (21)
lends itself to a clear physical explanation. T is affected by two factors: λcrit, which
characterizes the additional load necessary to nucleate the trailing partial relative to
the leading partial, and γus/γut, the ratio of the energy barriers for dislocation emis-
sion and DT. For cases where spontaneous emission of the trailing partial does not
occur, λcrit will be larger than one. The larger the value of λcrit the larger that of T ,
signifying that DT is becoming more favorable due to the difficulty in nucleating the
trailing partial. The ratio γus/γut will normally be less than one, so this factor tends
to reduce T . In particular, the larger the value of γut the more difficult it is for the
material to twin. For cases where spontaneous emission of the trailing partial occurs,
λcrit will be less than one and hence T will also be less than one. The twinning crite-
rion will thus predict dislocation emission in this case, consistent with the behavior
of the system.
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Binary Fluids that exhibit a miscibility gap are ubiquitous in nature (glass melts,
polymer solutions and blends, mixtures of molten metals, etc.) and exhibit a deli-
cate interplay between static and dynamic properties. This is exemplified for a sim-
ple model system, the symmetrical AB Lennard–Jones mixture. It is shown how
semigrandcanonical Monte Carlo methods, that include A−→B (B−→A) identity
switches as Monte Carlo moves, can yield the phase diagram, the interfacial ten-
sion between coexisting phases, and various pair correlation functions and structure
factors. In addition to the build–up of long–ranged concentration correlations near
the critical point, unmixing is also accompanied by the build–up of subtle structural
features on very small length scales (less than the Lennard–Jones diameters).

System configurations, that are well equilibrated by these Monte Carlo methods,
can be favorably used as initial states for Molecular Dynamics runs in the micro-
canonical ensemble. In this way it is possible to study the behavior of transport co-
efficients as well as dynamic correlation functions precisely along the coexistence
curve, as well as for other paths in the one–phase region of the phase diagram.

1 Introduction

It has been a longstanding problem of physics and chemistry (and of materials sci-
ence) to clarify the relationship between dynamic properties of fluid or solid matter,
and the phase transitions which these systems undergo, in particular, phase separa-
tion. Typical materials are multicomponent metallic alloys, oxide mixtures, polymer
solutions, and polymer blends [Kos01]. Phase separation in a polymer mixture is a
multiscale problem — the polymer coil exhibits nontrivial structure from the scale
of the length of covalent bonds (1 Å) to the scale of the gyration radius (100˚̊ Å),˚̊
and in the critical region near the critical point of unmixing the correlation length
of concentration fluctuations may be as large as 1000 Å [Bin94]. Also the dynam-˚̊
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ics extends over many decades in time, from 10−13 seconds to macroscopic times
[Bin95].

Sometimes phase separation competes with crystallization, for instance in the
mixture of molten silicon dioxide and aluminium oxide. Again this is a multiscale
problem: in the fluid there is nontrivial structure from the scale of covalent bonds
to the medium range order that characterizes the continuous random network of this
glassformer already in the melt far away from any phase transition [BK99]. Near
the unmixing critical point we have again a large correlation length of concentra-
tion fluctuations. Also in this example the dynamics extends from subpicoseconds to
macroscopic times, due to the proximity of the glass transition [Jae86]. This list of
examples could be easily continued.

Dealing with chemically realistic models of such systems is still a major un-
solved challenge. In this review we hence describe the state of the art of what can
be done today by presenting a simple model system, the symmetrical binary AB
Lennard–Jones mixture, and we will explain the appropriate methods of study. Then
a selection of both static properties (phase diagram, interfacial tension, various radial
distribution functions and structure factors that convey information on the unmixing)
and quantities characterizing the dynamics (coherent and incoherent intermediate dy-
namic structure factors, wavenumber dependent relaxation times, selfdiffusion and
interdiffusion constants, viscosity) will be defined and discussed. Emphasis always
will be on the methodological aspects of such simulations.

2 A simple model: the symmetrical Lennard–Jones mixture

Following [DHB03] we choose a fluid of point particles located in continuous space
(in a box of finite volume V = L3 with periodic boundary conditions) and interacting
with the potential

u(rij) = 4εαβ

[
(σαβ/rij)12 − (σαβ/rij)6

]
, rij = |ri−rj |, α, β ∈ A,B . (1)

The Lennard–Jones parameters {εαβ, σαβ} are chosen as follows

σAA = σAB = σBB = σ, εAA = εBB = ε . (2)

Eq. (2) defines precisely what is meant by “symmetric mixture”. In the following,
units of length, temperature, and energy are chosen by requiring that σ = 1, ε = 1,
and Boltzmann’s constant kB = 1. In the Molecular Dynamics (MD) part, also the
masses are chosen as mA = mB = m = 1. In the Monte Carlo (MC) part, masses
cancel out since we work with classical statistical mechanics (see e.g. [BC96] for a
general introduction into MC and MD).

If the remaining energy parameter εAB would also be chosen as εAB = ε (= 1)
one would have the trivial problem of an ideal mixture. So δ = εAB/ε = 0.5 < 1
is chosen: this leads to unmixing, because less energy is won for AB pairs rather
than for AA and BB pairs (at the preferred distance 21/6σ). As usual, the potential
is truncated and shifted to zero at rij = 2.5σ [BC96]. In order to stay away from the
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gas–liquid transition as well as from crystallization, a density ρ = 1 is chosen. This
ensures that the system stays in the fluid phase for the temperature range of interest,
1 ≤ T ≤ 2 (note that the critical temperature of unmixing is TcTT ≈ 1.638, see below).

3 General comments on simulation methods

A first equilibration run is done with MC in the NAN NBNN V T ensemble for NAN = NBNN
with standard trial displacements of particle coordinates in the range [−σ/20,+σ/20],
running for 100000 Monte Carlo steps (MCS) per particle. Then the semigrand-
canonical MC algorithm is switched on: at the end of each displacement step per
particle an attempted switch of N/10 randomly chosen particles is made, A→B or
B→A (N denotes the total number of particles). These moves are accepted or re-
jected according to the standard Metropolis algorithm [BC96], but now both the
energy change ΔE and the change of the chemical potential difference ±Δμ needs
to be taken into account in the Boltzmann factor. The independently fixed variables
of the semigrandcanonical ensemble are total particle number N , volume V , tem-
perature T , and chemical potential difference Δμ, while the relative concentrations
xA = NAN /(NAN + NBNN ) = NAN /N , xB = NBNN /N (= 1 − xA) are fluctuating vari-
ables. Their average values < xA >, < xB > are an output rather than an input to
the simulation! The symmetry between A and B in our model dictates that for the
choice Δμ = 0 we have < xB >= 1/2 for T > TcTT , while for T < TcTT one obtains
states at the coexistence curve. The location of the coexistence curve shows up via
peaks in the distribution function of the relative concentration P (xA), see Fig. 1.

In principle, for finite systems there is no symmetry breaking possible in full
thermal equilibrium [BH02]. So for T < TcTT , one should always observe two peaks,
one at x

coex(2)
A and the other at x

coex(1)
A , corresponding to the two branches of the

coexistence curve. In practice, the two branches are separated at low temperatures
by a huge free energy barrier. Therefore, with 400000 MCS “ergodicity breaking”
[BH02] occurred for T = 1.2 and T = 1.4, i.e. only the A rich phase but not the B
rich phase was observed. For T = 1.6, however both phases could be observed.

One can avoid “ergodicity breaking” by applying biased sampling techniques
such as “successive umbrella sampling” [VM03] which then also yields quantitative
information on the mentioned free energy barrier. In fact, one then can extract in-
formation on the surface tension between coexisting A–rich and B–rich phases from
such a calculation, applying the formula [Bin82]

fintff

kBT
= lim

L→∞
1
2L2

ln{P (max)(xA)/P (min)(xA)} . (3)

Fig. 2 shows the result of such a calculation for N = 800. The MC data are indeed
compatible with the expected critical vanishing of fintff at TcTT , fintff ∝ (TcTT − T )2ν

where ν ≈ 0.63 [Bin82].
Fig. 3 shows the phase diagram of the symmetrical binary Lennard–Jones mix-

ture. While the broken curve is a guide to the eye for the coexistence curve separating
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Fig. 1. Disstribution function P (xA) for the relative concentration xA of A particles for N =
1600 at ΔΔμ = 0 and the three temperatures indicated. From [DHB03].
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the two–phase region (inside of the curve) from the one–phase region (outside of it),
the full curves are phenomenological fits to the expected power law [BH02, BC96],

xcritB ± xcoex
B = B̂(1− T/TcTT )β , β ≈ 0.325 , (4)

where B̂ is a so–called “critical amplitude” and of course, xcrit
B = 1/2, due to the

symmetry of the model. From Fig. 3 it is clear that N = 400 is too small to allow
reliable estimates, but for N ≥ 800 the finite size effects are small, and the analysis
of the MC data with Eq. (4) yields TcTT = 1.638 ± 0.005. If higher accuracy were
desired, a finite size scaling analysis [BC96, BH02] needed to be performed.

Due to the symmetry between A and B, “ergodicity breaking” is no problem at
all here for locating the coexistence curve: one may normalize P (xA) such that∫ 1

1

∫∫
/2

P (xA)dxA = 1, x
coex(2)
A =

∫ 1

1

∫∫
/2

xAP (xA)dxA = 1− x
coex(1)
A . (5)

If there were no symmetry between A and B, x
coex(1)
A and x

coex(2)
A would be no

longer related via Eq. (5). In this case the “successive umbrella sampling” would
allow to locate both concentrations x

coex(1)
A and x

coex(2)
A by the “equal weight rule”

[BC96, BH02].
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Five independent runs were made for N = 1600, storing ten statistically in-
dependent states, whose concentration is as close to x

coex(2)
A as possible (note that

xA is quantized in steps of 1/N ). These 50 configurations (at each T ) were used
as starting states for MD runs (in the microcanonical NV E ensemble where the
energy is conserved [BC96]), using the “velocity Verlet algorithm” [BC96] as time
integrator, with a time step δt = 0.01, in units of the standard LJ time unit [BC96]
t0 = (mσ2/48ε)1/2. In order to work in the one–phase region, one can “heat up”
the configurations gotten from MC at fixed xB, and equilibrate the system by MD
(the desired temperature is obtained by coupling the system to a stochastic heat bath
[DHB03]).

It turns out that N = 1600 particles are enough to locate the coexistencence
curve rather precisely, the critical temperature is estimated with an accuracy better
than 0.5%. If needed, much better accuracy could be achieved by a careful finite
size scaling analysis [BC96, BH02]. In the following, the physical properties of the
system along three paths will be described (Fig. 3): along the coexistence curve; at
constant composition xB = 0.10375, changing the temperature; and at the isotherm
T = 1.5, crossing the one–phase region up to the coexistence curve.

4 Static properties

A static property of central interest in all simulations of fluids are radial distribution
functions [BC96]. In a binary system three types of distribution functions have to be
distinguished, gAA(r), gAB(r), and gBB(r). These are defined as

gαβ(r) =
N

ρNAN NBNN

〈
Nα∑
i=1

Nβ∑
j=1

′ δ(r − |ri(0)− rj(0)|)
4πr2

〉
. (6)

As an example, Fig. 4 shows these partial radial distribution functions for a state at
the coexistence curve at T = 1.2. Although the model is symmetric between A and
B, gAA �=�� gBB. This happens, because along the A–rich branch of the coexistence
curve, the concentration of B particles is less than that of A particles. When one
increases the temperature, this difference gets smaller and ultimately must vanish at
the critical point.

Of particular interest are also the static structure factors Sαβ(q), since these
quantities in principle are experimentally accessible in elastic scattering experiments
(e.g. neutron scattering with momentum transfer �q). Again one has to distinguish
three partial structure factors, defined according to

Sαβ(q) =
fαβff

N

Nα∑
k=1

Nβ∑
l=1

〈exp[iq · (rk − rl)]〉 (7)

with fαβff = 1 for α = β and fαβff = 0.5 for α �=�� β. From the partial structure factors
one can form various combinations of physical interest, such as the number density
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Fig. 4. RRadial distribution function gAA(r) (solid line), gAB(r) (dashed line), and gBB(r)
(dashed––dotted line) plotted vs. r, for a state at the coexistence curve at T = 1.2. From
[DHB033].

structurre factor Snn(q),

Snn(q) = SAA(q) + 2SAB(q) + SBB(q) . (8)

Snn(q) would show up in scattering of radiation that does not distinguish between
the partticles. Fig. 5 shows that Snn(q) appears to behave as any ordinary (almost
incomppressible) fluid {note that Snn(q → 0) is related to the isothermal compress-
ibility [[BC96]}. There is no sign in this quantity that a critical point of unmixing is
approacched. However, there is another combination [Zim79],

Scc(q) = x2
BSAA(q) + x2

ASBB(q)− 2xAxBSAB(q) , (9)

which iis basically the Fourier transform of the correlation function gcc(r) of concen-
tration fluctuationsfluctuations {{ggcc((rr) =) xx22

Axx22B [[ggAA((rr) +) + ggBB((rr))− 22ggAB((rr)])]}}.
It is remarkable that gcc(r) exhibits a negative peak around r ≈ 0.9 (Fig. 6). This

indicates an anti–correlation in the concentration density fluctuations which stems
from the fact that distances around r = 0.9 are avoided by nearest A–A and B–B
neighbors but are typical for nearest A–B neighbors. While gcc(r) is almost zero at
low temperatures and in addition very short–ranged (Fig. 6), it develops a stronger
peak and a more long–ranged slow decay as one approaches criticality. One expects
gcc ∝ r−1 exp(−r/ξ), ξ being the correlation length of concentration fluctuations.
The maximum value of Scc(q) occurs for q = 0. This maximum could never be
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Fig. 5. SStructure factor Snn(q) plotted vs. q, for the three indicated temperatures, choosing
states allong the coexistence curve. From [DHB03].

directlyy estimated from a microcanonical MD simulation, where the number of A
particlees as well as the number of B particles is fixed and thus Scc(q = 0) = 0 (in
this casse the nonzero maximum rather would be defined via the limit Scc(q → 0+)).
Howevver, the semigrandcanonical MC calculation allows to estimate this quantity
via a simple fluctuation relation,

S(q = 0) = kBT χ = N

{∫ 1

1

∫∫
/2

x2AP (xA)dxA − [xcoex(1)A ]2
}

. (10)

The vallues of kBT χ as obtained by Eq. (10) are shown in Fig. 6 as crosses at q = 0.
Inteerestingly, there is also a nonzero cross correlation between concentration and

densityy fluctuations. This is measured via the function gnc(r) = xAxB[xAgAA(r)−
xBgBB((rr) + () + (xxBB −− xxAA))ggABAB((rr)])] or the corresponding structure factoror the corresponding structure factor SSnc((qq)),

Snc(q) = xBSAA(q)− xASBB(q) + (xB − xA)SAB(q) . (11)

If one would work exactly at xA = xB = 1/2 for T > TcTT , symmetry would require
that Snc(q) ≡ 0. So it is plausible that along the coexistence curve this quantity is
still rather small (Fig. 7).

The same structure factors have also been studied for the other paths included in
the phase diagram, Fig. 3. As an example, Fig. 8 shows Scc(q) for an isotherm at
T = 1.5. Further simulation data can be found in [DHB03].
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5 Dynammic properties

A quantity that contains information on how the various kinds of particles move, andthat contains information on how the various kinds of particles m
that is experimentally accessible e.g. via incoherent inelastic scattering of neutrons,erimentally accessible e.g. via incoherent inelastic scattering of
is the incohherent intermediate scattering function F

(α)
sFF (q, t),

F (α)
sFF (q, t) =

1
NαNN

∑
i∈α

〈exp{−iq · [ri(0)− ri(t)]}〉 , α ∈ (A, B) . (12)

Fig. 9 shows this quantity for the A particles, including three states along the coex-
istence curve. The decay of this function with time t obviously becomes very slow
when q becomes small. This observation simply describes the “hydrodynamic slow-
ing down”: the relaxation times diverge as expected from diffusive behavior. A sim-
ple argument to see this assumes the displacements ri(0)− ri(t) to be Gaussian dis-

tributed at long enough times, which yields F
(α)
sFF (q, t) = exp[−q2gα(t)/6], where

gα(t) is the mean square displacement of species α,

gα(t) =
〈
[ri,α(0)− ri,α(t)]2

〉
. (13)

Using now the Einstein relation, gα(t) = 6Dαt for t → ∞, one notes that

F
(α)
sFF (q, t) ∝ exp[−t/ταττ (q)] with ταττ (q) = (Dαq2)−1. Fig. 10 shows that this in-

terpretation indeed is compatible with the MD results for q → 0. This hydrodynamic
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Fig. 9. Inccoherent intermediate scattering function of A particles plotted vs. time (note the
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slowing ddown is a general consequence of the fact that in the microcanonical MD
simulationn the concentrations xA = NAN /N , xB = NBNN /N are conserved quanti-
ties: Therrefore, long–wavelength concentration fluctuations, if they were present in
the systemm, would take a very long time to equilibrate. Clearly, this equilibration
problem iis avoided by the equilibration with Monte Carlo methods in the semigrand-
canonicall ensemble.

Fig. 11 presents data on the coherent intermediate scattering function FαβFF (q, t) ≡
Sαβ(q, t)//Sαβ(q, 0) where

Sαβ(q, t) =
fαβff

N

∑
i∈α

∑
j∈β

〈exp{−iq · [ri(t)− rj(0)]}〉 (14)

with fαβff = 1 for α = β and fαβff = 0.5 for α �=�� β. From FAAF (q, t) {Fig. 11} one
can clearly recognize that several relaxation processes contribute, since the decay oc-
curs in several steps. In contrast, in the concentration correlation function FccFF (q, t)
only a single step (representing the slowest decay) is found (Fig. 12). For the cases
that were studied, the relaxation time describing this ”’slow” decay is not yet much
slower than the decay times τAτ (q) and τBττ (q) of the self–correlation functions, Figs. 9
and 10. However, taking data close to the critical point one expects that the collective
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connstants, as estimated from the Einstein relation. From [DHB03].

timme scale seen in FccFF (q, t) articleshould become very much larger than the single–pa
timmescales τAτ (q) and τBττ (q) . One, which are related to selfdiffusion, as noted above
does not expect any significant slowing down of selfdiffusion when one approacheses not expect any significant slowing down of selfdiffusion when one approa
thee critical point [KBK82]. In contrast, FccFF (q, t) cribedshould pick up the decay desc
by the interdiffusion constant [KBR89]: in addition to the “hydrodynamic slowingthe interdiffusion constant [KBR89]: in addition to the “hydrodynamic slo
down” shown by all relaxation times relating the diffusion because of the conserva-wn” shown by all relaxation times relating the diffusion because of the cons
tion laws for the concentration of particles [KM63], there is also “critical slowingn laws for the concentration of particles [KM63], there is also “critical slo
dowwn” [HH77], i.e. the interdiffusion constant vanishes as T → TcTT slow, and this
deccay one expects to see in FccFF (q, t). However, for the choices of T this ispresented t
nott yet evident, since the onset of critical ratureslowing down in this regime of temper
is to a large extent offset by a general slowing down of all transport phenomena asto a large e tent offset b a general slo ing do n of all transport phenome
the temperature is lowered.

This ordinary slowing down (which often is described by simple Arrhenius laws
for transport coefficients, e.g. ln(Dαβ) = −Eαβ/T + const., Eαβ being an ac-
tivation energy) can be studied conveniently when one follows a path at constant
concentration in the one–phase region above the coexistence curve, such as the path
at xB = 0.10375 included in Fig. 3. The corresponding results are shown in Fig. 13,
where the selfdiffusion coefficients DA, DB are shown together with the inverse
shear viscosity η−1 and the interdiffusion coefficient Dint, as extracted from Green–
Kubo formulas [BY80]. These relations are
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η =
1

V kBT

∫ ∞

0

∫∫
dt 〈σxy(0)σxy(t)〉 (15)

where σxy(t) is an off–diagonal component of the pressure tensor defined by

σxy(t) =
∑

i

⎛⎝⎛⎛mivixviy +
1
2

∑
j 	=		 i

|xi − xj |FyFF (|ri − rj |)
⎞⎠⎞⎞ , (16)

vi being the velocity of the i’th particle, and F(|ri − rj |) is the force acting on
particle i due to the (pairwise) interaction with particle j. The sum

∑
i in Eq. (16)

extends over both kinds of particles, unlike Eq. (14). A similar relation can also be
formulated for the interdiffusion coefficient, namely

Dint =
1

NScc(0)

∫ ∞

0

∫∫
dt

〈
jintx (0)jintx (t)

〉
, (17)
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with the interdiffusion current given by

jint(t) = xB

NA∑
i=1

vi(t)− xA

NB∑
i=1

vi(t) . (18)

From Fig. 13 it is evident that all transport coefficients DA, DB, Dint and η−1 de-
crease as one lowers the temperature, but simple Arrhenius relations do not hold. In
addition, we note that for the minority component the selfdiffusion constant always
is a bit faster than for the majority component. The interdiffusion constant has a value
which is hardly different from the selfdiffusion constants at high temperatures, but
becomes appreciably smaller than the latter when one approaches the coexistence
curve. Recall, as noted above, one expects Dint → 0 if the path xB = xcritB = 1/2
would be chosen so that one approaches the critical point, while for the strongly
off–critical case considered in Fig. 13 Dint �= 0�� at the coexistence curve, of course.



Simulation of Transport in Partially Miscible Binary Fluids 183

0.2 0.3 0.4 0.5 0.6 0.7
1/T

-4.0

-3.5

-3.0

-2.5

-2.0

-1.5

-1.0
ln

 D
, l

n 
η-1

DA

DB

η-1

Dint

xB=0.10375

Fig. 13. Logarithm of the selfdiffusion constants DA, DB, the interdiffusion constant D tint,
and tthe inverse viscosity η−1 n-plotted vs. inverse temperature for the mixture at constant con
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The results for the viscosity allow a check of the Stokes–Einstein formula for theThe results for the viscosity allow a check of the Stokes–Einstein formula for th
selfddiffusion constants

Dα =
kBT

2πηdα
, 9)(19

dα bbeing the (effective) diameter of the corresponding particle species α ∈ {A,B}}.
If Eqq. (19) were strictly correct, one would expect dA ≈ σA = 1 and dB ≈ σB 1= 1.
It turns out that this would be a reasonable approximation for the A particles, whileurns out that this would be a reasonable approximation for the A particles, whil
for tthe B particles the result rather is dA ≈ 0.8 a[DHB03]. Note that Eq. (19) is
widely used approximation, but it really lacks a good theoretical foundation: so thisely used approximation, but it really lacks a good theoretical foundation: so thi
deviiation of the simulation data from Eq. (19) is not really surprising.

6 DDiscussion and outlook

Even for the simple model system of a symmetrical Lennard–Jones mixture there
remains a lot to be done: the critical region needs to be explored for much larger par-
ticle numbers N , in conjunction with a finite size scaling analysis, to probe the the-
oretical predicted critical singularities [HH77] of the various transport coefficients.
Such a study has never been carried our before.

Then it would be very interesting to simulate “quenching experiments” where
one e.g. suddenly changes the temperature (at fixed xA, xB) from a state above the
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coexistence curve to a state below it, bringing the system into the two–phase region.
Then the initially homogeneous state is unstable and will decay by either nucleation
and growth (if the state point is close enough to the coexistence curve so that that the
homogeneous state is metastable) or by ”’spinodal decomposition” [Kos01]. Simu-
lations of these processes are available for various models of solid mixtures (e.g. ki-
netic Ising models of rigid solid binary alloys) and in the framework of numerical
work with suitable differential equations (e.g. the nonlinear Cahn–Hilliard equation
[Kos01]), but atomistic simulations of these processes for liquid binary mixtures are
not yet available. Such simulations are rather demanding, however, since the inho-
mogeneous two–phase structures that form are characterized by length scales much
larger than the atomic diameters. Other interesting projects for this model (some
of them are already in progress!) consider confinement effects in slit capillaries of
nanoscopic size, nonlinear flow problems, etc.

However, the real challenge is to carry the strategy described in the present pa-
per over to chemically realistic models of real materials. Note that there is nontrivial
structure in the pair correlation functions (Figs. 6 and 7) on scales much less than
the Lennard–Jones parameters (describing such effects for real materials will require
very accurate interatomic potentials as an input, which often are not yet available),
in addition to the structure on the scale of the correlation length ξ (which grows to
large values near the critical point). Real binary systems never have strictly symmet-
ric miscibility gaps, and then phase coexistence occurs (in the semigrandcanonical
ensemble) along a nontrivial curve Δμcoex(T ) in the (Δμ, T ) plane. Mapping out the
coexistence curve is a much harder task (though this can be done with the successive
umbrella sampling technique [VM03]). One should also note that for asymmetric
mixtures the A→B identity switch step may suffer from very low acceptance rates
and suitable biasing schemes may need to be developed.

If all these problems could be solved, the present approach can yield very impor-
tant input information for problems dealing with fluids on mesoscopic scales (where
techniques such as Lattice–Boltzmann can be applied) or even macroscopic scales
(where methods of computational fluid dynamics can be applied). The present ap-
proach therefore is potentially useful for applications in many fields (e.g. flow of oil
plus water through porous rocks, flow of multiphase mixtures of polymers in the pro-
cessing of plastic materials, flow of molten silicates in geophysical problems, etc.),
but there remains still a long way to go until this will become a standard ingredient
of multiscale simulation approaches.
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Classical Molecular Dynamics (MD) simulations are used to study structural and
dynamic properties of amorphous germania (GeO2) in comparison to those of silica
(SiO2). The total structure factor, as obtained from these simulations, is in very good
agreement with that of neutron scattering experiments, both for germania and silica.
The tetrahedral network structure in silica and germania leads to a prepeak in the
structure factor that appears at slightly smaller wavenumbers in GeO2 than in SiO2.
At high temperatures the diffusion constants are very similar in both systems whereas
at low temperatures diffusion is significantly faster in germania than in silica. We also
outline the strategy for the development of a potential for SiO2–GeO2 mixtures by
means of Car–Parrinello MD.

1 Introduction

Amorphous SiO2 is the prototype of a glassformer that forms a disordered tetra-
hedral network where the SiO4 tetrahedra are connected via the oxygens at the
corners. In the past 10 years many efforts have been undertaken to understand the
static and dynamic properties of amorphous SiO2(see [HK99, SSP01] and refer-
ences therein) as well as mixtures of SiO2 with other oxides such as Na2O, Al2O3

(see e.g. [JKJ01, HKB02, LKH03, WHK03]) etc. by means of large scale MD simu-
lations. It is surprising that similar studies have not been done for another glassformer
that forms a tetrahedral network, GeO2. Therefore, in the first step of our work we
aim to close this gap and to give a detailed comparison of the differences between
SiO2 andGeO2 with respect to structural and dynamic properties.

Our next step will be the investigation of mixtures of SiO2 and GeO2 which is
particularly interesting since such mixtures are paradigms of real (technologically
important) systems where the cations Si and Ge exhibit a very similar chemical or-
dering. Although it is of great technological importance, it is still not known whether
in such a mixture the cationic species are distributed homogeneously or heteroge-
neously on a nanoscopic lengthscale. However, no accurate interaction potentials
for GeO2–SiO2 mixtures are available in the literature. Our idea is to parametrise
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such potentials by means of Car–Parrinello MD [CP85] which is an ab initio tech-
nique where the electronic degrees of freedom are explicitly taken into account in
the framework of density functional theory.

The rest of the paper is organized as follows: In the next section we present the
model potentials that we have used to simulate pure SiO2 and GeO2. In Sec. 3 we
describe the strategy to derive a potential function for GeO2–SiO2 mixtures by means
of Car–Parrinello MD. Then, we show in Sec. 4 the results of the MD simulation of
pure SiO2 and GeO2 and we finally summarize the results.

2 Model Potentials for Silica and Germania

Model potentials for SiO2 and GeO2, that are based on ab initio calculations, have
been proposed by van Beest, Kramer, and van Santen [BKS90] (BKS potential) and
by Oeffner and Elliott [OE98] (OE potential), respectively. Both models describe the
interactions between the atoms by pair potentials that have the same functional form
given by

VαβVV (r) =
qαqβe2

4πε0r
+ aαβ exp

(
− r

ραβ

)
− cαβ

r6
, (1)

with r being the distance between a particle of type α and a particle of type β, where
α, β ∈ {Si,Ge,O}. The partial charges qα and the parameters aαβ , ραβ , and cαβ

can be found in the original publications [BKS90, OE98]. e and ε0 in the coulomb
term denote the elementary charge and the permeability constant, respectively.

One may wonder why simple pair potentials can give an accurate description of
the tetrahedral network structure in SiO2 andGeO2. One may expect that three–body
terms have to be taken into account to stabilise respectively the intra–tetrahedral O–
Si–O and O–Ge–O angles. But one has to be aware of the fact that by the interplay
of three different pair potentials in the models for SiO2 and GeO2 many–body ef-
fects are taken into account effectively. In contrast, one–component systems such as
silicon require the consideration of three–body terms in the potential function.

Fig. 1 shows some of the VαβVV from the BKS and the OE model. We see that
the Ge–O and the Si–O potentials exhibit minima at different locations and with a
different depth. Note that the difference of the latter two potentials at large r is due
to the different partial charges used for Ge and Si, qGe = 1.5 and qSi = 2.4. As a
consequence, the OE value for qO is −0.75 as opposed to the BKS value qO = −1.2
which leads to very different O–O interaction potentials in both models (see Fig. 1).
The means that the BKS and the OE model cannot be combined in a simple way
to consider mixtures of SiO2 with GeO2 because this would require identical O–O
interactions.
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Fig. 1. Comparison of the Ge–O/Si–O and the O-O interaction potential as given by the BKS
model for SiO2 and the OE model for GeO2.

3 Methods: A combination of classical and Car–Parrinello MD

In Car–Parrinello MD (CPMD) [CP85] the electronic degrees of freedom are ex-
plicitly taken into account via density functional theory. Thus, CPMD does not rely
anymore on a empirical potential such as Eq. (1) but the potential between the atoms
is computed “on the fly”. The disadvantage of the Car–Parrinello technique is that it
is about a factor 105 times slower than classical MD, and hence only very short time
scales and very small systems are accessible. However, the method has been success-
fully applied in many applications in material science and quantum chemistry, and it
has proven to be a very powerful tool in these areas (see references in [MH00]).

Therefore, we aim at parametrising a model potential for SiO2–GeO2 mixtures
using the following strategy: CPMD is used to reparametrise the OE potential for
GeO2 such that the O–O potential is identical to the O–O potential in the BKS model
and such that the partial charges of the Coulomb term coincide with those of the
BKS potential. Thereby, it might be necessary to add a three–body term in order to
stabilise the intra–tetrahedral O–Ge–O angle. For the Si–Ge interaction in the mixed
system, we will then use Lorentz–Berthelot combination rules that are commonly
known from Lennard–Jones models.

Once we have a potential model for the mixture, we can run a classical MD with
this potential in order to check how accurate it is with respect to experimental data.
This information can then be used again in the parametrisation procedure by means
of CPMD. We hope that we will be able to develop an accurate potential of SiO2–
GeO2 mixtures with such a combination of classical MD and CPMD.

One might tend to the close–at–hand idea to fit the potential of the SiO2- GeO2

mixture directly using CPMD. The main problem of this approach is the number
of atoms to be involved. In order to get a good fit of the forces the sample has to
be large enough to yield reasonable statistics (apart from finite size effects). E.g. a
relatively large system size for a CPMD would be a system of 120 particles. Now, if
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one considers a mixture with 25% SiO2 and 75% GeO2, there would be only ten Si
atoms in the sample.

4 Results

The results presented in this section are devoted to a comparison of the structural
and dynamic properties of amorphous SiO2 andGeO2. Whereas detailed simulation
studies exist already for SiO2 using the BKS potential (e.g. see [HK99, SSP01] and
references therein), in the case ofGeO2 such simulations are still lacking. Therefore,
we have done extensive MD simulations with the OE model for a system of N =
1152 particles at constant ambient pressure (p(( = 0). We equilibrated the system in
the NP T ensemble followed by production runs in the microcanonical ensemble.
Further details of the simulation can be found elsewhere [HHB].

Structure.

Fig. 2 shows the neutron scattering structure factor Sn(q) at T = 300 K (i.e. far
below the glass transition temperature, see [HK99]) as obtained from the simulation
in comparison to experimental data [SBL03, PC92]. The quantity Sn(q), depending
on wavenumber q, can be estimated from the simulation by

Sn(q) =
N∑

α NαNN b2α

∑
α,β

bαbβSαβ(q) α, β ∈ {Si,Ge,O} (2)

with the partial structure factors defined by

Sαβ(q) =
1
N

〈
Nα∑
j=1

Nβ∑
k=1

exp(iq · rjk)

〉
. (3)
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Fig. 2. Neutron scattering structure factor of GeO2(left) and SiO2(right): Simulation data in
comparison to neutron scattering experiments.
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In Eqs. (2) and (3), NαNN is the number of particles of type α, and bα denotes the
scattering length of an particle of type α that we have taken from the literature.

As we can infer from Fig. 2 the simulation reproduces the experimental data very
well both for SiO2 and GeO2 which indicates that the used pair potentials allow an
accurate description of the latter systems in their amorphous state.

Fig. 3 shows the partial structure factors for the O–O correlation in SiO2 and
GeO2 as obtained from the simulation. Especially interesting is the peak around q =
1.6 Å̊̊−1 which indicates the intermediate range order in both systems that stems from
the tetrahedral network structure. As we see, this peak (as well as the second) peak
is slightly shifted to lower values of q in GeO2 which shows that the typical length
scales of chemical ordering in GeO2 are slightly larger than those in SiO2. A detailed
discussion of the structure of SiO2 and GeO2 can be found elsewhere [HHB].
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Fig. 3. Partial structure factor SOO(q) at the indicated temperatures for GeO2 (upper plot)
and SiO2 (lower plot).

Dynamics.

The self diffusion constants can be easily estimated in a MD simulation via the
Einstein-relation Dα = limt→∞

〈
r2α(t)

〉
/6t where

〈
r2α(t)

〉
is the mean–squared dis-

placement for a tagged particle of type α. Fig. 4 shows the temperature dependence
of the self diffusion constants for SiO2 and GeO2 in an Arrhenius plot. Obviously,
below 4300K the dynamics of GeO2 is increasingly faster than the one of silica at
identical temperatures. Recently, we have shown for the case of SiO2 [HK99] that
self diffusion constants exhibit a fragile–to–strong transition where the fragile regime
at high temperatures is well described by mode coupling theory. It will be interesting
to see whether this holds also for GeO2.



192 Michael Hawlitzky, Jürgen Horbach, and Kurt Binder¨

2.0 3.0
1/T [10

4
K

-1
]

10
-8

10
-7

10
-6

10
-5

10
-4

D
 [c

m
2 /s

]

DSi, SiO2

DO, SiO2

DGe, GeO2

DO, GeO2

SiO2

GeO2
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5 Summary

In this paper we have outlined a strategy to develop a potential function for SiO2–
GeO2 mixtures by means of a combination of an ab initio technique (CPMD) and
classical MD. Moreover we have presented results of a MD simulation of GeO2 to
highlight some of the subtle differences in the structural and dynamic properties of
GeO2 and SiO2.
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Summary. New developments in algorithms for density functional calculations within the
Kohn–Sham methods allow to study systems with several hundreds of atoms. We present
a linear scaling method for the construction of the Kohn–Sham Hamiltonian based on fast
Fourier transforms. To solve the Kohn–Sham equation the orbital rotation method provides
an efficient scheme for small to medium sized systems, where methods depending on the
sparsity of the density matrix are not yet applicable. Combining these methods with multiscale
algorithms will make it possible to access length and time scales relevant for many problems
in materials science, life sciences or catalysis.

1 Introduction

Ab initio molecular dynamics (AIMD) [CP85] is becoming a well established tool
for the study of physical [CCS+99], chemical [Rot01] and biochemical [CR01] sys-
tems. This method has enabled direct simulations of chemical reactions in extended
and complex environments. However, time and length scales accessible to ab initio
molecular dynamics simulations are necessarily limited. This is the price one pays
for an in principle unbiased description of chemical reactivity.

New developments in algorithms and more powerful computers make it possible
to simulate larger systems for longer times. Nevertheless, there is the need for sim-
ulations of even larger systems as there is the need to be able to go beyond the time
scales accessible by todays methods. The simulation of the electronic structure of
biomolecules (especially DNA), systems with long range interactions (strongly ionic
systems), electrochemical systems, or the behavior of nano structures are of major
importance. Systems of this size will not be accessible with traditional algorithms
used in electronic structure theory.

Algorithms that make use of the multiple time and length scales inherent in most
physical systems are therefore needed to address many important large scale prob-
lems. However, at the center of these methods ab initio electronic structure calcula-
tions are most likely needed in order to achieve a high level of accuracy and transfer-
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ability. It is therefore also in the context of multiscale modeling important to further
develop ab initio methods.

The Kohn–Sham approach [KS65] to density functional [HK64, PY89] theory
combines high computational efficiency and accuracy for electronic ground states.
It is therefore the method of choice for many applications and is subject to intense
research both on theoretical and algorithmic level. Current implementations of algo-
rithms are optimized for small to medium sized systems (up to ca. 100 atoms). The
standard Car–Parrinello programs [MH00, CPM] for example are based on a pseu-
dopotential/plane wave approach that allows for efficient calculations of medium
sized systems with periodic boundary conditions on massively parallel computers.
However, the cubic scaling of these implementation prohibits their application to
much larger systems.

Recently, much work has been done to devise new algorithms that reduce the
scaling behavior and the ultimate goal, linear scaling has been achieved for Kohn–
Sham density functional calculations and most other electronic structure methods.
The review of Goedecker [Goe99] gives an overview of the different attempts.

2 Kohn–Sham Method

The Kohn–Sham energy is defined as

EKS = Ekin[{Φ}] + EextEE [n] + EH[n] + EXCE [n] , (1)

where the kinetic energy Ekin is a function of the Kohn–Sham orbitals {Φ} and the
external energy EextEE , Hartree energy EH, and exchange and correlation energy EXCE
are functions of the electron density n. The election density is calculated from the
orbitals

n(r) =
N∑

i=1

fiff |Φi(r)|2 , (2)

and the occupation numbers fiff , where N is the number of occupied orbitals. Using
the variational principle and imposing the orthogonality constraint on the orbitals
leads to the Kohn–Sham equations (in canonical form)

HKSHH Φi = εiΦi . (3)

As the Kohn–Sham Hamiltonian HKSHH depends on the orbitals, these equations have
to be solved iteratively until self–consistence is achieved.

Expanding the orbitals in a basis set transforms the equation into algebraic form
and we are left with the tasks to calculate the Kohn–Sham Hamiltonian in its matrix
representation from a given set of orbitals and the search for the eigenvalues and
eigenfunctions of this matrix. In the following sections we will discuss methods and
algorithms to efficiently perform these two tasks.

To be able to calculate the Kohn–Sham matrix in a number of steps proportional
to the system size, first it is necessary to find a matrix representation with only O(N)
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non–vanishing elements. This can be achieved by using a basis set with finite support.
There are two basis sets of this type used in linear scaling calculations. Basis sets
connected with grids in real space include finite difference methods [CTS94], finite
element type methods based on B-splines [HGG97] and plane wave derived basis
sets [GHP01]. Another possibility is to use basis sets derived from atomic orbitals.
These basis sets are used in quantum chemistry calculations and are very popular
with linear scaling approaches [LHP97, OAS96].

Expanding atomic orbitals in linear combinations of Gaussian functions has the
advantage that most of the integrals appearing in electronic structure calculations
can be determined analytically. This together with the decay properties of Gaussians,
both in real and reciprocal space make them an ideal choice for large scale density
functional calculations.

2.1 Kohn–Sham Hamiltonian in a Gaussian Basis

Kohn–Sham orbitals are expanded in a set of basis functions

Φi(r) =
M∑

α=1

cαiϕα(r) , (4)

where the M basis functions are centered at an atom and have the form of a polyno-
mial multiplied by a Gaussian function. The Kohn–Sham Hamiltonian in this basis
can be calculated from

HμνH = 〈μ|− 1
2
∇2|ν〉+ 〈μ|VextVV (r)|ν〉+ 〈μ|VxcVV (r)|ν〉+ 1

2

∑
αβ

PαβPP 〈μν||αβ〉 , (5)

where VextVV is the external potential and VxcVV the exchange and correlation potential.
Coulomb integrals are defined by

〈μν||αβ〉 =
∫ ∫

ϕμ(r)ϕν (r)ϕα(r′)ϕβ(r′)
|r− r′| dr dr′ . (6)

There are M4 integrals of this type, but using screening techniques [HWH+91] the
asymptotic number of non–vanishing integrals for large systems is M2. To further re-
duce the scaling of this part of the calculation, adaptations of fast multipole methods
to charge distributions have been developed. [WJGHG94]

Another approach expands the charge distribution into an auxiliary basis [SF75]

n(r) =
∑
αβ

PαβPP ϕα(r)ϕβ(r) =
∑

k

dkχk(r) . (7)

This reduces the inherent scaling for the Coulomb integrals to M3, which can be
again lowered to M2 using integral screening. The advantage is that for small and
medium system sizes, where the screening is not yet efficient, considerable speed up
can be achieved compared to the original method. [ETO+95]
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A plane wave expansion of the electronic density can be viewed as a special
auxiliary basis set. Plane waves have the advantage of being orthogonal and the
expansion coefficients do not depend on the metric used. Further do plane waves
describe the Hartree potential derived from the density exactly in the same ba-
sis and the calculation of the potential only needs O(M) steps. The major disad-
vantage is the number of plane waves needed to accurately describe the density.
This effectively limits its use to methods where the strongly varying parts of the
electron density are either handled by pseudopotentials or taken care of in other
ways. [LHP97, LHP99, KP00, FMP02a, FMP02b]

Another advantage of a plane wave expansion is that the long range part of the
external potential can be treated together with the other Coulombic terms, greatly
reducing the prefactor of the calculation of those matrix elements.

Accuracy and efficiency of the above described approach highly depends on the
decay properties of Gaussian functions in real and reciprocal space. The fast de-
cay of a Gaussian function in real space efficiently restricts the integration volume.
The Fourier transform of a Gaussian function is again a Gaussian function and has
therefore a fast decay in reciprocal space. This means that an accurate integration in
real space can be achieved with a relatively small number of integration points (see
figure 1).

Fig. 1. Accuracy of real space integration as a function of integration radius [bohr], plane
wave cutoff and number of integration points for a one-dimensional Gaussian function with
an exponent of one.
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Fig. 2. Scaling of the construction of the Kohn–Sham Hamiltonian for periodic systems of
water molecules. Circles: total time; squares: time spent in FFT routines.

The combination of efficient screening of integrals with the use of fast Fourier
transformation to calculate the potentials leads to a scheme that shows near linear
scaling [LHP97, LHP99, KP00]. In fact, it can be shown (see figure 2) that the onset
of linear scaling is already reached for rather small systems. This is one of the main
advantages of the FFT based method over the fast multipole methods.

2.2 Solving the Kohn–Sham Equations

Optimizing the Kohn–Sham energy with respect to the Kohn–Sham orbitals subject
to the orthogonality constraint of the orbitals is traditionally done by diagonaliz-
ing the Kohn–Sham Hamiltonian together with a mixing/extrapolation scheme for
the orbitals. These methods show a O(M3) scaling with a small prefactor. They are
highly efficient for small numbers of basis functions. However, when system sizes
are increasing diagonalization time becomes rapidly the time limiting step.

The one-particle density operator (occupation numbers fiff )

P (r, r′) =
N∑

i=1

fiff Φi(r)Φ∗i (r
′) (8)

has for insulators an exponential decay behavior for large values of |r−r′|. Express-
ing P (r, r′) in a local basis should therefore result in a sparse matrix representation.
Using this fact, linear scaling minimization schemes to determine directly the density
matrix P have been developed. However, these methods have a rather large prefactor
that gets even larger for non-orthogonal atomic orbital based basis sets. This problem
makes fully linear scaling applications using large basis sets impractical for system
sizes accessible today.
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One approach that addresses this problem is the method based on polarized
atomic orbitals [LHG97, BPH02]. By introducing a variationally optimized interme-
diate minimal basis it was possible to almost achieve the accuracy of the underlying
larger basis while reducing considerably the prefactor of the optimization method.
Another route is to optimize cubically scaling algorithms further and so to extend the
range of system sizes that can be treated. The orbital transformation method [VH03]
was developed in this spirit.

We express N occupied orthonormal wave functions Φi(r) as a linear combina-
tion of M basis functions ϕα(r) using an M × N matrix c of orbital coefficients
cαi. The calculation of the electronic structure involves the minimization of the elec-
tronic energy E(c) with respect to c subject to the constraint that cTSc = I. S is the
overlap matrix (Sαβ =

∫
ϕα(r)ϕβ(r)dr) and I the identity matrix. New variables

to describe c, inspired by the form of the exponential transformations [HJO00] as
given in Ref. [HPV94], are introduced. The new variables x are linearly constrained
according to

xTSc0 = 0 . (9)

The constant initial vectors c0 fulfill cT
0 Sc0 = I. c is related to x by the following

transformation

c(x) = c0 cos(U) + xU−1 sin(U) , (10)

where the matrix U is defined as

U =
(
xTSx

)1/2
. (11)

The functions of the symmetric matrix xTSx are defined as functions of its eigen-
values. It can be verified that cT (x) S c(x) = I for all choices of x. The variables x
can be used to optimize the energy E(c(x)) using any standard minimization algo-
rithm. This is possible because x is linearly constrained which implies that the space
of allowed x is a linear space. Therefore, a finite step along the gradient will produce
a new point that still fulfills the constraint condition exactly. Hence, it is unnecessary
to follow a curved geodesic during minimization, as is appropriate for variables that
are constrained non-linearly such as c.[VHG02, EAS98] The gradient of the energy
with respect to the new variable x is given by (Lagrange multiplier Λ)

∂

∂x

[
E(c) + Tr(xTSc0Λ)

]
=

∂E

∂c
∂c
∂x
− S c0 [(S c0)T S c0]−1(S c0)T

∂E

∂x
. (12)

The gradient ∂E/∂x is given by

∂E

∂x
= (Hc)U−1 sin(U) + (Sx)

(
R(KT +K)RT

)
(13)

K =
(
RT

(
(HcTx

)
R

) ⊗ D1 +
(
RT

(
(Hc)T c0

)
R

)⊗D2 (14)
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The notation ⊗ is used for the direct matrix product (A ⊗ B)ij = AijBij , HC
represents ∂E/∂c, R is the matrix of eigenvectors of xT S x, and D1 and D2 are
given by

D1
ij =

sin(
√√

Λi)√√
Λi

− sin(
√

Λj)√
Λj

Λi − Λj
D2

ij =
cos(

√√
Λi)− cos(

√√
Λj)

Λi − Λj
(15)

where Λi is the eigenvalue corresponding to the ith column of R. The calculation
of the gradient involves the computation of sparse matrix - full matrix products in
order to compute Hc and Sx, and several full matrix - full matrix products such as
(Hc)Tx or xf(U). For large systems, they have a computational cost of O(MN)
and O(MN2) respectively. Notice that the full matrix products run almost with peak
performance on modern computers, and that they are well parallelized. In case the
matrices H and S are not yet sparse the cost of computing Hc and Sx is O(M2N).
The diagonalization of the N × N matrix xT S x, which is needed to compute the
matrix functions efficiently, costs only a small fraction of the total CPU time.

For practical applications it is important to precondition the minimization. An
effective preconditioner can be obtained by approximating the electronic Hessian

∂2E

∂xαi∂xβj
≈ 2HαβHH δij − 2Sαβδijε0i , (16)

where we assume that (cT
0 H c0)ij = ε0i δij . This preconditioner is symmetric and

positive definite for all x that satisfy (xTSc0 = 0)) if c0 is close to the minimum.
It would be optimal to use a preconditioned gradient where every gradient vector

is multiplied with a different matrix (dependence on εi). In practice, a single sym-
metric positive definite matrix P is constructed so that P(H− Sε)x− x ≈ 0. Since
introducing a preconditioner is equivalent to a change in variables x → √

Px the
Lagrangian multipliers have to be adapted accordingly.

3 Examples

To test the methods described in the previous sections calculations on water systems
were performed. In table 1 the time to calculate the forces on all atoms for periodic
systems of water molecules are listed. From the scaling between two sizes of systems
we can see that the orbital transformation method has a very small prefactor for the
cubic part and scales for systems up to 1500 atoms essentially quadratic.

The second system, which is based on a X-ray structure of synthetic DNA, has
been studied before by Gervasio et. al (Ref. [GCP02]). We have doubled the system
so that two times twelve base-pairs, solvent and counter ions have been described, a
total of 2388 atoms. The system has a total of 3960 occupied orbitals and DZV(d,p)
and TZV(2d,2p) basis sets (22596 and 38688 basis functions) have been tested. A
density mapping accuracy of 10−12 has been chosen and elements of the overlap
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Table 1. CPU time for the calculation of forces on all atoms of different water systems with
periodic boundary conditions. All times in seconds on 16 CPU IBM p690.

H2O basis states time scaling

32 736 128 46 –
64 1472 256 108 1.23

128 2944 512 281 1.37
256 5888 1024 854 1.60
512 11776 2048 3294 1.95

1024 23552 4096 15833 2.26

matrix have been neglected if they were estimated to be less than 10−10. The spar-
sity pattern of the overlap matrix has also been used for the Kohn-Sham matrix. The
wavefunctions have been optimized using the orbital transformation method with a
conjugate gradient minimizer and a kinetic energy based preconditioner. A minimal
basis set has been used to initialize the wavefunction. The calculations have been
performed on 32 CPUs of an IBM p690 (Power4 CPUs, 1.3GHz), and needed about
2.5 and 5 hours to converge. The time needed for a single two point line search was
675 and 1100 seconds for DZV(d,p) and TZV(2d,2p) respectively. These timings
reflect accurately the effective linear scaling in the number of basis functions for
constant system size. 14 line searches were necessary to reach convergence (gradi-
ents 2 · 10−5). Interestingly, even for a system of this size, the cubically scaling part
is not yet fully dominant. For the TZV(2d,2p) system, 45, 43, and 8 percent of the
total time is spent in the cubic, the quadratic and the linear part respectively. This
is in part an effect of the superior parallel efficiency of the cubic part. The timing
for the cubic part includes the time needed for constructing and applying the pre-
conditioner, 10 and 15 percent of the total time respectively. Another observation of
relevance is related to the sparsity of the density matrix. We find that over 60 percent
of the atomic blocks of the density matrix are non-zero if a tolerance of only 10−5

is used. Even if such a moderate accuracy is demanded, linear scaling methods that
rely on the sparsity of the density matrix cannot be efficient.

Acknowledgement. I would like to thank Joost VandeVondele and Matthias Krack for provid-
ing the example calculations.
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Summary. We study a recently proposed set of methods that extend Density Functional The-
ory (DFT) to include long-range dispersive interactions. The water naphthalene interaction is
discussed and is compared to related results for water benzene clusters. The comparison is
aimed at establishing an optimal representation for the water aromatic interaction within DFT
that can be used to study the water carbon nanotube interaction.

1 Introduction

Density functional theory (DFT) has become a well-established method for elec-
tronic structure calculations of atoms, molecules and solids [Jon89] since it allows
for the calculation of properties from first principles at moderate computational cost.
While electrostatic interactions are well represented and even hydrogen bonds can be
calculated with reasonable accuracy [Sim92], there are shortcomings of this method
concerning the representation of long-range dispersion interactions [Kri94, Per95].
In particular, current density functionals fail to reproduce the leading r−6 dispersion
contribution when density overlap becomes negligible [Per99a].

This failure can be attributed to their functional form that is based on local den-
sity, its gradient [Per92] and on the local kinetic energy density [Perd99], only. As
dispersion forces become important where overlap of electron density is negligible,
the density functionals fail to reproduce them by construction.

Several methods have been developed to overcome this problem. The approaches
include a double local density approximation [Hul96, Hul99, And96, Rap91] which
is, however, limited to non overlapping densities. Alternatively, Kohn et al. [Koh98]
present an approach that is valid at all distances but which is also computation-
ally very demanding. Another class of approaches is based on the introduction of
a damped correction term [Wu01, Wu02] and has been applied to Hartree-Fock cal-
culations [Dou82, Tan84] and to a density functional based, tight binding method
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[Els01]. Recently, we reviewed this class of methods and compared their predictions
on the interaction energy profile for the water benzene cluster [Zim03].

We apply the correction schemes reviewed in [Zim03] to DFT results of the water
naphthalene cluster and verify the validity of the extrapolation to higher aromatics
and eventually to graphite-like systems and carbon nanotubes. The interaction of
graphite and carbon nanotubes with water are of particular interest in the design of
nano devices and actuators and its magnitude is still unclear [WWJ+03].

This article is structured as follows. We first briefly review the correction schemes
as presented by Elstner et al. [Els01], Wu et al. [Wu01] and Wu and Yang [Wu02],
Followed by a description of the computational setup used for the water naphthalene
cluster and a detailed discussion of the results. We conclude with the recommenda-
tion of a set of schemes whose performance compare well with data obtained from
MP2 calculations.

2 Correction schemes

To represent the long-range dispersion interaction, we partition the total interaction
energy

Etot = EDFT +
∑
n

∑
α>β

fdff (rαβ)
CαβCC

r6αβ

. (1)

Here EDFT is the DFT interaction energy computed with an approximated exchange
correlation functional and the second term is the dispersion energy represented as a
two-body interaction. The indexes α and β are the centers of a pair of interacting
particles and rαβ is the distance between them. CαβCC is the interaction coefficient
and fdff the related damping function. The particles considered for the dispersion
energy contribution may either be molecules or atoms. This has an influence on the
functional form of the contribution.

2.1 Molecular correction

A molecular representation of the dispersion energy contribution has been suggested
by Wu et al. [Wu01], with a dispersion coefficient CαβCC which is calculated as fol-
lows:

CαβCC =
3
2

p̄αp̄β
IαII IβI

IαII + IβI
. (2)

where p̄α denotes the average molecular polarizability of the molecule α and IαII
the related ionization energy. To ensure physical behavior in the short range, the
following damping function is suggested [Dou82]:

fdff (r) =
[
− exp

(
−2.1r
6
− 0.109 r2

6
1
2

)]6
(3)
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2.2 Atomic correction

Atomic correction schemes have been proposed by Wu and Yang [Wu02] and Elstner
et al. [Els01]. Both suggest the introduction of a dispersion energy term for every pair
of atoms in the system. Atomic dispersion energy coefficients are calculated using
the expression

CααCC = 0.75
√

N
√√

αNN p3α. (4)

Halgren [Hal92] proposes the following relationship to determine the Slater-Kirk-
wood effective number of electrons, NαNN :

NαNN = 1.17 + 0.33nν,α. (5)

where, nν,α is the number of valence electrons of atom α and NαNN for hydrogen is
set to 0.8. For diatomic coefficients CαβCC , Halgren [Hal92] recommends the Slater-
Kirkwood combination rule

CαβCC =
2CααCC CββC pαpβ

p2αCββC + p2βCααCC
. (6)

Here pα is the atomic polarizability of atom α. Elstner et al. [Els01] used equations
(4-6) to compute their dispersion coefficients, while Wu and Yang [Wu02] propose a
modified Slater-Kirkwood combination rule instead:

C6CC ,αβ =
2

(
C2
6CC ,ααC2

6CC ,ββNαNN NβN
) 1
3

(
N 2

βN C6CC ,αα

) 1
3
+ (N2

αN C6CC ,ββ)
1
3

. (7)

Furthermore, Wu and Yang [Wu02] use atomic dispersion coefficients fitted to given
molecular coefficients and propose the following two damping functions:

fdff (r) =

(
1− exp

[
−3.54

(
r

Rm

)3
])2

(8)

and

fdff (r) =
1

1 + exp
[
−23

(
r

Rm
− 1

)] . (9)

Here, Rm is the sum of the atomic van der Waals radii obtained from Bondi [Bon64].
Elstner et al. [Els01] suggest the following damping function

fdff (r) =

[
1− exp

(
−3.0

[
r

R0

]7)]4

, (10)

where R0 = 3.8 Å for first row elements.˚̊
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3 Results

We evaluate the performance of one molecular and three atomic correction schemes.
The density functionals considered in this work are B3LYP [Bec93, Lee88], PW91
[Per91], PBE [Per96] BLYP [Bec88, Lee88] HCTH/120 [Boe00]

For each scheme we compute interaction energy profiles for the water naphtha-
lene cluster in eight different conformations. Two locations of the water molecule
are considered, one with the oxygen atom centered on top of an aromatic ring and
one with the oxygene atom centered on top of the carbon bond separating the two
aromatic rings. In both of these locations two orientations of the water molecule
are considered, the plane spanned by the water molecule is either orthogonal or in
line with the main axis of the naphthalene molecule. All geometries, were evaluated,
once with the water dipole pointing perpendicularly towards the naphthalene plane
and once with the inverse orientation.

We do not consider geometries with the water dipole parallel to the aromatic
plane as they do not provide additional information [Zim03]. Where not stated oth-
erwise, all distances refer to the distance of the water oxygen to the naphthalene
plane.

The performance of the correction schemes is quantified in two ways. On one
hand a piecewise constant integration of the absolute deviation from the reference
energy profile is performed to obtain the average error. On the other, during integra-
tion the absolute deviation is weighted with Boltzmann factors, e−βV (r), based on
the reference potential V (r) at the respective distance. We take β = 1

kBT
and set the

temperature T = 300K. The Boltzmann constant is represented by kB .
DFT calculations are performed using CPMD [CPMD01], a plane wave DFT

code. The computational cell was set to 25× 25× 50a0 for the calculations of DFT-
based interaction energies. A cutoff of 90 Rydberg was applied for the plane wave
basis and Trouiller-Martins pseudopotentials [Tro91] were used. The non-local part
of the pseudopotentials are calculated according to the Kleinmann-Bylander scheme
[Kle82].

The reference interaction energy profile is obtained by counterpoise-corrected
MP2 calculations. The calculations were performed using Gaussian 98 [Gau98] with
6-311G(2d,2p) basis sets.

3.1 Uncorrected density functionals

The density functionals PW91, PBE and HCTH show reasonable agreement with
the reference data for the geometries in which the dipole is pointing away from the
naphthalene plane. However, for the opposite orientation of the water molecule, all
functionals fail to reproduce the strength of the interaction reliably. The PW91 den-
sity functional results in the lowest mean deviation (1.41 kJ mol−1) and the lowest
Boltzmann weighted error of all uncorrected density functionals. Nevertheless, this
functional underestimates the binding strength significantly for the geometries of low
interaction energy, i.e. the geometries where the water dipole is pointing towards the
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Fig. 1. The interaction energy profile for the water molecule centered on top of the bond sepa-
rating the two aromatic rings of naphthalene with the dipole pointing perpendicularly towards
(left) and away from (right) the naphthalene plane. The water plane is orthogonal to the main
axis of the naphthalene. Some of the uncorrected density functionals show good agreement
for the latter case whereas the attraction is clearly underestimated in the former. Solid line:
reference data, dashed lines with symbols: DFT results, circles: BLYP, stars: B3LYP, squares:
HCTH, crosses: PBE, diamonds: PW91.

naphthalene plane, (Figure 1). These results are fully consistent with the results re-
ported for the water benzene cluster [Zim03].

3.2 Molecular Correction

The molecular correction does not account for anisotropies in the dispersion contri-
bution due to the geometry of the molecule. It is therefore expected to break down at
some critical molecular size.

For the water naphthalene interaction, we calculate a molecular dispersion co-
efficient of 17736 kJ mol−1 Å̊̊6 using equation (2). The average polarizabilities are
1.5 Å̊̊3 [IAPWS01] for water and 16.5 Å̊̊3 [Hin93] for naphthalene. The ionization
energies are 12.62 eV [Ton91] and 8.15 eV [Sch01], respectively.

This scheme applied to the HCTH functional leads to excellent results in the
water benzene case: the lowest Boltzmann weighted error for all schemes is obtained.
However, for the resulting interaction energy profiles significant deviations become
apparent, especially for the geometries in which the water molecule is on top of the
carbon carbon bond separating the two aromatic rings with the water dipole pointing
away from the bond. The interaction, although it should be purely repulsive, becomes
attractive for the HCTH functional (Figure 2). This would have a significant influence
on the qualitative behavior of the system in molecular dynamics simulations, as the
probability distribution for the relative position of a water molecule in the vicinity of
naphthalene would be distorted.

In general, the dispersion contribution is too large for geometries in which the
water molecule is centered on top of the bond which is connecting the two aromatic
rings. This effect can be attributed to the functional form of the correction, which po-
sitions the two centers of interaction at the centers of mass of the molecules. While
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Fig. 2. The interaction energy profile for the water molecule centered on top of the carbon
carbon bond separating the two aromatic rings of naphthalene with the dipole pointing away
from the naphthalene plane. The plane spanned by the water molecule is orthogonal to the
main axis of the naphthalene. The molecularly corrected HCTH functional (dashed line with
squares) shows strong attraction with a deep minimum at approximately 3 Å, whereas the˚̊
reference potential is purely repulsive (solid line).

geometries centered on top of the bond and on top of an aromatic ring result in very
similar interaction energies on a MP2 level of theory, there are large discrepancies
between the molecularly corrected DFT interaction energies. Both these effects can
clearly be attributed to the breakdown of the molecular correction scheme that ig-
nores the geometry of the molecules and their orientation with regard to each other.

3.3 Atomic Correction

In Zimmerli et al. [Zim03], for the water benzene system, it is recommended to use
a corrected B3LYP density functional according to Wu and Yang [Wu02] along with
a modified Slater-Kirkwood mixing rule (7) and damping function (9). For the water
naphthalene cluster the agreement of the reference data and the corrected B3LYP
functional is still good, with an average error of 1.25 kJ mol−1. The Boltzmann
weighted errors also indicate good agreement in the geometries with low interac-
tion energy.

However, on the water naphthalene cluster, the correction scheme presented by
Elstner et al. [Els01] using equations (6) and (10) applied to the PBE density func-
tional, give the most consistent results with respect to the reference data. The average
error is 1.04 kJ mol−1 and the Boltzmann weighted error is also one of the lowest in
this study. Comparable results are also obtained if the PBE functional is corrected
according to Wu and Yang [Wu02] using equations (7) and (9). While in the first
case the dispersion contribution seems to be underaccounted for, there seems to be a
tendency for overaccounting it in the latter case (Figure 3).

If the BLYP functional should be corrected for dispersion, the results of the cur-
rent study indicate that the approach of Wu and Yang [Wu02] using equations (7) and
(8) should be used. However, we also confirm that in this framework, the interaction
energy is overestimated, resulting in an attraction which is roughly 3 kJ mol−1 too
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Δ
E

[k
J

m
ol

[
−
1
]]

55

-5

-10

-15

2 3 4 5 6 7 08 9 10

0

Fig. 3. The interaction energy profile for the water molecule centered on top of the bond join-
ing the two aromatic rings of the naphthalene molecule with the dipole pointing towards the
naphthalene plane. The plane spanned by the water molecule is parallel to the main axis of the
naphthalene molecule. The solid line is the MP2-reference data, the dashed lines represent the
corrected PBE functional, crosses indicate a correction according to [Els01], circles according
to [Wu02] using damping function (9).
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Fig. 4. The interaction energy profile for the water molecule centered on top of an aromatic
ring of naphthalene with the dipole pointing towards the naphthalene plane. The plane spanned
by the water molecule is parallel to the main axis of the naphthalene. The reference data (MP2)
is represented by the solid line, the dashed line with circles represents the data obtained with
the BLYP functional corrected according to [Wu02] using damping function (8). The inter-
action energy is overestimated in the range of 3.5 Å to 5.5˚̊ Å the absolute deviation however˚̊
never exceeds 3 kJ mol−1.

weak in the range of 3.5 Å to 5.5˚̊ Å, when the water dipole points towards the surface˚̊
(see figure 4).

Except for functional BLYP, which has been discussed before, the correction
according Wu and Yang [Wu02] using equations (7) and (9) gives better results than
the ones damped with function (8).
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4 Conclusion

The results of this paper indicate that accurate accounting of the dispersion interac-
tion is crucial for the description of the interaction of water with aromatics. Current
density functionals can give reasonable results for specific geometries. In particular
the PW91 density functional results in a good approximation for geometries where
the water dipole is pointing away from the naphthalene surface. However, as the
quality of these results is geometry dependent, its predictive power is limited.

For the water naphthalene interaction, the molecular correction scheme presented
in Wu et al. [Wu01] breaks down gradually, though still delivering good results in
terms of average errors. Correction schemes based on atomic dispersion contribu-
tions are shown to be successful in predicting the interaction energy for the water
naphthalene cluster in a consistent way. In particular the correction scheme suggested
by Elstner et al. [Els01] performs well in combination with the PBE functional. Fur-
thermore, the scheme by Wu and Yang [Wu02] performs well in combination with
the B3LYP functional. For the calculation of the water aromatic interaction we there-
fore recommend the reader to use either of the latter correction schemes.

In general, the results reported by Zimmerli et al. [Zim03] are found to hold not
only for the interaction of water with benzene but also for higher aromatics.

References

[Jon89] R. O. Jones and O. Gunnarsson. The density functional formalism, its application
and prospects. Rev. Modern Phys., 61(3):689–746, 1989.

[Sim92] Fiona Sim, Alain St-Amant, Imre Papai, and Dennis R. Salahub. Gaussian den-
sity functional calculations on hydrogen-bonded systems. J. Am. Chem. Soc.,
114(11):4391–4400, 1992.

[Kri94] Sándor Kristy´´ an and P´´ eter Pulay. Can (semi)local density functional theory ac-´
count for the London dispersion forces? Chem. Phys. Lett., 229:175–180, 1994.

[Per95] José P´ erez-Jord´´ a and A. D. Becke. A density-functional study of van der Waals´
forces: rare gas diatomics. Chem. Phys. Lett., 233:134–137, 1995.
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Summary. We conduct simulations of water flowing inside carbon nanotubes using non-
equilibrium molecular dynamics simulations. A new adaptive forcing scheme is proposed to
enforce a mean center of mass velocity. This scheme is compared to the non-adaptive, constant
body/gravity force for the flow of methane in a carbon nanotube. The two schemes produce
similar streaming velocity profiles and practically identical slip lengths. The wall slip pre-
dicted in the present simulations is found to be considerably shorter than the one observed
in earlier studies using the constant body/gravity force scheme at considerably lower pres-
sures. This observation is reminiscent of the slip length reduction with pressure increase that
has been observed in the case of Couette flow of water. For water flowing through carbon
nanotubes with diameters of 2.712, 4.068 and 5.424 nmand with flow speeds of 100ms−1

we find slip lengths of 10, 12, and 18 nm. In addition, we consider mixtures of nitrogen and
water flowing in a (20,20) carbon nanotube with diameter of 2.712 nm. For the mixture we
find that the slip length is reduced to 6nm as compared to 10nm slip for the pure water. The
shorter slip length is attributed to the fact that nitrogen forms droplets at the carbon surface,
thus partially shielding the bulk flow from the hydrophobic effect.

1 Introduction

The transport of fluids through carbon nanotubes is important in many applications
at the interface of bio- and nanotechnology and as a result it has been the subject
of intense interest. For example, it has been proposed to use bundles of carbon nan-
otubes as artificial membranes where individual nanotubes will act as aquaporins,
channels that in biological systems act to control water content in organs such as
the red blood cells or the kidneys [KGH03, ZS03]. Carbon nanotube networks can
also be used for the transport of water in nanofluidic devices such as lab-on-the-chip
probes [PWW01], for molecular filtration membranes [KHM97] and in fuel cells. A
range of CNT diameters and lengths are envisioned in these applications. CNTs can
be manufactured in various sizes, ranging from several angstroms (Å) in diameter˚̊
to more than 100nm. It is therefore important to understand the physics of water
flow through carbon nanochannels of different sizes. In these applications, the flow

T. J. Barth et al. (eds.), Multiscale Modelling and Simulation
© Springer-Verlag Berlin Heidelberg 2004
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of water is described remarkably well by macroscopic hydrodynamics provided the
proper boundary conditions can be prescribed for the fluid-carbon interface. These
hydrodynamic boundary conditions result from molecular interactions at the inter-
face and are therefore affected by the degree of hydrophobicity of the CNT wall,
possible doping of the inner CNT wall and the presence of impurities or solubles
in the liquid phase. The ability to extract quantitative information for molecular dy-
namical (MD) simulations, for many of these applications, depends critically on be-ff
ing able to prescribe appropriate boundary conditions. For example, in MD simu-
lations of water conduction through CNTs, water penetration and occupancy of the
hydrophobic channel is sensitive to the solid-liquid interaction potentials. Relatively
small changes in these potentials can lead to abrupt oscillations between dry and
wet states [HRN01]. Such oscillations were linked to transitions between liquid and
vapor phases of water [LCW99].

Navier-Stokes modeling of problems in nano-scale fluid mechanics may prove a
computationally cost effective alternative to molecular dynamics simulations usually
employed at these length scales [KB95] provided the complex fluid-solid interactions
can find a suitable macroscopic model. At hydrophobic interfaces these interactions
typically result in strong density fluctuations, anisotropic orientation of the water
molecules [LMR84], and for solids with a high density, a finite fluid velocity (ΔU ) at
the interface [HvP60, Sch56, CSS84, BCTM01]. Thus, while the kinematic boundary
condition of impermeability follows naturally from the definition of a fluid-solid
interface, the issues relating to momentum transfer at the interface determining the
dynamics of the problem is less clear. At moderate shear rates (∂u/∂y) the fluid
remains Newtonian [LH89], and the slip velocity may be described by the linear
relation:

ΔU = Ls
∂u

∂y
, (1)

where Ls is the slip length. Experimental evidence of slip has been demonstrated
in studies of water in hydrophobized quartz capillaries [CSS84] and in drainage ex-
periments [BCTM01] with slip lengths of 30 ± 10 nm and 38± 2 nm, respectively.
While most experiments have focused on the presence of slip at hydrophobic sur-
faces and on the possible validity of the no-slip condition at hydrophilic surfaces,
recent colloid probe experiments of water on mica and glass have indicated a per-
sistent slip of 8–9nm at these hydrophilic surfaces [BKB02]. Molecular dynam-
ics simulations of Poiseuille flow [BB99, TTE97, TG00] and planar Couette flow
[TR90, TT97, CKB01] of simple Lennard-Jones fluids confined between Lennard-
Jones solids have demonstrated the presence of both slip, no-slip and locking (neg-
ative slip length) depending on the “corrugation” of the surface. Thus, no-slip and
locking are observed for low density solids, and slip is found to occur at strongly
non-wetting interfaces, or for high density solids. In a recent study of methane con-
fined between dense, graphite surfaces Sokhan et al. [SNQ01] found the slip to be
fairly insensitive to the wetting properties of the surface, but to depend strongly on
the density of the solid.

Many applications envision the use of large arrays of CNTs that will act either as
sensors or as artificial, tunable, membranes. Molecular dynamics simulations of the
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flow of simple fluids through a single CNT typically last for a few nanoseconds. In
order to be able simulate the flow through entire arrays of nanotubes for long enough
time intervals, so as to understand the operation of entire devices, one must resort
to multiscale methods. For example, one could use a macroscopic flow solver to
simulate the bulk of the fluid flow away from the CNTs, coupled through multiscale
methods with a MD simulation of the detailed flow either inside individual CNTs
or between closely spaced tubes. In the interest of simplifying the complexity of
the overall problem, one might propose to use simplified equivalent continuum wall
models that can be used in hybrid (molecular fluid, continuum wall) simulations of
flow through nanochannels.

2 Physical Problem

In this study, we consider steady-state Poiseuille-like flow of methane, pure water,
and a water-nitrogen mixture through a single-wall CNT. A constant flow rate is
achieved through the use of a new adaptive forcing scheme that enforces a mean
center-of-mass velocity. This scheme is found to compare favorably with the non-
adaptive gravity-like force scheme [SNQ01]. Initially, fluid molecules are placed on
regular lattice, and the tube is filled till a desired pressure level is achieved. Here
pressure is measured as the radial component of the forces acting on carbon atoms
of the nanotube per unit area. The flow is set to motion only after proper initial
conditions have been achieved.

3 Governing equations and solution procedure

The present study employs nonequilibrium molecular dynamics (NEMD) simula-
tions, where the carbon nanotube is treated as a rigid structure to allow the maximum
time step of 2 fs imposed by the water model and to simplify the sampling. The influ-
ence of modeling the carbon nanotube as a rigid structure was recently found to be
negligible for the static properties of water at carbon surfaces [WWJ+01, WWJ+03]
and to be of secondary importance for dynamic properties such as the amount of slip
[SNQ02].

3.1 Interaction potentials

The water is modeled using the rigid SPC/E water model by Berendsen et al.
[BGS87], with bond lengths and angles constrained using SHAKE [vGB77]. The
model involves a Lennard-Jones potential between the oxygen atoms

UαβUU (rij) = 4εαβ

[(
σαβ

rij

)12

−
(

σαβ

rij

)6
]

, for rij < rc, (2)
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where rc is the radius of truncation (UαβUU (rij) = 0 for rij > rc), and α and β
refers to the atomic species (here oxygen-oxygen: εOO = 0.6501 kJmol−1 and σOO =
0.3166 nm). The model furthermore involves a Coulomb potential acting between all
atom pairs from different water moleculesff

U(rij) =
qiqjq

4πε0

1
rij

, (3)

where ε0 is the permittivity in vacuum, and qi is the partial charge, qO = −0.8476
and qH = 0.4238, respectively [BGS87]. The present study uses a smooth truncation
at 1.0nm of the Coulomb interaction as described in Ref. [WJHK01].

The methane (CH4) and nitrogen (N2) molecules are treated as single Lennard-
Jones sites with the parameters obtained from Refs. [SNQ02] and [BS87], thus
εN2N2 = 0.2776 kJmol−1, σN2N2 = 0.3360 nm, εCH4CH4 = 1.2310 kJmol−1,
σCH4CH4 = 0.3810 nm, respectively. Given these interaction potentials for the flu-
ids, the wetting properties of the fluid-solid interface, and the ability of the inter-
face to resist shear leading to a slip or no-slip condition, is determined by the po-
tential function governing the fluid-solid interaction. For the water-carbon interac-
tion we use a Lennard-Jones potential between the carbon and oxygen atoms of
the water, with values from Werder et al. [WWJ+03] of εCO = 0.4389 kJmol−1,
σCO = 0.3190 nm. The corresponding parameters for CH4 and N2 are obtained
by applying the Berthelot-Lorentz mixing rule, thus the N2 parameters are εN2C =
0.2540 kJmol−1, σN2C = 0.3380 nm, εN2O = 0.4248 kJmol−1, σN2O = 0.3263 nm,
and the CH4 values are εCH4C = 0.5344 kJmol−1, and σCH4C = 0.3605 nm, (see
also Sokhan et al. [SNQ01]).

The governing Newton’s equations are integrated in time using the leapfrog
scheme subject to quasi-periodic boundary conditions in the direction along the axis
of the carbon nanotube (z-axis) cf. Fig. 1.

u,

y, v

z, w

r

RR

Lz

Fig. 1. Schematic of the system. R and z denote the radius of and the axis of the carbon
nanotube. The size of the computational box along z is Lz .
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3.2 Nonequilibrium Molecular Dynamics Simulations

The forcing of a mean flow in molecular dynamics simulations is usually achieved
by imposing an acceleration (“gravity”) on each fluid atom in the system. Typical
values for the acceleration is 1011–1012ms−2 [SNQ01] depending on the amount
friction exerted by the solid walls and the desired mean velocity. Thus, for the flow
of methane in a carbon nanotube Sokhan et al. [SNQ02] used an acceleration of
0.5 × 1012ms−2 to attain a mean velocity of 57ms−1. However, this procedure
may result in low frequency oscillations of the mean flow as observed by Sokhan
et al. [SNQ01] for two-dimensional Poiseuille flow of methane between graphite
surfaces. These oscillations with a wave length of 10 ps, 0.2 ns, and 2.0 ns extends
the requirement for simulation time in order to sufficiently sample these slow modes.
To improve the sampling rate, we propose an alternative adaptive scheme in which
the imposed acceleration is computed dynamically to secure the desired (fixed) mean
flow. Thus in a leapfrog approximation, the velocity of the molecules is updated
according to

v
n+1/2
i = v

n−1/2
i +

δt

mi
(f i + b) , (4)

where δt is the time step, vi and mi the velocity and mass of the i-th molecule, and
f i and b denote the force and body force on the molecule, respectively. The center
of mass velocity of the fluid molecules is updated accordingly

vn+1/2
com = vn−1/2

com +
δt

mtot
(f tot + btot) , (5)

where f tot is the total force acting on the center of mass of the molecules, and btot
is the total body force. In equation (4), btot is adjusted to yield the desired center of
mass velocity (vn+1/2

com = U ), thus

btot =
mtot
δt

(
U − vn−1/2

com

)
− f tot . (6)

In the following section we verify the ability of the present scheme to impose a
mean flow by comparing the result from simulations of methane flowing in a carbon
nanotube using a constant and the adaptive acceleration schemes.

4 Results

The simulations of fluids under confinement, such as the present study of dense liq-
uids in carbon nanotubes, requires a careful selection of the number of molecules of
the liquid to achieve the desired system pressure or the equivalent chemical poten-
tial. Thus, Sokhan et al. [SNQ02] performed grand canonical ensemble Monte Carlo
simulations to determine the required number of fluid molecules. Here, we measure
the pressure directly on the surface of the carbon nanotube during the equilibration
of the system and adjust the number of molecules to obtain the desired pressure.
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The ability of the fluid-solid interface to resist shear and the resulting macro-
scopic boundary condition is measured from the time average streaming velocity

uk =
∑nk

i mivi∑nk

i mi
, (7)

where mi and vi are the mass and velocity of the i-th atom, and nk denotes the
number of atoms in the k-th bin. The statistics are sampled in polar bins with a
radial bin resolution of ≈ 0.1 nm corresponding to 20–30 bins depending on the
diameter of the carbon nanotube. The slip length (Ls) is extracted from the time
average velocity profiles (7) using a least square fit to the parabola

W (r) = Ar2 +Br + C. (8)

Assuming ∂W/∂r|r=0 = 0 gives B = 0 and thus a slip length of Ls =
√−C/A−

R. The fitting is performed on the data in the interval r ∈ [0 : R− σαβ].

4.1 Flow of methane in carbon nanotubes

The flow of methane in carbon nanotubes was first studied by Sokhan et al. [SNQ02]
who employed a constant acceleration to drive the flow. In the present study we repeat
the simulation of methane in a (16,16) carbon nanotube using a constant acceleration
and the new adaptive forcing. The diameter of the carbon nanotube is 2.1696nm
and the length of the computational box along the axis of the nanotube is 5.0nm
hosting a total of 132 methane molecules at a pressure of 67 bar. We first conduct
a simulation with the adaptive scheme and an imposed mean velocity of 57ms−1

corresponding to the mean flow obtained in Ref. [SNQ02] with a fixed acceleration
of 0.5× 1012ms−2.

The methane molecules are initially placed on a regular lattice and the system is
equilibrated for 20 ps, coupled to a Berendsen thermostat to achieve a temperature
of 300 K. During the equilibration the mean velocity is set to zero. The adaptive
scheme is switched on after an additional 20 ps of simulation (at total simulation time
of 40 ps), and the methane molecules are again coupled to a Berendsen thermostat
but only in the plane normal to the flow direction (the x-y plane). The simulation
is continued for 16 ns sampling the results every 100 steps from 6 to 16 ns with a
total of 50000 samples. The computed mean acceleration from this simulation is
1.6× 1013ms−2. A snapshot from the simulation is shown in Fig. 2.

In the second simulation we impose this constant mean acceleration throughout
the simulation. The streaming velocity profile from the two simulations are compared
in Fig. 3 demonstrating the ability of the adaptive scheme to force the flow. The ex-
tracted slip length for both cases isO(σCH4O) cf. Fig. 4 and thus significantly smaller
than the 6.4 nmmeasured by Sokhan et al. [SNQ02]. However, the elevated pressure
used in the present study of 67 bar may result in a reduced slip as demonstrated by
Walther et al. [WJW+02] for the Couette flow problem with water between graphite
surfaces.
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Fig. 2. Snapshot from NEMD simulations of the flow of methane inside a (16,16) carbon
nanotube. Half of the carbon nanotube has been removed to view the methane molecules. (See
Plate 18 on Page 277)
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Fig. 3. The velocity profile from NEMD simulations of the flow of methane inside a (16,16)
carbon nanotube. The adaptive scheme (a) result in less fluctuation on the time average veloc-
ity profile than the simulation using a constant acceleration (b).

4.2 The flow of water in carbon nanotubes

Next, we consider the flow of water through carbon nanotubes of different chiral vec-
tors: (20,20), (30,30) and (40,40), corresponding to tube diameters of 2.712, 4.068,
and 5.424,nm, respectively. The mean flow speed is 100ms−1 and the pressure in
the system is in the range 400–600 bar sufficiently high to secure a complete filling of
the tube with a total number of water molecules of 736, 904, and 1704, respectively.
The simulations are conducted for 2ns sampling the streaming velocity profiles from
1–2ns with a total of 5000 snapshots. The slip lengths extracted from the streaming
velocity profiles shown in Fig. 5 are 10, 12, and 18nm, for the 2.712, 4.068, and
5.424nm diameter tubes, respectively. Thus, the flow in the carbon nanotube with
the smallest radius displays the smallest slip length, consistent with increasing sur-
face friction as the radius is reduced. The observed values are furthermore in agree-
ment with the experimental value of 30nm for water at an extended hydrophobic
surface [CSS84].
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Fig. 4. The velocity profile from NEMD simulations of the flow of methane inside a (16,16)
carbon nanotube. Both the adaptive scheme (+, - - ) and the constant acceleration (×, —)
predict a slip length of O(σCH4O).
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Fig. 5. Time average streaming velocity profiles of water in a carbon nanotubes of different
diameter: 2.712 nm: (+, —); 4.068nm: (×, – – ); 5.424 nm: (∗, –·–). The points indicate the
values extracted from the NEMD simulations and the lines a least squared fit to Eq. (8). The
vertical lines mark the position of the surface of the carbon nanotubes.
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4.3 Flow of water-nitrogen mixtures in carbon nanotubes

The effect of gas bubbles in hydrophobic systems is believed to influence the static
properties of the system e.g., hydration [AMT02], but also dynamic properties such
as the amount of slip experienced at the fluid-solid interface [Vin99]. To study these
effects, we consider a mixture of water and air flowing inside a (20,20) carbon nan-
otube. The air here is represented by nitrogen molecules dissolved in the water. At
300 K and 600 bar the employed molar concentration of N2 of 0.075 M is supersatu-
rated and corresponds to 50 nitrogen and 670 water molecules.

The forcing of the mean flow and the thermostat is only applied to the water
molecules, which drives the system hydrodynamically and thermally. The nitrogen
is initially placed randomly within the water as shown in Fig. 6a. During the equi-
libration of the system the nitrogen molecules desorp from the water phase forming
high density, supercritical droplets at the carbon surface. The time average streaming
velocity extracted from the trajectory in the time interval 1–2ns is compared with
the result from the pure water simulation cf. Fig. 7. The extracted slip length is 6nm
approximately 4 nm less than slip experienced for pure water. The observed decrease
in slip length is attributed to the fact that nitrogen forms supercritical droplets at the
carbon surface, thus partially shielding the bulk flow from the hydrophobic effect.

(a) (b)

Fig. 6. Snapshots of the initial molecular configuration (a) and the equilibrated system (b) of
a water-nitrogen mixture flowing inside a carbon nanotube. (See Plate 19 on Page 277)

5 Summary

We have presented nonequilibrium molecular dynamics simulations of the flow of
methane, water, and a water-nitrogen mixture inside carbon nanotubes. In these sim-
ulations we implemented a new adaptive scheme for imposing a mean fluid velocity
through the system. We compared the adaptive scheme to the non-adaptive imposi-
tion of a constant body/gravity force for the flow of methane in a carbon nanotube.
We found that the adaptive scheme is as effective in imposing the selected mean
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Fig. 7. Time average streaming velocity profiles of a water-nitrogen mixture (×, - -) in a carbon
nanotube. The slip length is approximately 6 nm, and 4,nm smaller than the corresponding
results for pure water (∗, —).

velocity, but seems to be free of the oscillations that are often produced by the non-
adaptive scheme. The slip lengths observed in these simulations of methane through
carbon nanotubes are much smaller than what has been observed in earlier studies.
The difference is ascribed to the higher pressure in our simulations as compared to
the pressure reported in the earlier studies.

We also considered water and a mixture of water and nitrogen flowing through
carbon nanotubes with various diameters. For the case of pure water, we found the
slip length to increase monotonically with tube diameter. For the case of the mixture,
we found the slip length to be slightly shorter than what was observed in the flow of
pure water through the same carbon nanotube. We suspect that the shorter slip length
in the case of the mixture is due to the formation of supercritical nitrogen droplets at
the carbon surface that partially shields the bulk flow from the hydrophobic carbon
surface.
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Summary. We outline a hybrid multiscale algorithm for the simulation of dense fluids by
coupling molecular dynamics and continuum fluid dynamics, here described by the incom-
pressible Navier-Stokes equations. We estimate the required sampling of the atomistic system
to achieve sufficiently accurate boundary condition for the continuum system. This analy-
sis indicate that momentum flux (pressure) tensor requires an intractable number of samples
(O(108)), hence penalizing flux based coupling algorithms. For the present systems we there-
fore employ a density based, alternating Schwarz algorithm to couple the two system. The
boundary conditions at the interface between the two regions is imposed by inserting or delet-
ing atoms in a buffer region using the USHER algorithm. Preliminary results indicate, that the
forcing of the continuum may be achieved using appropriate source terms in the momentum
equations.

1 Introduction

The study of nanoscale fluid mechanics [KZWW03] is of key importance for the
understanding and development of biosensors. From the computational side, clas-
sical molecular dynamics have so far been the main tool to characterize nanoscale
fluid mechanics phenomena such as wetting and hydrophobicity. A canonical sys-
tem of particular interest with regard to biosensors is the interaction of carbon nan-
otubes with water. This system has recently been studied in some detail, see Refs.
[GM03, WWJ+03, WWJK03] and references therein. Simulations of CNTs in aque-
ous environments using molecular dynamics are limited to volumes of the order
O(10 nm3) and time scales of O(10 ns). In order to develop computational tools
that will assist in the design of biosensors a multiscale approach is indispensable.

For the case of dilute particle systems, there exist sophisticated coupling methods
as described and reviewed by Garcia et al. [GBCA99]. For dense fluids, two classes
of coupling schemes have been proposed which all split the computational domain
into a particle region (P ) and a continuum (C) region that are connected through an
overlap region (X). The two classes of coupling schemes differ in that the first one
is based on direct flux exchange [OT95, FWF00, DBC03a] and the second one on

T. J. Barth et al. (eds.), Multiscale Modelling and Simulation
© Springer-Verlag Berlin Heidelberg 2004
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the Schwarz alternating method [HP97, Had99]. The usage of the Schwarz method
avoids the imposition of fluxes in X since flux continuity is automatically ensured if
the transport coefficients in the two regions are consistent.

Here, we first describe an algorithm that imposes the boundary conditions from
the continuum to the particle system. This algorithm is tested on a two-dimensional
Lennard-Jones fluid, and its extension to three-dimensional systems is discussed.
Second, we describe the coupling of the molecular dynamics code FASTTUBE

[WWJK03] to the commercial flow solver STARCD [sta99] for the case of three
dimensional incompressible flows.

2 Imposing boundary conditions on the MD

2.1 Flux based coupling vs. density based coupling

Flux based schemes [FWF00, DBC03a] are appealing because they conserve mass,
momentum, and energy by construction and they can cope with small differences in
the transport coefficients of the two descriptions [DBC03a]. Despite this, we propose
a hybrid scheme that is based on the mutual imposition of the mass density ρ, of the
mean velocity u, and of the temperature T . Such a scheme has the advantage that it
decouples time scales, that densities are more easily sampled than fluxes, and that it
is straightforward to implement in commercial codes.

Recently, Hadjiconstantinou et al. [HGBH03] derived an estimate for the number
of independent samples needed in molecular systems to obtain a fractional error Eq

in a quantity q that is measured in a domain of volume V . The fractional error of a
quantity q is defined as Eq = σ( )̄/q̄ = σ(q)/

√
Mq̄, where σ(q) and q̄ denote the

standard deviation and average of q, and M is the number of statistically independent
samples. The expressions for the mean velocity, the density, and the pressure are
[HGBH03]

MuMM =
kBT0TT

ū2x

1
ρV Eu

2 , MρM =
κT kBT0TT

V Eρ
2 , MPM =

γkBT0TT

P 2
0PP κT

1
V EP

2 . (1)

These expressions evaluated for a 1 nm3 bulk water cell at atmospheric conditions
(pressure P = 1bar, temperature T = 293K, ratio of specific heats γ = 1,
isothermal compressibility of κT = 48.95 · 10−6 bar−1), and with a mean veloc-
ity u = 100ms−1 yield a number of required samples for a fractional error of 5% of
MuMM ≈ 102, MρM ≈ 1, and MPM ≈ 108 for velocity, density, and pressure, respectively.
We emphasize that these are the numbers of statistically independent samples, i.e.,
the number of time steps needed to achieve this sampling is substantially higher, and
that the volume of a 1 nm3 represents a realistic cell size. The prohibitive sampling
costs to measure the momentum flux (pressure) tensor favor the use of a density
based scheme. A possible alternative solution to this problem is to use a mesoscopic
regime between the microscopic and macroscopic domains, where the fluid flow is
described using fluctuating hydrodynamics (FH) [LL59].
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2.2 Overview of the hybrid algorithm

The algorithm is based on the Schwarz iteration scheme [Had99], i.e., the computa-
tional domain consists of pure continuum cells C, pure particle cells P , and overlap
cells X , where both descriptions are valid. One full iteration cycle is described as:

Step 1) Provide an initial guess for the solution in the C domain.
Step 2) Run an MD simulation until a steady state is reached, with the continuum

state (ρ,u, T ) imposed to the boundary cells (C → P ) of the atomistic sys-
tem.

Step 3) Solve the continuum equations with the steady state solution of the MD as
boundary conditions in the P → C cells.

Step 4) If not converged, return to Step (2).

The two main difficulties in coupling molecular and continuum systems are the
introduction and removal of particles and the altered dynamics of the molecules in
the C → P region due to the ”missing particles” exteriour to the molecular domain.
The first problem is solved using the USHER algorithm [DBC03b] and for the second
problem, we extend the notion of stochastic boundary condition introduced to simu-
late the contact of an MD system with a thermal reservoir [CT80] to cover systems
with a non-vanishing mean velocity across the boundary.

A generic molecular dynamics time step, where (ρ,u, T, ∇u, ∇T ) are given in
the C → P cells, reads:

1. Force computation. Compute forces according to the pair potential U .
2. Velocity update. Update the particle velocities using the leap-frog scheme.
3. Andersen thermostat. Choose particles randomly in the C → P cells with prob-

ability ν. Reset their velocities according to a biased Maxwell-Boltzmann dis-
tribution (f(ũk)) with mean velocity u′(Δx) = u+∇uT Δx and temperature
T ′(Δx) = T +∇T T Δx:

f(ũk) =
√

m

2πkbT ′
exp

(
− (ũk − u′)2

2kbT ′

)
. (2)

where (u′, T ′) denote the new thermostatted state, and ũk the instantaneous ve-
locity of the k-th particles.

4. Position update. Update the particle positions using the leap-frog scheme. The
particles in the C → P cells are updated in three steps, first with the mean ve-
locity subtracted, second, possible collisions with stochastic walls are evaluated
(see next step), and third the displacement due to the mean velocity is added.

5. Stochastic wall. The boundary between any C → P and the C cells, is formed
by a stochastic wall W [CT80] located at xW ′ = xW − δt(u · n⊥) and with
outward normal n⊥. The normal velocity of particles k that hit W is sampled
from the probability density [TTKB98]

f(ũk) =
m

kbT ′
|uk| exp

(
− (ũk − u′)2

2kbT ′

)
, (3)
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Fig. 1. Imposition of (ρ,u, T ) in theC → P cells. An Andersen thermostat imposes u and T .
For u �=�� 0, the stochastic walls W ′

i are shifted by δx = |u · n⊥|δt, where n⊥ is the outward
normal, and the collisions with the wall are evaluated with the mean velocity subtracted. The
USHER algorithm [DBC03b] is used to insert particles in the region δx at a rate of ρhyu ·n⊥,
where hy denote the height of the cell.

while the tangential components are sampled from Eq. (2). Finally, add the mean
displacement xt+1

k = xt
k + δtpu.

6. Mass flux. The mass flux per time step across W is given by δm = δtρhyu ·
n⊥, i.e., at the inlet, every m/δm steps, a particle is inserted using the USHER

algorithm [DBC03b] in a region of width δx, cf. Fig. 1.
7. If no steady state is reached, return to step 1 with t ← t+ 1.

2.3 Numerical test

We consider a two dimensional 6–12 Lennard-Jones fluid with interaction potential
U(r) = 4ε[(σ/r)12 − (σ/r)6] and use non-dimensionalized units of length (σ), en-
ergy (ε), and time (mσ2/48ε)1/2. We employ a cutoff radius of 3 and the leap-frog
integration algorithm with time step 0.002. First, we study a system in thermody-
namic equilibrium with zero mean velocity, with density 0.64 (1474 particles), and
with a temperature of 1.0. Second, a parallel flow is imposed along the x-axis, i.e.
the mean velocity is u = (1.0, 0.0). And third, a Couette flow is imposed with a
velocity at the left of ul = (0.0,−1.0), and ur = (0.0, 1.0) at the right boundary.

The computational box is of size 48×48 and the C → P cells have an edge length
of 6. The density, temperature and velocity are computed in bins of size 1 × 48 and
time averaged using every 100th sample between the steps 105 and 5 ·105 of the pro-
duction run. For the Andersen thermostat, we use a collision frequency of ν = 0.01.
In Fig. 2, density and temperature profiles are given for all four cases. For the equi-
librium case, the density increases near the domain boundaries due to the ”missing”
particles on the outside of the domain. This effect remains however localized and
does not affect the performance of the overall algorithm [CT80]. The Couette flow
displays the expected parabolic temperature profile [ZGA02], and linear velocity
profile, cf. Figs. 2b and 2d.
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Fig. 2. Upper row: Density and temperature profiles along the x-axis for the equilibrium
(crosses), the parallel flow (circles), and the Couette flow (squares). The straight lines are
at constant density (0.64), constant temperature (1.0), and a parabolic fit to the temperature
profile for the Couette flow. Lower row: Velocity profiles for the parallel flow (vx), and the
Couette flow (vy). The straight lines are at vx = 1.0 (left) and a linear fit to vy (right).

3 Imposing boundary conditions on the continuum system

To study the properties of the alternating Schwarz algorithm for the coupling of fully
three-dimensional molecular and continuum systems we have interfaced a commer-
cially available Navier-Stokes solver (StarCD [sta99]), with an in-house MD code
(FASTTUBE [WJHK01]). We consider a molecular system that consists of bulk
water, and for testing purposes water flowing past a carbon nanotube. The water
is described by the SPC/E water model, and the carbon nanotube is modeled as a
rigid structure interacting with the water through a Lennard-Jones potential. The con-
tinuum system is described by the isothermal, incompressible, Navier-Stokes (NS)
equations.

3.1 Governing equations

The interaction potentials governing the molecular system and their numerical treat-
ment is described in detail in Refs. [WJHK01, WWJK03, WWJ+03]. To simplify
the treatment of the molecular system, periodic boundary conditions are imposed in
all spatial directions. Thus, the dynamics of the unforced system follows that of a
microcanonical system, leaving the particles in the P → C region in an equilibrated
“state” which only requires a weak coupling to a Berendsen thermostat [BPvG+84].
Furthermore, the periodicity in the particle positions secures a global conservation
of mass and avoids the need to add and delete particles. However, it effectively re-
quires that the continuum fields are periodic at the interface to the molecular system,
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limiting its general applicability. However, this allows us to study the coupling of the
two systems and the imposition of boundary conditions on the continuum system.

The averaged molecular velocity in the C → P region is forced to match the
continuum values by adding a body force (btot ) to the center of mass of the molecules
in the C → P region

vn+1/2
com = vn−1/2

com +
δt

mtot
(f tot + btot) , (4)

where vcom , mtot , and f tot denote the center of mass velocity, the total mass and
force on the C → P region, and btot is the required body force such that vn+1/2

com =
U , where U is the continuum velocity field.

For the bulk water systems considered in the present study, the continuum ap-
proximation is assumed to be governed by the isothermal, incompressible Navier-
Stokes equations. To couple the two systems, we overlay the molecular system with
a finite-volume mesh covering the entire computational domain, as shown in Fig. 3.
The size of the finite-volume cells is chosen to match the size and location of the
bins used in the molecular system for the averaging and for the imposition of the
boundary conditions. In the present study we use cells of size 0.5 × 0.5 × 1 nm to
secure a sufficient averaging and forcing of the molecular system. By the complete
overlay, we avoid explicit interfaces in the continuum system.

Fig. 3. The continuum mesh overlays the molecular system and covers the entire computa-
tional domain. The light gray area in (middle figure) indicates the P → C region, and the
dark area the C → P region.

3.2 Results

To demonstrate the ability of the P → C forcing we first consider the flow of water
past a carbon nanotube (Fig. 3). Walther et al. [WWJK03] have studied this system
using non-equilibrium molecular dynamics and observed that the water exhibits a
no-slip boundary condition. In the current hybrid formulation, the velocity field at
the C → P interface is non-periodic, but nevertheless the simulation illustrates that
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body forces can impose the required molecular field on the continuum, cf. Fig. 3.
The exteriour boundary condition is periodic with a streaming velocity of 100ms−1

in the x direction and zero mass flux in the y and z directions. The molecular system
consists of approximately 13177 atoms, and requires 20000 time steps for each outer
iteration to secure a proper average, and corresponds to approximately 9 h on an
1.4 GHz AMD Athlon processor. The continuum mesh consists of 33× 33× 1mesh
points and a steady state is typically found in 100 time steps requiring less than
1 cpu minute. At a later stage in the simulation, the molecular system develops a
vapor phase at the corners of the P system due to the improper boundary conditions.
Utilizing the USHER algorithm for this system would resolve this problem.

The second test case involves a Couette flow with a molecular system of (4 ×
4 nm) located at the center of the computational domain (16× 16 nm), similar to them
previous configuration. For this system the C → P BC are periodic, and the simula-
tion reaches a steady state with a linear velocity profile extending through the molec-
ular system, cf. Fig. 4. Notice, that both the molecular and continuum systems are
forced with a Dirichlet BC for the velocity which suffices for the present linear veloc-
ity profile. However, a non-linear velocity profile (e.g., the Poiseuille flow) requires
a specification of both the velocity and the gradient of the velocity – a boundary con-
dition of the Robin type. This may be achieve by applying the Andersen thermostat
as in the 2D study in Section 2 or by using a finite-difference approximation to the
gradient by forcing two neighbouring cells.
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Fig. 4. The velocity profile from the Couette flow problem. + + +: time averaged molecular
profile; —: continuum profile.

4 Summary

We have discussed parts of a hybrid algorithm for dense fluids described by molecu-
lar systems in one part of the computational domain and as continuum systems in an-
other part. In particular, we have presented and tested an algorithm to perform molec-
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ular dynamics simulations with non-periodic boundary conditions. Furthermore, we
have conducted preliminary (periodic) simulations of the flow of water around a car-
bon nanotube, where the vicinity of the tube was modeled with molecular dynamics
and the rest of the computational domain with a Navier-Stokes solver. Currently, we
consider the use of fluctuating hydrodynamics to describe the continuum part of the
algorithm, since this would allow for massive reductions in the computational cost
for sampling. We plan to combine these elements in the near future in order to obtain
a general algorithm for the multiscale simulation of dense fluids.
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1 Abstract

In this paper we present a new formulation of a Dissipative Particle Dynamics (DPD)
model which is computationally less expensive than Voronoi-based DPD while pre-
serving most of the advantages of Voronoi DPD over simple spherical-particle mod-
els. Aiming at fully three-dimensional flows an alternative to the straight-forward
application of Voronoi DPD is desirable. The new model presented here can be de-
rived from the Molecular Dynamics level by a coarse graining procedure (bottom-up
approach) as well as from the continuum or macro-scale level conservation equations
(top-down approach). In this paper the bottom-up derivation is presented.

2 Introduction

The Dissipative Particle Dynamics (DPD) method was first introduced by Hooger-
brugge and Koelman [HK92] with the intention of deriving a meso-scale fluid de-
scription on hydrodynamic time and space scales which are much larger than those
on the Molecular Dynamics level. At the same time DPD avoids lattice artifacts of
Lattice Gas Automata. Subsequent improvements lead to various formulations of the
DPD method. Espanol and Warren [EW95] have proved that the original model of˜
Hoogerbrugge and Koelman corresponds to a finite-difference approximation of a
more general DPD formulation provided by a set of continuous-time Langevin equa-
tions. Bonet Avalos and Mackie [BAM97] defined meso-scopic entropy and temper-
ature for a dissipative particle. In the formulation of Español and Revenga [ER03]˜
particles have spherical size and fixed volume, although most of the DP properties
are similar to the classical model. Most of these formulations have, however, defi-
ciencies concerning, e.g., proper description of boundary conditions. As a remedy
Flekkøy et al. [FCF00] proposed a DPD formulation based on a Voronoi tessella-
tion of the flow domain. For the bottom-up derivation a Voronoi Dissipative Particle
is considered as a cluster of MD particles. Serrano and Español [SE01] derived a˜
similar model from the top-down approach by a discretization of the Navier-Stokes
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equations. The Voronoi method solves most problems of previous versions of DPD.
It is, however, computationally very expensive due to the need of tracking Voronoi-
particle deformations [CA03]. DPD simulations based on Voronoi tessellation can
be very inefficient for large 3D computations. The generation of a Voronoi diagram
for a set of n points by the divide-and-conquer algorithm requires O(n log n) opera-
tions [SH75]. A more efficient sweepline algorithm with same operation count was
presented by Fortune [For86]. Various Voronoi algorithms are reviewed by Okabe et
al. [OBS92]. Most of the Voronoi algorithms work bestfor 2D applications but even
then dynamic changes of the Voronoi structure cause considerable computational
overhead.

The purpose of this paper is to derive an alternative DPD formulation based on a
Voronoi lattice. The information about the tessellation is incorporated into the equa-
tions of particle motion without requiring the Voronoi connectivity explicitly. The
implementation of this method is almost as straight forward as the spherical-particle
DPD. The particles can be considered as set of a nearly-tight pack of spheres with
different sizes. Also, boundary conditions can be formulated properly and a consid-
erable increase of computational efficiency is achieved.

3 Meso-scopic description

For deriving the equations of meso-scale particle motion we follow essentially the
procedure of [FCF00], with differences related to the shape of the particles.

3.1 Basic micro-scopic equations

A Dissipative Particle (DP) is defined as a cluster of Molecular Dynamics particles
(MD). The volume of a DP may change due to an unrestricted motion of MD particles
between DP. Following [FCF00] we define a sampling function

fkff (x) =
s(x− rk)∑
l s(x− rl)

, (1)

where rk, rl are positions of DP centers and x is arbitrary position. The function
s(x) can be chosen as a Gaussian

s(x) = exp(−|x|2/a2) . (2)

The product of two Gaussian functions is again Gaussian. This property will be very
helpful for deriving the equation of motions. With the sampling function mass, mo-
mentum and internal energy can be computed by summation over all Dissipative
Particles as

MkM =
∑

i

fkff (xi)m , (3)

Pk =
∑

i

fkff (xi)mvi , (4)
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1
2

MkM U2
kU +Ek =

∑
i

fkff (xi)
(
1
2

mv2i +
1
2

∑
j 	=		 i

VMDVV (rij)
)
≡

∑
i

fkff (xi)εi , (5)

where the index k refers to a DP particle and the index i to a MD particle. VMDVV (rij)
is the potential energy of the MD particle pair ij, separated by distance rij ; εi is the
total energy of a MD particle. A DP moves by its average velocity

ṙk = Uk = Pk/MkM . (6)

Since the sampling function is a partition of unity, mass, momentum and energy are
conserved on the micro- and the meso-scale∑

k

MkM =
∑

i

m , (7)

∑
k

Pk =
∑

i

mvi , (8)

∑
k

Etot
k =

∑
k

(
1
2

MkM U2
k +Ek

)
=

∑
i

εi . (9)

Differentiation of equations (3), (4), (5) with respect to time gives

dMkM

dt
=

∑
i

ḟkff (xi)m , (10)

dPk

dt
=

∑
i

[ḟkff (xi)mvi + fkff (xi)Fi] , (11)

dEtot
k

dt
=

∑
i

[ḟkff (xi)εi + fkff (xi)ε̇i] , (12)

where the force on a MD particle i is Fi = mv̇i. Due to the fact that the sampling
function is a Gaussian its derivative is

ṡ(xi) = −(2/a2)ẋxs(x) . (13)

Consequently
ḟkff (xi) = fklff (xi)(vP

i · rkl + xP
i ·Ukl) , (14)

where the overlap function fklff is given

fklff (x) = (2/a2)fkff (x)flff (x) . (15)

The distance between the centers of two neighboring DP k and l is rkl = (rk − rl).
The velocity difference is Ukl = (Uk −Ul). The center of the overlap region can
be described in various ways. One possibility is

xP =
(

Rk +
a

1 + Rl

Rk

)
ckl , (16)
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where a = |rkl − (Rk +Rl) ckl|, see also eq. (2), and Rk is a radius of kth DP, ckl

is the unit vector parallel to rkl . The location of a MD particle with the respect to
xP is given by xP

i = xi − xP . Alternatively xP can be obtained using the radical
plane construction. The radical plane is the locus of points for which the tangential
distance to the two spheres is equal,

xP =
(rkl)2 +R2

k −R2
l

2(rkl)2
rkl . (17)

The second method partitions space, however it is computationally more expensive
than the first one.

A linear interpolation of function values (density, velocity, pressure) at point P
is given by equation

hP = hl
|xP − rk|
|rkl| + hk

|rl − xP |
|rkl| . (18)

We defined the velocity vP
i with respect to the velocity of P as vP

i = vi − vP . For
the example for a Gaussian sampling function fkff (x) is given by

fkff (x) =
1

1 + (exp(2xP · rkl
a2
))2

. (19)

The corresponding overlap function is

fklff (x) =
1
2a2

cosh−2
[
xP · rkl

a2

]
. (20)

A sketch of sampling and overlap function is provided in Fig. 1. Note also that the
overlap function for the next-to-nearest neighbor interaction is one order of magni-
tude smaller than that for the nearest-neighbor interaction. Therefore interactions are
restricted to the nearest neighbors.
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Fig. 1. 1D illustration of the sampling function and the overlap function for two DP at rk and
rl, respectively. Rk indicates the particle radius with origin at point rk; similarly for particle l.
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Fig. 2. Two DP rk and rl and their interaction region; ckl is a unit vector parallel to rkl =
rk − rl.

Using the above equations the system of conservation laws can be rewritten as

dMkM

dt
=

∑
l

ṀklM , (21)

ṀklM =
∑

i

fklff (xi)m (vP
i · rkl + xP

i ·Ukl) . (22)

The momentum equation can be written as:

dPk

dt
=

∑
l,i

fklff (xi)mvi(vP
i · rkl + xP

i ·Ukl) +
∑
l,i

fkff (xi)Fi . (23)

The force Fi is given by equation [FCF00]:∑
i

fkff (xi)Fi = MkM g +
∑
i,j

fkff (xi)Fij , (24)

where g is the gravitational acceleration. Conservation laws on the microscopic level
can be rewritten in the frame of reference of the overlap region. With Newton’s third
law the following simplification can be made∑

i,j

fkff (xi)Fij = −
∑
i,j

fkff (xi)Fji = −
∑
i,j

fkff (xj +Δxij)Fji ≈

≈ −
∑
i,j

fkff (xj)Fji −
∑
i,j

[Δxij · ∇fkff (xi)]Fji =

= −1
2

∑
i,j

[Δxij · ∇fkff (xi)]Fji =
∑

l

(∑
i,j

1
2

fklff (xi)FijΔxij

)
· rkl ,

(25)

where Δxij = xi − xj . The momentum equation can be rewritten in the form
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dPk

dt
= MkM g +

∑
l

ṀklM UP +
∑
l,i

fklff (xi)ΠP
i · rkl+

+
∑
l,i

fklff (xi)mvP
i x

P
i ·Ukl ,

(26)

where Πi is the general momentum-flux tensor

Πi = mvivi +
1
2
FijΔxij . (27)

The energy time rate of change for MD particle is

ε̇i = mg · vi +
1
2

∑
j 	=		 i

Fij · (vi + vj) . (28)

The last term of the equation (12) is∑
i

fkff (xi) i̇ = Pk · g+ 12
∑
i	=		 j

fkff (xi)Fij · (vi + vj) , (29)

which can be re-written as∑
i

fkff (xi) i̇ = Pk · g +
∑
l,i	=		 j

fklff (xi)
1
4
Fij · (vi + vj)Δxij · rkl =

= Pk · g +
∑
l,i	=		 j

fklff (xi)
(
1
4
Fij · (vP

i + vP
j ) +

1
2
Fij ·UP

)
Δxij · rkl .

(30)

The next-to-last term of equation (12) can be rewritten as∑
i

ḟkff (xi)εi =
∑
l,i

fklff (xi)(vP
i · rkl + xP

i ·Ukl)εi . (31)

The particle energy evaluated with the respect to point P is

εi = εP
i +mvP

i ·UP +
1
2

m(UP )2 . (32)

The above expressions can be combined to yield∑
i

ḟkff (xi)εi =
∑

l

1
2

ṀklM (UP )2+

∑
l,i

fklff (xi)
(

εP
i v

P
i +mvP

i v
P
i ·UP

)
· rkl ++

∑
l,i

fklff (xi)εixP
i ·Ukl .

(33)

The total energy equation is
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dEtot
k

dt
= Ėtot

k =
∑
l,i

fklff (xi)
(
JP

εi +ΠP
i ·UP

) · rkl+

+MkM Uk · g +
∑

l

1
2

ṀklM (UP )2+

+
∑
l,i

fklff (xi)
[
εP
i +mvP

i ·UP

]
xP

i ·Ukl .

(34)

The energy flux vector for the MD particle i is

Jεi = εivi +
1
4

∑
i	=		 j

Fij · (vi + vj)Δxij . (35)

This set of equations represents conservation of mass, momentum and energy at the
microscopic level. Next, meso-scale equations will be derived by coarse-graining the
micro-scopic equations of motions.

3.2 Meso-scopic equations

The meso-scopic equations describe conservations laws for Dissipative Particles. In
this section we will again follow the derivation provided by [FCF00] and point out
mainly the differences to our method. A scale separation between MD particles and
DP is assumed as

|xi − xj | � |rk − rl| , (36)

|xi − xj | � (Rk −Rl) , (37)

where xi and xj are positions of neighboring MD particles. The average velocity of
a MD particle depends on the velocities of the two neighboring DP. Assuming linear
interpolation, the average MD particle velocity is approximately

〈vP
i 〉 =

xP
i · rkl

r2kl

Ukl . (38)

Splitting the equations of motion into the average and fluctuating part requires some
additional assumptions. The average of a function h over the overlap region can be
approximated as:∑

i

fklff (xi)h(xi) ≈
∫

dφ dx |rkl | fklff (x)hP ≈ 2π hP |rkl|
2a2

xP , (39)

where φ is the polar angle. The first moment of the function h(x) with respect to xP

is ∑
i

fklff (xi)xP
i h(xi) ≈

∫
dφ dx (x − xP ) |rkl| fklff (x)hP ≈

≈ 2π hP |rkl|
4a2

(xP )2 · ckl

(40)
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This approximation is obtained from Taylor series expansion in the vicinity of point
xP . For illustration we show the 2D construction. The extension to 3D is straight
forward. The averaging of the mass conservation equation leads to

dMkM

dt
= ṀkM =

∑
l

(〈ṀklM 〉+ ˙̃
MklM ) , (41)

where

〈ṀklM 〉 =
∑
l,i

fklff (xi)m 〈xP
i 〉 ·Ukl = π

|rkl|
a2

(xP )2 ρP ckl ·Ukl , (42)

and ˙̃MklM = ṀklM − 〈ṀklM 〉. The average momentum equation can be written in the
form

dPk

dt
= MkM g+

∑
l

〈ṀklM 〉UP +
∑
l,i

fklff (xi)〈ΠP
i〉 · rkl+

+
∑

i

fklff (xi)m〈vP
i x

P
i 〉 ·Ukl +

∑
l

F̃kl ,
(43)

where the fluctuating force is

F̃kl =
∑

i

fklff (xi)[(ΠP
i − 〈ΠP

i〉) · rkl+

+m(vP
i x

P
i − 〈vP

i x
P
i 〉) ·Ukl]

The momentum-flux tensor for a Newtonian fluid is

ρ〈Πi〉 = mρvv + IpI − η(∇v + (∇v)T ) . (44)

Assuming linear interpolation the advective term approximately vanishes in the
frame of reference of the overlap region since vP

i ≈ 0

∇vP + (∇vP )T =
1
|rkl| (ckl ·Ukl +Ukl · ckl) . (45)

Consequently the momentum equation can be written as:

dPk

dt
= MkM g +

∑
l

〈ṀklM 〉UP−

−
∑

l

π
|rkl|
a2

xP

(
pP ckl +

η

|rkl| [Ukl + (Ukl · ckl)ckl]
)
+

∑
l

F̃kl.

(46)

The average energy equation is
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dEk

dt
= Ėk =

∑
l,i

fklff (xi)(〈JP
εi〉+ 〈ΠP

i 〉 ·UP ) · rkl+

+
∑
l,i

fklff (xi)〈εP
i x

P
i 〉 ·Ukl +

∑
l

1
2
〈ṀklM 〉(UP )2 +

∑
l

F̃kl ·UP + q̃kl ,

(47)

where the fluctuating part is defined as

q̃kl =
∑

i

fklff (xi)(JP
εi − 〈JP

εi〉) · rkl +
˙̃MklM

2
(UP )2+

+
∑

i

fklff (xi)×
[
(εP

i x
P
i − 〈εP

i x
P
i 〉) +mUP · vP

i x
P
i

]
·Ukl .

(48)

The average energy flux is assumed to have the form

ρ〈Jε〉 = εv + c · v − λ∇T . (49)

With vP
i ≈ 0 it is 〈JPε 〉 = −λ∇T and the average energy equation for the Newtonian

fluid can be written as

Ėk = −
∑

l

π
|rkl|
a2

xP λ
TklTT

rkl
+

∑
l

1
2
〈ṀklM 〉(UP )2+

+
∑

l

π
|rkl|
a2

xP

(
pP ckl − η

rkl
× [Ukl + (Ukl · ckl)ckl]

)
·UP+

+π
|rkl|
2a2

(xP )2 ckl ·Ukl

(
Ek

VkVV
+

El

VlVV

)
+

+
∑

l

F̃kl · Ukl

2
+ q̃kl .

(50)

4 Implementation issues

There are some important implementational issues connected with the above devel-
oped method. The first is the formulation of boundary conditions. Similarly to the
Voronoi method boundary conditions can be imposed at the boundary itself, by spec-
ifying quantities on the dual mesh at the centers of the overlap function. The sec-
ond concern is related to the efficiency of the algorithm. With the presented method
there is still the requirement of finding nearest neighbors (similar to the Voronoi ap-
proach). These can be obtained, however, without actually computing the Voronoi
tessellation, which is computationally very expensive, particularly in 3D. Moreover,
the dual mesh needs twice less the amount of storage which would be required for
representing the Voronoi edges. A third point is connected with the size of spherical
meso-scale particles. An initial set of points (particle centers) can be a basis for a
Voronoi lattice from which subsequently the non-overlapping spheres are obtained.
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With the motion of the particles the size of the spheres needs to be adjusted. This
can be accomplished in various ways. One option is to determine the location of the
point P by keeping the initial ratio of distances between pointP and the neighboring
particle centers fixed, and the location of the point P can be estimated at later times.
From this condition the radii of the spherical particle, can be constructed.

5 Conclusions

In this paper a new approach for a DPD method is presented. The method shares
favorable properties with the Voronoi based DPD approach. It is, however, compu-
tationally more efficient. This improvement is obtained by replacing Voronoi cells
by their corresponding spheres. The spherical particles interaction was modeled by
a Gaussian sampling function, which allows to introduce a dual mesh. Similarly to
[FCF00] this property was exploited to establish the meso-scopic equations of mo-
tion for Dissipative Particles. A computational validation of the method will be pre-
sented in a subsequent paper.
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Summary. Population balance models typically employed in simulations of synthesis of
nanoparticles in aerosol flame reactors are presented. The main focus of the present study
is on sectional techniques for a variety of particle formation and growth mechanisms involv-
ing gas phase and surface chemical reactions, coagulation, and sintering. A moving sectional
model is described and compared with other models including a detailed two dimensional sec-
tional method. Conditions of applicability of the above mentioned numerical model are also
investigated.

1 Introduction

The most important mechanisms of particle formation and growth are monomer in-
ception (that is nucleation or gas phase chemical reaction), coagulation, sintering and
surface growth or condensation. All these mechanisms, except sintering, are repre-
sented in the following general one-dimensional dynamic equation [Kum97]

∂n(v, t)
∂t

+
∂(G(v)n(v, t))

∂v
=
1
2

∫ ∞

0

∫∫
n(v − v′, t)n(v′, t)q(v − v′, v′)dv′

−n(v, t)
∫ ∞

0

∫∫
n(v′, t)q(v, v′)dv′ + S(v) (1)

where v is the particle volume, n(v, t) is the particle density function of particles
between v and v + dv at time t, G(v) is the particle growth rate, q(v, t) is the collision
frequency between particles of volumes v and and S(v) is the particle nucleation rate.
The following section focuses on some of the most characteristic modeling efforts on
combinations of the above mechanisms. There are four basic types of models used in
aerosol dynamics simulations: monodisperse, moment, discrete and sectional mod-
els. These are all numerical techniques arising from the lack of a general analytical
solution of the dynamic equation (1). Monodisperse models neglect the spread of
the particle size distribution by assuming particles or aggregates of equal size and
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describe, reasonably well, integral properties of the size distribution such as average
particle size and total number concentration [Kru93; Pan95; Tsa99; Tsa01]. They
therefore constitute an attractive option in terms of simplicity and computational ef-
ficiency and can provide fast predictions for a number of aerosol applications.

Typically, moment models describe the evolution of the moments of the aerosol
size distribution by approximating its shape, for instance as lognormal or self-
preserving [Whi81], [Lan90]. Their accuracy strongly depends on the validity of
the above mentioned approximations [Fre87]. More recent approaches by-pass a-
priori assumptions on the shape of the particle size distribution [McG97], [Fre02].
Moment methods provide information again on integral properties as well as gen-
eral characteristics of the particle size distribution such as the standard deviation,
skewness and kurtosis [Fr85]. Discrete models provide the most accurate solutions
to the detailed population balance equations by accounting for all particle sizes but
have considerable computational requirements [Fre87]. Sectional models require less
computational effort by discretizing the particle size distribution in a finite number
of sections within which the size distribution density function remains constant. In
addition sectional models can be combined with discrete schemes, especially when
nucleation or birth of monomers by gas phase chemical reaction is to be taken into
account [Rog97], [Nak01].

2 Theory - Moving Sectional Aerosol Dynamics Model

Of particular interest is the investigation of the fundamental mechanisms contributing
to the evolution of aerosol-made particles, i.e. titania (TiO2), in one general model.
Here, a sectional model encompassing all the major mechanisms, namely forma-
tion by gas phase and surface growth reactions followed by coagulation and sinter-
ing is described and compared with other models. Case studies will mainly include
flame synthesis of TiO2 from titanium tetra-isopropoxide (TTIP) decomposition
and silica SiO2 from SiCl4 oxidation. As demonstrated in earlier studies [Hou88];
[Kum96a];[Kum96b]; [Kum97]; [Tsa00]; [Jeo01], the considerable increase of com-
putational power, along with the development of efficient models render sectional
calculations an increasingly attractive simulation tool providing accurate and de-
tailed information on the dynamics of particle size distributions. Here, the proposed
sectional formulation accounts for simultaneous gas phase chemical reaction (or nu-
cleation), surface growth, coagulation and sintering and constitutes an extension of
the moving sectional model of Kumar and Ramkrishna [Kum97] to include a new
discretization for nucleation by Chaoul [Cha00] and Spicer and coworkers [Spi02]
as well as sintering and particle shape irregularity effects following the approach of
Vemury and coworkers [Vem94]. The latter used the sectional model of Batterham
and coworkers [Bat81] and proposed a sectional equation for the change in particle
surface area concentration, Ai, by pure agglomeration (particle collisions without
coalescence), by substituting the particle volume concentration in each size interval
i with the corresponding particle surface area concentration. The total change of Ai

by coagulation and sintering was then given as:
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dAi

dt
=

dAi

dt

∣∣∣∣∣∣∣
agg
+

dAi

dt

∣∣∣∣∣∣∣
sin t

(2)

However, since the model of Batterham and coworkers [Bat81] contains system-
atic inaccuracies in the preservation of both total particle mass and numbers [Hou88],
the moving sectional formulation of Kumar and Ramkrishna [Kum97] is more appro-
priate, especially when dealing with surface growth reaction modes that can produce
(in the absence of a moving sectional technique) significant numerical diffusion er-
rors. Therefore, the evolution (by coagulation) of the particle number concentration
Ni (particles/g), in a given section i, is [Kum96a]; [Kum97]:

dNiNN

dt
|agg =

i≥j≥k∑
xi−1≤xj+xk≤xi

(
1− 1

2
δj,kδ

)
βj,kβ NjN NkN

(
xi−1 − v

xi−1 − xi

)
ρg

+
i≥j≥k∑

xi≤xj+xk≤xi+1

(
1− 1

2
δj,kδ

)
βj,kβ NjN NkN

(
xi+1 − v

xi+1 − xi

)
ρg −NiNN

M∑
k=1

βi,kNkN ρg (3)

where M is the total number of sections (bins), dj,k is the so called Dirac delta
function (equal to 1 for j = k, and equal to 0 for j �=�� k), xi (cm3) is the pivot volume in
section i with boundaries vi and vi+1, v = xj+xk and bj,k (cm3/s) is the Brownian
collision frequency function between particles in pivots j and k, spanning over the
free-molecular, transition, and continuum regimes [Fuc64]; [Sei86]. Equation 3 is a
simplification of the general equation shown in Kumar and Ramkrishna [Kum96a];
[Kum97], representing here the case of preservation of mass and numbers. Similarly
to Vemury and coworkers [Vem94], the area concentration in each section is:

dAi

dt
|agg =

i≥j≥k∑
xi−1≤xj+xk≤xi+1

(
1− 1

2
δj,kδ

)
βj,kβ (NjN Ak +NkN Aj) η′ · ρg

−Ai

M∑
k=1

βi,kNkN ρg (4)

where now (for preservation of mass and numbers) the volume (interpolation)
fractions become:

η′ =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
xi+1

(xj+xk)
−1

xi+1
xi

−1 xi ≤ xj + xk ≤ xi+1

xi−1
(xj+xk)

−1
xi−1
xi

−1 xi−1 ≤ xj + xk ≤ xi

(5)

When sintering, gas and surface chemical reactions are also considered, Equa-
tions 3 and 4 become:

dNiNN

dt
= kgCηi +

dNiNN

dt

∣∣∣∣∣∣∣
agg

(6)

ηi =
∣∣∣∣∣∣∣∣∣∣1 vm ∈ [vi, vi+1]
0 vm /∈// [vi, vi+1]

(7)
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dAi

dt
= kgCηiαm +

i≥j≥k∑
xi−1≤xj+xk≤xi+1

(
1− 1

2
δj,kδ

)
βj,kβ (NjN Ak +NkN Aj) η′ · ρg

−Ai

M∑
k=1

βi,kNkN ρg − 1
τs,iτ

(Ai −NiNN αi,s) + 4πNiNN np,iksdp,iCvmρg(8)gg

where vm (cm3) is the volume of a (i.e., TiO2) monomer equivalent sphere ( 3.32
10-23 cm3, corresponding to a volume equivalent diameter, dm, of approximately 0.4
nm), am (cm2) is the corresponding TiO2 monomer area, ai,s (cm2) is the area of a
fully fused TiO2 particle of volume xi, dp,i (cm) = (6NiNN xi)/Ai is the primary parti-
cle diameter in an aggregate of volume xi [Kru93]; [Tsa00], np,i = A3

i /(36π x2i N 3
iNN )

is the number of primary particles within that aggregate [Kru93]; [Tsa00] and τsτ ,i
(s) = 7.4 108 d4p,i T exp(31000/T ) is the characteristic sintering time (for titania by
Kobata and coworkers [Kob91]). More specifically, the first RHS term in Equation 5
(for i = 1) accounts for the birth of particles of monomer size by gas phase chemical
reaction [Tsa02] as titania particles in aerosol processes are typically formed in the
absence of a nucleation barrier [Xio91]. Likewise, the first RHS term in Equation 6
accounts for the increase of particle area concentration by gas phase chemical reac-
tion (nucleation), the second and third RHS terms account respectively for changes
in aggregate area concentration by birth and death of particles in section i by coag-
ulation, the fourth RHS term accounts for the effect of sintering [Koc90]; [Xio3];
[Vem94]; [Pan95], while the last RHS term in Equation 6 represents the increase in
aggregate area by surface growth [Tsa02].

In order to avoid numerical diffusion when surface reactions take place, a moving
sectional discretization for surface growth is also adopted [Kum97]:

dViVV

dt

∣∣∣∣∣∣∣
surf

= NiNN
dxi

dt

∣∣∣∣∣∣∣
surf

= ksCAi vmρg ⇒
dxi

dt

∣∣∣∣∣∣∣
surf

=
ksCAivmρg

NiNN
= ksCnp,iπd2p,ivmρg (9)

In addition, for the effect of nucleation on the evolution of pivots, dxi/dt, that
preserves both mass and numbers [Cha00]; [Spi02] is:

dxi

dt
=

dxi

dt

∣∣∣∣∣∣∣
nuc
+

dxi

dt

∣∣∣∣∣∣∣
surf

(10)

The system of differential equations to be solved for simultaneous nucleation,
surface growth, coagulation and sintering include Equations 5, 6 and 8 (along with
the reactions of the precursor) while the grid regeneration principles remain virtually
the same as in Kumar and Ramkrishna [Kum97]. In general, the goal is to regenerate
the grid preserving total mass, numbers and area without decreasing the accuracy of
the calculations and maintain a rather geometric resolution, as this guarantees low
computational demands for a wide range of particle sizes; thus for instance, pivot
xi is eliminated when the ratio of the adjacent pivots xi+1/xi−1 is smaller than a
critical value rcritical = s1.1 where s is the initial spacing factor xi+1/xi.
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3 Discussion

One-dimensional (1D) sectional models are usually developed in particle volume
coordinates, while two-dimensional models are based on particle volume and area
coordinates and are typically used as standard models for comparison with other
schemes accounting for coagulation and sintering. Previous comparisons of the pre-
dictions of the present (1D) sectional model with those of the detailed but cumber-
some (2D) scheme of Xiong and Pratsinis [Xio3] showed good agreement [Tsa02].
Here, comparisons in terms of detailed gas-stream primary and aggregate particle
size distributions are also discussed. Figures 1 and 2 show predictions (solid lines)
of aggregate particle size distributions from the 2D sectional calculations of Jeong
and Choi [Jeo01] (Table 5) using the model of Xiong and Pratsinis [Xio3] for isother-
mal coagulation and sintering of SiO2, in the absence (Figure 1) or presence (Figure
2) of gas phase SiCl4 decomposition.

When the present model is used without any modifications (i.e., on the collision
kernel) it predicts narrower aggregate particle size distributions especially in the ab-
sence of chemical reaction (Figures 1 and 2, dash double-dot lines). However, the
collision kernel in Jeong and Choi [Jeo01] depends on a surface fractal dimension
and an aggregate surface area accessibility factor [Xio3] rather than on a single mass
fractal dimension [Tsa00]; [Tsa02]. Hence, the agreement with the calculations of
Jeong and Choi [Jeo01] improves considerably when exactly the same coagulation
rate as in Jeong and Choi [Jeo01] is employed (Figures 1 and 2, dash-dot lines).
The difference between the two models however is more pronounced at small parti-
cle diameters between 4 10−4mm and 10−3 mm (Figure 2). Nakaso and coworkers
[Nak01] developed a discrete sectional version of the 2D sectional model of Xiong
and Pratsinis [Xio3] and compared simulation results on coagulation and sintering
of TiO2 (from TTIP or TiCl4 decomposition) with experimental data in a tubular
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Fig. 1. Aggregate particle size distributions from the 2D sectional (solid line) calculations of
Jeong and Choi [Jeo01] and the present 1D model (using two different collision kernels) for
isothermal (T = 1800 K) coagulation and sintering of SiO2, in the absence of gas phase SiCl4
decomposition and electric fields.
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Fig. 2. Aggregate particle size distributions from the 2D sectional (solid line) calculations of
Jeong and Choi [Jeo01] and the present 1D model (using two different collision kernels) for
isothermal (T = 1750 K) coagulation and sintering of SiO2, in the presence of gas phase SiCl4
decomposition and no electric fields.
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Fig. 3. Experimental data (open circles) of aggregate particle size distributions regarding syn-
thesis of TiO2 from TTIP gas phase chemical reaction, coagulation and sintering, at a max-
imum reaction temperature of 1473 K and two different locations inside an aerosol furnace
reactor [Nak01; Figure 9-2a] along with predictions from the 2D discrete-sectional model of
Nakaso and coworkers [Nak01] (thin lines), and the present sectional model (thick lines).

hot wall reactor. Figure 3 shows their model predictions (thin lines) and experimen-
tal data (open circles) for aggregate particle size distributions regarding synthesis of
TiO2 from TTIP at a maximum reaction temperature of 1473 K and two different lo-
cations inside the aerosol furnace reactor [Nak01] (Figure 9-2a). The predictions of
the present sectional model, for the limiting case of precursor gas phase chemical re-
action, coagulation and sintering and without any further modifications (thick lines),
are in good agreement with those of Nakaso and coworkers [Nak01]. Nevertheless,
the corresponding primary particle size distributions (Figure 4, thick lines) are nar-
rower not only with respect to their experimental counterparts (Figure 4, filled cir-
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Fig. 4. Experimental data (filled circles) of primary particle size distributions regarding synthe-
sis of TiO2 from TTIP gas phase chemical reaction, coagulation and sintering, at a maximum
reaction temperature of 1473 K and two different locations inside an aerosol furnace reactor
[Nak01; Figure 9-2a] along with predictions from the 2D discrete-sectional model of Nakaso
and coworkers [Nak01] (thin lines), and the present sectional model (thick lines).
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Fig. 5. Aggregate area concentration (broken line), primary particle Sauter mean diameter
(solid line) and average number of primary particles per aggregate (dash and dot line) as
predicted by the present sectional model, regarding titania particle growth by simultaneous
gas phase and surface TTIP reactions followed by coagulation and sintering in a premixed
methane flame [Kam03] for an inlet TTIP flowrate of 20 g/h).

cles) but also with respect to the predictions of Nakaso and coworkers [Nak01] (Fig-
ure 4, thin lines). This trend is consistent with earlier observations [Tsa02] showing
that the narrowing of primary particle size distributions can be artificially enhanced
under the assumption of a single particle area per volume size interval (one dimen-
sional sectional model), especially for conditions of pure agglomeration (ts,i → ∞
, A = constant, dps = constant, and np > 1) of initially polydisperse particles. For
instance, this is clearly demonstrated in Figures 5 and 6 regarding titania particle
growth by simultaneous gas phase and surface TTIP reactions followed by coagula-
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Fig. 6. Primary particle size distributions as predicted by the present sectional model for the
same conditions as in Figure 5.
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Fig. 7. Gas-stream primary particle geometric standard deviation (sgp, solid line) along with
the ratio (dash and dot line) of the characteristic sintering time (ts dps) over the characteristic
collision time, tc = 2/(bNrg), as predicted by the present sectional model for the same condi-
tions as in Figure 5. The grey line pattern represents the region of soft agglomeration where A
= constant and ts / tc ¿ 1 (grey dash-dot line).

tion and sintering in a premixed methane flame. Although pure agglomeration starts
to evolve at approximately 8 cm above the burner tip (Figure 5), the corresponding
primary particle size distribution continues to narrow more, even beyond x = 8 cm
(Figure 6). This stems from the assignment of a (single) average primary particle
diameter (dp,i = 6xi/ai) in each volume size interval regardless of the initial poly-
dispersity of the constituent primary particles. Figure 7 shows the evolution of the
gas-stream primary particle geometric standard deviation (σgp, solid line) along with
the ratio (dash and dot line) of the characteristic sintering time (ts dps) over the
characteristic collision time, τcττ = 2/(bNrg) [Tsa01], for the same conditions as in
Figure 5. The above ratio is used here as a mathematical tool of tracking down the
onset of pure agglomeration (τsτ /τcττ > 1 and A = constant) and consequently the re-
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gion of applicability of the present model with respect to the prediction of primary
particle size distributions or their corresponding geometric standard deviations. For
the case of 20 g/h TTIP, pure agglomeration of polydisperse particles manifests itself
at approximately 8 cm above the burner (Figures 5 and 7).

For x >≈ 8cm, particles collide but do not coalesce at all (thus, giving rise to
the formation of soft agglomerates), leaving the primary particle size distribution un-
changed. Therefore, the correct evolution of σgp in the region between 8 and 20 cm
above the burner tip should be a straight line corresponding to a value of 1.4. More
accurate predictions of primary particle size distributions can be achieved by ex-
panding the current sectional model of Tsantilis and coworkers [Tsa02] from one to
two dimensions, thus covering both particle volume and surface area coordinates and
allowing for interpolations between two-dimensional sections. This approach (cur-
rently under investigation) provides a more simplified and computationally efficient
version of the cumbersome two-dimensional sectional population balance model of
Xiong and Pratsinis [Xio3] as it incorporates the so-called mean value theorem on
frequency [Hou88]; [Kum96a]; [Kum96b] rather than the mean value theorem on
number density [Gel80], therefore substituting the calculation of integrals in each
section with a corresponding average value. In addition, it constitutes a more general
particle dynamics model as it encompasses surface growth kinetics by incorporating
a moving grid technique [Kum97] eliminating at the same time numerical diffusion
problems stemming from fixed area sections.

4 Conclusions

The goal of this study was to present computationally efficient quantitative tools ac-
counting for product powder characteristics, mainly associated with average particle
size, polydispersity (ranging from molecular sizes to particle size scales larger than
100 nanometers) and degree of aggregation. A sectional representation of the gen-
eral particle population balance equation was described accounting for a variety of
concurrent formation and growth mechanisms including gas phase (nucleation) and
surface chemical reactions, coagulation and sintering. Although the agreement with
experimental data as well as other detailed sectional models was fairly good, the
performance of the current model could be further improved to circumvent the in-
herent discrepancies arising from the simplified association of one aggregate particle
volume with a single aggregate particle surface area. More accurate predictions of
primary particle size distributions could be achieved by expanding the current sec-
tional model from one to two dimensions, thus covering both particle volume and
surface area coordinates and allowing for interpolations between two-dimensional
sections.
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Abstract

Deterministic simulation of biological processes represents only a loose description
of the actual intracellular mechanisms due to the small number of many molecu-
lar species involved in the regulatory circuits. Mesoscopic modelling that considers
the systemic key species as integer numbers on a statistical basis was used in the
present case study to solve a two gene sample problem in a eucaryotic cell. The re-
sults obtained with Gillespie’s stochastic simulation algorithm were compared to the
deterministic integration.

1 Introduction

The modelling of biological events on a molecular level is extremely important for
comprehensive analysis and eventually understanding of the underlying mechanisms
[SC03, SH03]. Simulation on such an explicit degree of presentation allows quan-
titative insights which are essential for testing of hypotheses or metabolic repro-
gramming and optimization [JB91, VK99, JB93]. Furthermore these models are ex-
tremely robust when the environmental or systemic conditions of the simulations are
changed, for example when genes are deleted or overexpressed [BO86].

The model considered represents a small sample problem, encompassing the
transcription and translation of two single genes, TF1 and TF2, respectively (see
Fig. 1). The species involved in the present system are highly coupled, as both pro-
tein products (Tf1, Tf2) are transcription factors themselves and they mutually affect
the degree of transcription. Tf1 represents an activator that enhances gene expres-
sion, whereas Tf2 represents a repressor that acts as an inhibitor by competitively
occupying possible binding sites on the genes. Both proteins are additionally self-
regulating, as they associate with their own binding sites on the gene. The whole
system is triggered by a master transcription factor Tfm, that acts as an activator on
both genes TF1 and TF2. A eukaryotic cell is modelled, where the genes are assem-
bled in the nucleus. Transcription takes place in this compartment, which results in
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TF2

TF1

Tf2c

Tf1c Tf1n

Tfmc Tfmn

Tf2n mRNATF2n mRNATF2c

Fig. 1. A two gene network including compartmentalization in nucleus (n) and cytoplasm (c).
TF1 and TF2 are genes, Tf1 and Tf2 the corresponding proteins. RNAPol and Ribosomes are
molecules and cell organelles, respectively, that are present in excess.

the release of the specific mRNA. These molecules then migrate to the cytoplasm,
where they are translated into proteins at the ribosomes. Compartmentalization is
one way of genetic regulation in eukaryotic cells. Here, transcription factors of genes
whose product is not needed are retained in the cytoplasm and only migrate into the
nucleus upon demand [CO02].

2 Modelling gene expression using elementary reactions

To find an accurate representation of biological mechanisms, elementary reactions
describing the governing steps of gene expression on a molecular level were formu-
lated (see Tab. 1). Each step generally includes association and possible dissocia-
tion of the two reaction partners and a final irreversible catalytic step. Transcription,
translation and decay of Tf1 and Tf2 was taken into account while the overall con-
centration of Tfm was assumed to be constant. All reactions were supposed to be
of first order. Note, that there is only a single copy of each gene per cell, around 10
molecules of mRNA and 10-200 molecules of possible transcription factors, respec-
tively. RNAPolymerase (RNAPol) and ribosomes are intracellular molecules and or-
ganelles that are present in excess.

The mass balances for each of the species lead to a system of coupled, non-linear
ODEs (see Eqn.3-9). If one deals with molecular concentrations, the system pre-
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Table 1. Modelling gene expression via elementary reactions

TRANSCRIPTION

[Tf ] + [GENE]E
KA1−→←−
KD1

[Tf · GENE]E

[Tf · GENE] + [E RNAPol]
KA2−→←−
KD2

[Tf · GENE · RNAPol]

[Tf · GENE · RNAPol] Ktc
−→ [Tf · GENE] + [E RNAPol] + [mRNA]

TRANSLATION

[mRNA] + [Ribosome]
KA3−→←−
KD3

[mRNA · Ribosome]

[mRNA · Ribosome] Ktl
−→ [mRNA] + [Protein] + [mRNA]

DECAY

[mRNA] Kd,m
−→ �

[Protein] Kd,P
−→ �

sentation is deterministic. For parametrization, gross estimations of the parameters
within the expected order of magnitude were chosen (see Tab. 2.).

Altogether 26 species are to be considered: 14 single molecules, 8 dimeric and 4
trimeric complexes. Note, that due to the compartmentalization of the cell, unbound
mRNAs and proteins occur both in the nucleus and in the cytoplasm. If one assumes
a constant volume and a homogenous spatial distribution of the molecular species
within the cell, the state variables represent average concentrations [M]. The size
of the model could be reduced by considering the binding equations to be in rapid
equilibrium, e.g.

Keq1,i,j =
kA1,i,j [TFi][T fjn]
kD1,i,j [TFi · T fjn]

. (1)

This formulation leads to a differential algebraic set of equations (DAE) which,
despite an index of 1, would be much harder to solve than the original system of
ODEs. Furthermore, DAEs would mean additional manual work each time systemic
or environmental conditions of the simulations are changed and therefore weaken the
manageability and robustness of the model (see introduction).

The initial conditions of the species concentrations were chosen within an order
of magnitude that is to be expected in a real cell. One can calculate a deterministic
solution based on absolute molecule numbers ni when the molar concentrations ci
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are converted by means of the Avogadro constant NAN and the corresponding cellular
volume V (see Tab. 2.):

ni = V ·NAN · ci. (2)

d[TFi]
dt

=
3∑

j=1

(
−kA1,i,j [TFi][T fjn] + kD1,i,j [TFi · T fjn]

)
(3)

d[TFi · T fjn]
dt

=
3∑

j=1

(
kA1,i,j [TFi][T fjn]− kD1,i,j [TFi · T fjn]

)
− ...

( 2∑
a=1

kA2,i,a[TFi · T fan][RNAP ol]− ...

kD2,i,a[TFi · T fan ·RNAP ol]
)

(4)

d[TFi · T fjn · RNAP ol]
dt

=
( 2∑

a=1

kA2,i,a[TFi · T fan][RNAP ol]− ...

kD2,i,a[TFi · T fan ·RNAP ol]
)
− ...

2∑
a=1

ktc,i[TFi · T fan ·RNApol] (5)

d[mRNATFin]
dt

=
2∑

a=1

ktc,i[tf i · T fan · RNApol]− ...

+k+nt,m[mRNATFic]− k−nt,m[mRNATFin]− ...

kd,m[mRNATFin] (6)

d[mRNATFic]
dt

= k−nt,m[mRNATFin]− k+nt,m[mRNATFic]− ...

kd,m[mRNATFi−]− kA3,i[mRNATFin][Ribosome] + ...

kD3,i[mRNATFin ·Ribosome] (7)

d[mRNATFic ·Ribosome]
dt

= kA3,i[mRNATFic][Ribosome]− ...

kD3,i[mRNATFic · Ribosome]− ...

ktl,i[mRNATFic ·Ribosome] (8)
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d[T fic]
dt

= ktl,i[mRNATFic ·Ribosome]− ...

−k+nt,p[T fic] + k−nt,p[T fin]− kd,p[T F ic] (9)

d[T fin]
dt

= k+nt,p[T fic]− k−nt,p[T fin] − kd,p[T fin]−
3∑

k=1

(
kA1,i,k[TFk][k T fin]− kD1,i,k [TFk · T fin]

)
(10)

Table 2. Kinetic parameters (approximate order of magnitude)

constant deterministic mesoscopic reaction

knA1,i,j 1099 [M−11 ·min−11] 1 [#−11 ·min−11] ∗ association gene/protein
knD1,i,j 10−11 [min−11] 10−11 [min−11] dissociation gene/protein
kcA2,i,j 1088 [M−11 ·min−11] 10−22 [#−11 ·min−11] ∗∗ association protein/protein
kcD2,i,j 10−11 [min−11] 10−11 [min−11] dissociation protein/protein
ktc 0.1 [min−11] 0.1 [min−11] transcription (catalytic step)
ktl 0.1 [min−11] 0.1 [min−11] translation (catalytic step)
kd,p 0.1 [min−11] 0.1 [min−11] decay rate proteins (catalytic step)
kd,m 0.1 [min−11] 0.1 [min−11] decay rate mRNA (catalytic step)

Assumed values for conversion: V n = 2fl, ∗ V c = 35fl, ∗∗ NAN = 6.022·102323#·mol−11

With initial conditions where the amount of the respective molecular species are
actual integer numbers, a parametrization was performed to find a suitable steady
state. The set of parameters thus obtained is certainly not unique, but it encompasses
constants in a realistic order of magnitude. For the calculation of the deterministic
time course, the MATLAB ode15s integrator was used to deal with possible stiff-
ness of the system. The steady state shown in Fig. 2. corresponds to the exponential
growth phase of the cell .

3 Mesoscopic Modelling

The deterministic approach considers average concentrations on a macroscopic level
and is hence explicitly based on the assumption that there a is a sufficient number
of molecules for each species. This does not hold in a single cell, with typically few
copies of several species, in particular genes (see Sect. 2.). A continuous variation
of the concentrations is physically not possible. The most accurate simulation would
be on a microscopic level, considering molecular dynamics in terms of the actual
positions and momenta of all molecules involved [GS02]. In between the two latter
presentations lies the stochastic approach which deals with statistics and focuses only
on the key molecules of the system. This level is called mesoscopic [VK83].

The chemical master equation is one possibility to solve chemical systems
stochastically [MC67, EL01, VK83]. One here has to compute the probability distri-
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bution that at an arbitrary time the species within a system are in a certain state. This
basically means one has to find all feasible combinations of the molecules involved.
When xmax is the largest molecule number in a system of N species, this means
solving an N-dimensional cube with

∏N
i=1(xmax + 1) grid points at each time step.

One can increase the step size by applying a Fokker-Planck equation [ET88], how-
ever for a system in the present order of magnitude with 26 species, using a master
equation will remain infeasible.

Kinetic Monte Carlo algorithms consider only a tractable number of species be-
cause they only deal with one overall state at each time step. Vice versa this means
that one has to calculate several trajectories to explore the statistics of the system.
Gillespie’s Stochastic Simulation Algorithm (SSA) [GD77] was used here to solve
the set of differential equations. Based on the reaction rate ri the algorithm calculates
the relative probability

pi =
ri∑
i r

(11)

and then chooses, which step is next to occur. Additionally, the step length τ is
determined via the equation

τ = − log(p)∑
i r

. (12)

Hence, it is also stochastic. Note that one run of the SSA corresponds to a single point
in the solution space of the chemical master equation and that for large number of
molecules, this solution becomes equivalent to the result obtained with the determin-
istic approach. The drawback of the stochastic method is the possible stiffness of the
model, analogous to the deterministic integration. This can be overcome by consid-
ering time steps that are sufficiently small, but it makes the problem computationally
rather expensive.

4 Results

The original ODE system was decomposed to yield 48 elementary, irreversible re-
action steps. The integer initial conditions of the deterministic integration were used
for several SSA runs. The mean of these simulations was calculated and compared to
the deterministic solution. Neglecting minor deviations, the deterministic result can
be seen as the average of the SSA runs for the present model. The broad range of
the stochastic solutions results in a large standard deviation for the respective com-
ponents. (see Fig. 2.).

The system behavior is the same for both approaches. This was shown by testing
the step response of the system upon a perturbation: At a certain point, the concentra-
tion of T fmc was lifted to a given value, to simulate for example a sudden signalling
response in the cell. It can be seen, that the dynamic behavior of both simulations is
also identical for this step response. Even more, the stochastic solution converges as
shown for the mean of 25 and 250 SSA runs, respectively (see Fig. 3.).

The CPU time needed for a deterministic solution was about 1.1s while a single
SSA run took about 4.5s on a Pentium4 (2.4MHz) to simulate 300 min and reach a
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Fig. 2. Steady state for all system species over a time course of 10 minutes. The deterministic
solution (solid grey lines) and the average of 250 SSA runs (solid black lines) as well as the
respective standard deviations (dotted black lines) are shown.

increase in Tfmc

TF1

TF2

Tfm•TF1

Tfm•TF2

Fig. 3. Sample step response of 4 species upon a sudden increase of the tfmff concentration
in the cytoplasm. The deterministic solution (solid grey lines) and the average of 25 (dotted
black lines) and 250 SSA runs (solid black lines) are shown for a time course of 10 minutes.
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steady state. Though this seems tolerable, one has to keep in mind, that the consid-
ered model represents a small example, which can be basically seen as a toy problem.
When simulating bigger models of real regulatory networks consisting of (consider-
ably) more than 10 genes, the pure SSA approach will quickly become infeasible.
One possibility to speed up simulations might be the tau leaping method, which
neglects the fast reactions for several time steps while focusing on the slow ones
[RC03]. The general goal should be to keep the original ODE model completely un-
changed to allow an automated application of stochastic differential equation (SDE)
solvers on models written in systems biology markup language (SBML) [SB03].

Though the general agreement between deterministic and stochastic simulation
is obvious in the present example problem (see Fig. 2.), one could think of cases,
where the former approach would lead to a wrong outcome. If one considers for ex-
ample a process in a noisy environment where the overall result is uncertain, SDEs
become essential. A typical case would be whether a cell survives a virus infection
or not, i.e. whether it undergoes lysis or lysogeny [MA98]. Another example are pro-
tein signalling cascades: The phenomenon of ultrasensitity switches is based on very
small changes in the environment [FE99] and stochastics are very important here as
well, especially if the overall system displays multiple steady states. Finally, gene
expression itself is a noisy process [GG02, KE01, VL03]. Stochastics were shown
to have for example a big impact on the heterogeneity of eucaryotic populations
[BK03], a phenomenon that remains inexplicable if one considers pure deterministic
simulations.

5 Summary/Conclusions

Expression of a two gene sample problem in an eucaryotic cell was modelled using
elementary reactions. The original set of ODEs remained unchanged and no steady
state assumptions were made. The model was simulated by means of deterministic
and stochastic integration. SSA which was employed exhibited a reliable perfor-
mance. Despite the obvious agreement between the deterministic and the stochas-
tic approach, the latter presents a more accurate presentation of biological systems
where the overall number of some molecular species is rather small. The drawback
of stochastic simulation are the computational costs that are relatively high when
compared to the deterministic integration. One possibility to overcome this restric-
tion might be the tau-leaping method when considering larger systems for simulation
and analysis.

Acknowledgements. The authors would like to thank Jörg Stelling of the Max-¨
Planck-Institute of Complex Dynamical Systems in Magdeburg, Germany, for assis-
tance and support on modelling issues.
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6 Nomenclature

Tf, Tfi, Tfj, Tf1, Tf2, Tfm proteins
Tfa activator protein
TF, TFi, TFj, TFk, TF1, TF2 genes

Keq equilibrium constant [M, #]
NAN Avogadro constant [# ·min−1]
V volume [l]
k kinetic rate constant [M−1 ·min−1],

[#−1 ·min−1], [min−1]
n number of molecules [#]
p probability [-]

Subscripts

A association
D dissociation
a activator
d decay
i,j,k numbers of genes and proteins, respectively
m mRNA
nt nuclear transition
p proteins
tc, tl transription and translation, respectively

Superscripts

c cytoplasm
n nucleus
+ nuclear transition: cytoplasm→ nucleus
- nuclear transition: nucleus→ cytoplasm
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Color Plates

Plate 1. Schematic illustration of QC (courtesy of M. Ortiz). Only atoms in the small cluster
need to be visited during the computation. (See Fig. 1 on Page 6)

Plate 2. Sample of the microarray. (See Fig. 1 on Page 29)



270 Color Plates

Plate 3. Transport simulation in a homogeneous array versus heterogeneous array, k =
0.1, D = 0.0005. (See Fig. 2 on Page 31)

Plate 4. Transport simulation in a homogeneous array versus heterogeneous array, k =
0.1, D = 0.001. (See Fig. 3 on Page 31)

Plate 5. Transport simulation for the homogenized array versus heterogeneous array, D =
0.0005. (See Fig. 4 on Page 32)
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Plate 6. Transport simulation for the homogenized array versus heterogeneous array, D =
0.001. (See Fig. 5 on Page 32)
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Plate 7. Nanoindentation displacement-load (h-P ) response showing initial elastic deforma-
tion of the thin film up to a critical indentation distance where the load suddenly drops (sig-
naling the nucleation of a dislocation loop), prediction by FEM with Cauchy-Born hypothesis
(smooth curve) and direct MD simulation (wiggly curve). (See Fig. 2 on Page 73)
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Plate 8. Variation of virtual energy release ΔE with applied shear stress for a screw disloca-
tion in silicon in two different microstructure environments (A and B), one in the form of a
dislocation dipole, two dislocation cores as shown in (a), and the other in the form of a dislo-
cation core with a notch nearby, as shown in (b). The left dislocation core is seen to to move
at the same value of ΔE but different values of the applied shear stress. This signifies ΔE is
not affected by the samepl microstructure environment and therefore it can be converted to a
value for the Peierls stress that is an intrinsic material property. (See Fig. 3 on Page 75)
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Plate 9. The two lowest energy minima for the 38-atom Lennard-Jones cluster: a face centered
cubic minimum (left) and a Mackay icosahedron (right). (See Fig. 1 on Page 83)
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Plate 10. A schematic representation of the 4:1 mapping scheme for coarse-graining of
bisphenol-A-polycarbonate (BPA-PC). A chain-ending repeat unit is shown. From [Ab03].
(See Fig. 5 on Page 114)
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(b)

(c)))

(a)

Plate 11. Pictorial illustration of the multiscale model for BPA-PC: (a) coarse-grained beads
(transparent spheres) superimposed on the underlying chemical structure; (b) Coarse-grained
model of an N = 20 BPA-PC molecule, with ends adsorbed on the surface. (c) A phenol
molecule adsorbed on the bridge site of a Ni (111) surface; configuration computed via CPMD
simulation. (From Ref.[4]) (See Fig. 8 on Page 127)
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Plate 12. Atomistic structure of a representative chain-end conformation of BPA-PC illustrat-
ing the dual-resolution scheme. The small black circles are mapping points in the scheme, and
the large circles represent the excluded volume diameters of those points. The C4-C1 orien-
tation vector, b, is shown. Lower-case letters denote coarse-grained bead designations: “p” is
phenylene, “ct” is the terminal carbonate, “pt” is the terminal phenoxy, and “it” is the ter-
minal isopropylidene. Capital letters denote atom type designations (see text). (See Fig. 2 on
Page 136)
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Plate 13. Schematic representation of the molecular structure of a BPA-PC melt adjacent tomatic representation of the molecular structure of a BPA-PC melt adjacen
a Ni wall, showing double-ended adsorbed, single-ended adsorbed, and non-adsorbed chains.wing double-ended adsorbed, single-ended adsorbed, and non-adsorbed cha
(See Fig. 4 on Page 139)

Plate 14. Crack propagation in a LJ system as reported earlier in [ABRR94]. The plot shows
the σxx-field and indicates the mirror-mist-hackle transition. (See Fig. 1 on Page 145)
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Geometry of the simulation slab. The slab width is denoted by lx, the slab length
is ly and the crack extension is a. The plot also depicts the crack orientation and the bond
breaking process at the crack tip. (See Fig. 2 on Page 146)

Plate 16. Potential energy field and magnitude of the dynamic Poynting vector. (a) Potential
energy field near a crack close to the Rayleigh speed. (b) Energy flow near a rapidly propagat-
ing crack. This plot shows the magnitude of the dynamic Poynting vector in the vicinity of a
crack propagating at a velocity close to the Rayleigh speed. (See Fig. 9 on Page 152)
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Plate 17. Energy flow near a rapidly propagating crack. This plot shows (a) the continuum
mechanics prediction, and (b) the MD simulation result of the dynamic Poynting vector field
in the vicinity of the crack tip, for a crack propagating close to the Rayleigh speed. (See Fig. 10
on Page 153)

Plate 18. Snapshot from NEMD simulations of the flow of methane inside a (16,16) carbon
nanotube. Half of the carbon nanotube has been removed to view the methane molecules. (See
Fig. 2 on Page 221)

(a) (b)

Plate 19. Snapshots of the initial molecular configuration (a) and the equilibrated system (b)
of a water-nitrogen mixture flowing inside a carbon nanotube. (See Fig. 6 on Page 223)
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